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1 | INTRODUCTION

This work is focused on robust numerical methods for the blood flow and coagulation® in a deforming vascular system.
The blood coagulation cascade is a stiff system that has a threshold response to model parameters.” This issue limits the
time step size for the fully implicit and stable integration of the coupled model. This restriction leads to an impractical
total computing time for three-dimensional problems of practical interest. To allow for a larger time step size, we extend
a fully implicit finite-volume method® for moving meshes and combine it with the matrix weighted Euler method for
stiff reaction systems.” To capture the peculiarities of the flow, we consider dynamic mesh adaptation along the simula-
tion. This allows us to robustly model blood flow and coagulation in a deforming domain. The mathematical model for
the blood coagulation model was developed through a series of works by Bouchnita et al.>”’

The typical problem of the collocated methods is the inf-sup instability issue.* '° A usual solution to the problem is
to use a staggered velocity arrangement."'* However, with the staggered scheme, it is hard to retain the conservation
properties on unstructured meshes.'*'> Another solution is to use the Rhie-Chow interpolation method'® with the col-
located arrangement of unknowns. It is standard in industrial applications such as CD-Adapco STAR-CCM,'” Ansys
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CFX,'® Ansys Fluent,'” Converge CFD.? It is also employed in widely used OpenFOAM package using implicit fully
coupled approach®' and later extended to moving meshes.** Bouchnita et al.” implemented a similar coagulation model
using OpenFOAM.

The present work extends the collocated finite-volume method considered earlier in References [23-25] to handle
moving meshes. It realizes a general concept of stable flux discretization of saddle-point systems for vectors of several
unknowns® using a combination of harmonic averaging point concept® and a flux-difference splitting method®’*° for
one-sided fluxes with positive matrix coefficients.>"** Single-sided fluxes are required to be linearity preserving,* that
is, exact on linear solutions. The harmonic averaging point is the vector of unknowns at the interface, obtained through
the equality of single-sided fluxes. The approach was first applied to the anisoptropic heterogeneous mixed Darcy for-
mulation in Reference [34], leading to first-order accurate monotone method but violating linearity preservation. The
method was further extended to mechanics,>® poroelasticity,>”*' and incompressible fluid flow.** > These works
demonstrated that the inf-sup stability issue® does not affect the proposed collocated finite-volume methods.

The treatment of various types of the boundary conditions is an integral part of the method. Various approaches
have been suggested to address absence of pressure boundary condition for pressure,***° among which we use the com-
bination of available boundary conditions and momentum equation.

There are many works on moving mesh finite volume methods.*’~>* In this work, we adopt the space-time finite
volume method that considers the moving mesh as a static four-dimensional mesh.’>"®' The method is conservative by
construction. This approach has the advantage of avoiding interpolation between old and new grids, which is necessary
in the static methods. We assume that mesh tangling does not occur, which otherwise requires mesh untangling and
conservative solution remapping.®*°*

Dynamic mesh adaptation provides substantial gains by reducing time needed to obtain the solution.®*®® It requires
proper adaptation criteria to maintain accuracy.®®’* In this work we use hierarchical adaptive mesh refinement or H-
refinement on general meshes.”>”®" It does not require complex conservative solution remapping since the new mesh
cells are embedded into old cells, but leads to “hanging nodes” issue. Some methods suffer accuracy loss or unphysical
oscillations at the interface of coarse and fine meshes.'>*

The coagulation cascade is a stiff reaction system. A large body of work on stiff problems is dedicated to the choice
and stability of numerical schemes.**®’ In this work, we combine the forward and backward Euler methods with a
matrix weight, chosen at each nonlinear iteration to reproduce the solution of an exponential integrator.* The method
allows us to perform large time steps.

The numerical implementation of the mathematical model is built on top of INMOST, an open-source library.
It provides tools for complex parallel mesh modification and balancing,*°! as well as tools for linear system assembly
using automatic differentiation and for linear system solution. There are other mesh libraries allowing for parallel mesh
modification, such as Dune,”* project DuMuX,”*** STK mesh from Trilinos package,”> OpenFOAM.”® Packages for par-
allel mesh management are MOAB®” and MSTK.”® In this work, we are concerned mostly with practical aspects of the
solution of the Navier-Stokes problem and its combination with a system of advection-reaction-diffusion equations on
dynamic adaptive moving meshes using INMOST functionality.

The article is organized as follows. In Section 3, we formulate and derive the moving mesh finite volume method for
the Navier-Stokes system. In Section 4, we consider evaluation of four-dimensional geometry. In Section 5, we discuss the
solution of the resulting nonlinear problem and mesh adaptation. The verification tests for the method are performed in
Section 6, followed by the simulation of blood flow in the right ventricle in Section 7. The system for the blood clotting
factors is introduced in Section 8 along with the approximation methods of the reaction system and the moving finite-
volume method for the convection-diffusion problem. In Section 9, we address the solution of the nonlinear problem of
blood flow and coagulation. Finally, in Section 10 we consider the impact of movement on the embolization of normal
pooled plasma in microfluidic capillaries with a patch corresponding to damaged endothelium.

88-90

2 | MATERIALS AND METHODS

All the numerical methods used to conduct the numerical experiments are presented in this work in Sections 3, 4, 5 for
solving the Navier-Stokes equations, and Sections 8, 9 for solving the blood coagulation process. The analytical tests
used to verify the method for the Navier-Stokes equations are fully described in Section 6. The moving mesh of the
right ventricle for the numerical experiment in Section 7 was obtained from the authors of Reference [99]. The consent
of the patient for the data processing was obtained through Sechenov University. The computational domain, problem
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setup, and model parameters for the numerical experiment of blood coagulation in Section 10 were obtained from the
authors of Reference [1] and the rules for the domain deformation are described in Section 10. The numerical methods
were implemented using the open-source INMOST platform'® providing adaptive moving mesh management.

3 | NAVIER-STOKES SYSTEM AND FINITE-VOLUME METHOD

We consider the Navier-Stokes system of equations in a deforming domain Q(¢):

%—i— div(uu” —z(u) +pl) =f

div(u)=0 in Q)

alu—w)+p(z(u)—pI)n=r on IQ(t).
The domain Q(t) smoothly changes with time, u=[u,v,w]" is the velocity vector, where u,v,w e H'(Q), and
p € L*(Q) is the pressure field, 7(u) is the stress tensor with constant kinematic viscosity v = const:

(u) = 2uD(u), D(u)= % (uv7 +vu). 2)

For the boundary 9Q(t), n is the outward normal, a=a I+ (a1 —aj)nnT fixes the velocity at the boundary,
B=p1+ (B, —ﬁH)nnT fixes the traction at the boundary, w is the boundary movement velocity. Note, if both @, and
. are nonzero, then in SI units . /f, is measured in (ms™'). Spaces H' and L? of problem unknowns are to be aug-
mented at the boundary.

The equations of system (1) in domain Q(¢) in terms of a four-gradient read as:

(O G)-6) ¢

Applying the divergence theorem to the four-dimensional integral of the left-hand side of (3) at cell w(t) from the
set of four-dimensional mesh cells V(Q(t)) yields:

T G P TCESD W Gl Sa ’

where F(w(t)) is a set of faces of a cell (). Using the second-order approximation to the integral, we get

olt) e;wm)/om(uuT —;(TquH l;)ds(t)z > e (uuT_l:(Tu)er ! g) <:)

o(t) € F(o(1))

~~—

(5)

Xo(1)

where [n n;]" is the four-dimensional normal to o(t), oriented outward of w(t), X,(;) is the four-dimensional center, and
| o(¢) | is the area of face o(¢).
The cornerstone of the finite-volume method is an approximation of the expression under the sum in (5):
FlL e uu’ —z(u)+pl u\ /n ~ (un;+uu'n—t(u)n+pn
by = u’ 0/ \m B n"u

: (6)

Xs(t) Xo(t)
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which corresponds to the coupled momentum and mass flux.

3.1 | Single-sided flux

Every cell w(t) € V(Q(t)) represents a moving finite volume. Let pressure p;, velocity vector u; and the four-gradient G;
of pressure and velocity be collocated at the four-dimensional center X, ;) @;(t):

o [o[5)- (4[5

Here and after A @ B is the Kronecker product. Pressure and velocity fields are reconstructed by piecewise-linear
continuous functions, whereas their gradient is represented by piecewise-constant vector functions. We consider the
approximation of separate parts of the coupled flux F|x,,([) from the side of the adjacent cell w;(¢).

The second-order Taylor series in the proximity of x,,, () for the inertia is

(7)

Xoy (1)

Juu’n T \Y4
uwa'nf ~un'nf | @ (X~ Xe) (U@ : (8)
5(t) w1 (1) au X at
w1 (1) Xoy ()
where
Juu'n 1
— ——nTul+un’, vu'n==(n"Tul+un”)u. 9

Let us introduce the unknown velocity vector u, at the center of the face X,(. Using the assumption of linearity of
the velocity field from (8) and (9) we obtain uuTn|XG([) ~1(m"wI+u;n”)(2u, —wu;), and the first part of F|XG([) reads as:

R N o

p o P 1
Due to the linearity of the velocity field, the traction term is approximated by:

X5

=—v(V'+vu')n[ , ~-v(Ien" +n'cl) (V)

Xy (1)’ (11>

and in terms of the four-gradient it is expressed by:

(")

Using the assumption of the linearity of velocity and pressure in w;(t) we decompose the gradient:

~ —W(n)G,, W(n)= FH 0}®[nT 0]+ [n” o]@@[y]I 0]. (12)

Xo(1)

U, u _ n
G, = 71_1]I®n[ ( |:p :| - |:p1:|) + (H— ri 1]I®n,(x(,<,) —Xw]([))T) Gy, n,= |:n :| , rH=n;: (Xa(t) _X(u](t))~ (13)
c 1 t

Using (13) in (12) we get the second part of F|X”m:
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(t(u)n)

u u,
~ T (00X ~Xu) (|| — + (T X0 = X0y 0) @ (Xo(t) — Xar(n) —WD))Gr,  (14)
D1 )4

Xo(t)

where
() = (nv) W) 1om) [P (15)
n,v)=(n;-v n n,) = .
t t t n,-v 0
Approximating the remaining part of the flux F|xa<z> we get:
un; +pn nd nlfu u, ml n
e B F W e W R 9
u'n X000 n 0]|p X000 P. n 0

Note that matrix coefficient D(n;) in (16) is symmetric and indefinite with a negative eigenvalue %(nt —\/n? +4).
It reflects the saddle-point nature of the system and leads to inf-sup stability issues. To overcome the issue, we introduce
an additional stabilization term, vanishing for the linear velocity and pressure:

S(M(Bﬂ - [::D +S(M)® (Xp(5) = Xan(r)) G1 =0, S(n)= [al(HJrnnT) b1:|, (17)

where a; and b, are determined so that the eigenvalues of the matrix (19) are positive. In SI units, coefficient a; is mea-
sured by (ms '), and b; by (m ™ 's).

Collecting (10), (14), (16), (17) and introducing Q; =Q(u;,n), W1 =W(n), T1 =T (n,X,) —Xu, ), D1 =D(ny),
S1=D(n;)+S(n), A; =T +S; —D; — 2Q, we obtain a semi-discrete coupled flux expression:

u u,
Fly , ®(T1+5—-Q) [pl} -\ [p } + ((Tl +81)® (Xo() = Xan() ' — Wl)Gl' (18)
1 4

Consider matrix coefficient A; for face unknowns in (18):

A= (a1+7r7')(I+nnT) —T(ntH +nTu)l—un” —n] . (19)
—n b1
Maxima package'®! provides the eigenvalues of the Schur complement to the upper-left block:
M =2a;+2r'v—2n"a; —n,— b, hy=a+ri'v—n"u; —n,. (20)
The positivity of eigenvalues in (20) is guaranteed by the following choice:
a; = max(|n"w |+ |n"w; +n|—ri'v€), by = (a1 +r;'v+ n"wy|+ |0 w4+ — (207w + nt))_l, (21)

where € =107 is a small positive value. According to Haynsworth inertia additivity formula,'** eigenvalues of A; are
all positive.
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3.2 | Internal flux

Consider an internal face o(t) € F(€(t)) adjacent to cells w1 (t) and w, (), o(t) = w1 (t) Nwa(t), w1 (L), w2(t) € V(Q(tni1))-
We assume that four-dimensional normal n; to face o(¢) is oriented outside of w; (t) and inside w;(t).

Denote Q, = Q(uy,—n), Wy =W (—n), Ty =T (N, X,(1) — X, ())» D2 =D(—1y), S =S(—n), Ay =T, + S, — D, —2Q,.
Using pressure, velocity, and the four-gradient at the center of the cell w,(¢) and unknown pressure and velocity at the
face center o(t), we get an approximation of the coupled flux F at the center of the face o(f) from the side of the
cell w,(t):

u, up
Fly,, ®M p —(T2+S5:— Q)

o

} = (124828 (%)~ X) " = W2) 6. (22)

) %)

Equating the approximations (18) and (22) we obtain unknown pressure and velocity at face center:

u;
(T1+S81—-Qy) JF((Tl +Sl)®(xo(t)_le(t)>T_W1)G1

= (A+A)"! : (23)
L %) T
+H(T2+ 8- Q) + ((Tz +82)® (Xo(t) = Xay() — Wz) G;

b,

Using (23) in either (18) or (22) we obtain the unique coupled flux approximation:

_ u;
F|x,,(,) ~ Ay (A +A) ((Tl +81-0Qy) + ((Tl +51)® (X (1) _le(t)>T - W1)G1>
P (24)
-1 u; T
A (A +A) (T2 + S — Q) + ((Tz +52)® (Xo(t) = Xaun(r)) — Wz)Gz :
1)

3.3 | Boundary flux

Consider a boundary face o(t) € F(9Q(t)) adjacent to cell w; (t) € V(Q(tn11)), o(t) = 0Q(t) Ny (8).
Following Reference [25], we introduce an additional condition from the normal-projected momentum conservation
equation:

n-Vpl, = <n~f—n~au—n-div(uuT—'t(u))) (25)

ot

Xo(1)

Considering the assumption of linearity of pressure and velocity fields, we omit the traction term. The constant pres-
sure gradient allows us to consider (25) at the center of cell x,, (, instead of X,). Thus we obtain the following
approximation:

n~Vp|lem =n-f;— [n” 0]®[u] 1]G (26)

where £, =f|, .
w7 (L
We combine the boundary condition equations from (1) with (26) to get
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a —fn p

u, r+aw
. n- f1
with
vl L
Wy = ®@n’ 0]+ |n” 0|® . 28
[ ot et e[ =
We use the gradient decomposition (13) and add (17) in (27) to get:
u, T w
Ap » + (BNWb — (BNTs+Sb) @ (Xo() = Xuny (1)) )G1 =Rp+ (BnTp + Sp) o (29)
c 1
where Ay =Bp+ BnTp+ Sp, T and Sy, are given by:
v(I+nnT) appnn’
Tp=r;'W)(Izn :r‘l[ ] S:[ . 30
b=ri W(lony) =r, (nTu; +n)nT 1 b 0 (30)
The stabilization parameter a;, is chosen to make the eigenvalues of A, positive:
a+r'yp(I+nn’) +qpnn’ —pn
A= ' —1( T ) T -1 | (31)
ri'(n"a+n)n I
To this end, we consider the eigenvalues of the Schur complement to the upper-left block, which are:
Al = +ﬂ 1 (ab + 2r;1y+nTu1 + n,), /12’3 = (ZH + r;lyﬂH . (32)
Requiring positivity of 4, for nonzero # | results in the following expression:
ap=max(—ay /f, —2r;'v—n"u; —n,e), (33)
where € =107 is a small positive value.
Solving (29) for unknowns at face o(t) we get
u, 1 m T
[p ] =A, (Rb +(BNTb+Sb) [p } + ((BNTb +85) @ (Xo(t) = X (1)) _BNWb) G1> . (34)
c 1

Finally, using (34) in (18) we obtain the boundary flux F|xum'

3.4 | Temporal boundary flux

The coupled fluxes at the top temporal boundary &(t) =w;(ty+1)Nw1(tye2) and the bottom temporal boundary
o(t) =w1(ty) Ny (tyy1) are:
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un+1 un
Fw[ i } F@[ ] (35)

with the four-dimensional areas corresponding to volumes w1 (t,+1) and w;(t,), respectively. In the case of a non-
deforming mesh, (35) results in the backward Euler approximation of du/Jdt.

3.5 | Gradient reconstruction

We reconstruct the four-gradient G; at the center of each time level w;(t) € Q(t,;1). For a cell w;(¢) and every other
adjacent cell w,(t) € V(Q(tns1)), w1 Nwy # 0, w, # wy, we consider the following condition for the gradient:

T u m
I® (X, (1) — Xeny (1)) G1 = { ] — [ } (36)
(Xan(t) = Xan (1)) ol Lo

At the boundary with prescribed conditions o(t) € F(0Q(tn+1)), o(t) = 0Q(t) Nw1(t), w1(t) € V(Q(ty41)), we derive
the condition from (34):

(Bo® (%o() ~Xur(0) "+ BN W) G1 =R~ Bp [:I} (37)
1

An additional condition over the temporal boundary is added:

T uy u
H®<Xf"1(fn) _le(tn—l)) G = |:p;11:| - |:p1:| : (38)

As a result, in d-dimensions every condition (36) and (37) provides d+ 1 conditions for the four-gradient G;, con-
sisting of (d+1)* unknowns. It is sufficient to consider (d+1) conditions. Gathering conditions for a cell w, (t) we
obtain a system AG; = b, solved with the Cholesky method: G; = (ATA) ~'ATh. Note that the contribution of (37) into A
is nonlinear due to the dependence of W, on u;. We also scale the last row of (37) by ri’/ 2,

The condition w,(t) € V(Q(tn11)), @1 Nw, # 0,0, # w; includes every cell sharing at least a node with the cell w;
and results in rather wide gradient stencil. We require such stencil for the method stability on a moving mesh that
results in complex geometric configurations. It may significantly degrade the performance of the method on regular

meshes and shall be addressed in future.

4 | GEOMETRY IN FOUR DIMENSIONS

The domain geometry Q, in temporal layer n is assumed to be known, and each layer n corresponds to time ¢, all over
Qy, as illustrated in Figure 1.

Three-dimensional cells @™ = w(t, 1) possess collocation points with three-dimensional coordinates x,,»+:1 and the
fourth coordinate ¢, .

Evolution of a four-dimensional cell w;(t,,ty41) from time level ¢, to time level t,,; is represented by two three-
dimensional cells " and @!*!. Thus, it is a prism with two bases and the volume computed by

i

| @i(tnstns1) |= (|| + \winHD (tny1—tn)/2. (39)

The volume is measured in SI by (m? s).
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> X

FIGURE 1 Representation of Q(¢) for a single-dimensional problem. Green circles are collocation points at t,1, red circles are
collocation points at t,. Green squares are points with approximations of fluxes at internal faces, yellow squares—at boundary faces.
Temporal boundary fluxes are approximated at green and red circles.

Similarly, the four-dimensional face o;(t,,t,,1) between time moments t, and t,,; is framed between two three-
dimensional faces o} and o}"! with the area computed by

| 6i(tns tusn) [= (107 [+ |07 ) (b — 1) /2. (40)

The area is measured in SI by (m? s).
Let X,»,X,n1 correspond to three-dimensional centers, and n,»,n,:1 correspond to three-dimensional normal to
i L
faces o7, 07t respectively. We define a three-dimensional normal n= n, ‘H%W) /2 at the midpoint between layers
L

n and (n+1) and introduce the fourth coordinate of normal, satisfying

Xsn X nt1
[T nt][ 1]:[1# nt}{ 7 } (41)

bn | PES]

thus determining a plane passing through the four-dimensional centers of 67,67t
We obtain
— T ~ T

n=-n (X”inﬂ —x,,?) [t —th) R =0 W o, (42)
where w,(, . .,) is a mesh movement velocity. Note that the SI units of n, correspond to velocity (ms™"). Since the four-

dimensional coordinate is measured in [m m m S]T, and the normal is measured in (lllmsfl), the scalar product
between a four-dimensional coordinate and a four-dimensional normal is measured in (m). The divergent formula for
the volume |w|=3", | o | n"x yields (m’s).

The outward four-dimensional normal to the temporal layer ¢, is [0 0 0 1], the area of a four-dimensional face cor-
responds to the volume of the three-dimensional cell | "™ |. By analogy, the normal to temporal layer ¢, is [0 0 0 —1],
and the area corresponds to the volume | »} |. The units of normal are [1 1 1 s].

In numerical experiments, we use (mm) units for the length.

5 | PROBLEM SOLUTION

We use the Newton method to obtain the solution at time level ¢, ;. The initial solution is taken from the previous time
step u"t10 =u”" and p"*0 =p". At the kth Newton iteration, we assemble the residual %#* and corresponding Jaco-
bian J&:
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Rk c m4lv(9(tn+l>><1)’ jk c ?{4“}(9(1,‘,[_1))‘X4‘V(Q(tn_1))| . (43)

The Jacobian is obtained using automatic differentiation; thus, only residual computation is of concern. Automatic
differentiation significantly degrades the performance, but facilitates the research of various approaches. We compute
the residual using the following steps:

1. Compute the gradient G; with the derivatives at every cell w;(t) € V(Q(t,+1)) following Section 3.5.

2. Compute the residual at every cell w;(t) € V(Q(tn41)) for divergent terms:

RE=Y"|o(t) | F,,. (44)
o(t)

where the coupled flux is computed using (24) and (18)-(34) depending on the face type. At the temporal boundary &(¢)
and o(t), add the coupled flux using (35).

3. For every cell w;(t) € V(Q(ty41)), subtract from the velocity components of R¥, the volumetric forces f; =f |xmi<[>’
multiplied by | @;(tn, tn+1) |

The convergence criterion for the Newton method is || R" || < max (zaps,7re | R®||). If the convergence criteria are
met, we set u"*! =u"*1k and p**! = p"*1k and proceed to the mesh adaptation, followed by the next time step. Other-
wise, the pressure and velocity updates are determined from the solution of the linear system 7% [Auk Apk] T _RE,
The (k + 1)th pressure and velocity are determined by u™ k1 =u"*1% + gAu* and p" 141 = p"+1k 1 gAp¥. Heuristics
are used to select the update parameter a at every Newton step. The first technique prevents stagnation in the Newton
method. To this end, we count the number q of repetitions of the maximal residual error at the same position if
i=argmax;(R]") =argmax;(Rf) and | Rf —R["| <1073 | R¥| for every m<i. Then a = (3/4)". The second technique
reduces « to limit the Newton update not to exceed more than twice the mean of the maximum update over previous
Newton steps.

If convergence is not attained after the prescribed number of nonlinear iterations, the time step is halved. Upon suc-
cess, the time step is doubled if the maximum time step is not attained.

At every Newton iteration, the linear system for the update is solved iteratively with the multilevel preconditioner.
The iterative convergence tolerances are 7, = 10712, 7,y = 1078, dropping tolerances in the second-order incomplete fac-
torization are 7; = 1073 and 7, = 10>, pivoting by condition estimation is x = 2.5. In parallel, a single overlapping layer
is used for the additive Schwarz method. We shall note that the block-structured preconditioners such as point-block
algebraic multigrid method'®> appear to be much more efficient for the problem in question.

Once the solution for the next time step is obtained, we perform coarsening of the three-dimensional mesh, followed
by refinement of the three-dimensional mesh and mesh balancing. The adaptation steps are performed in sweeps until
all the marked elements are changed and no new elements are marked for the adaptation.*>' During adaptation, data
transfer is of concern. The adaptation operates with the data of the converged solution at the next time level, "1,
Thereby, both the previous step solution and geometry are no longer needed. For the refinement, we reuse gradients
G;, computed at the last Newton iteration. During the refinement step, the interpolation from a coarse cell w, (¢) to fine
cells w;(t) is computed by

103,104

u; u

P

where O = diag (eu,ev,ew,ep) is chosen to limit the interpolation for all new cells w;:

)

here V,(w:(¢)) is a set of cells in Q,; sharing at least a node with the cell w;(¢). In (46) each component can be consid-
ered separately. The interpolation is conservative under condition ;| w;(t) | x;=| w1 (f) |X; and is monotone due to
(46). During coarsening of fine cells w;(¢) to a coarse cell w; (t) we use the simple averaging:

u

b

T W
08 (X0 — %o 0)7Gr < max ([ D 46
(X)) = Xar( 0) G1 w(0) € Valan () \ | p; e

min
w;(t) € V(o (t)) (
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{:1] = |w1(t)|_1zi:|0)i(t)| {:l} G = |w1(t)|_lzi:|wi(t)|Gi, (47)

1 i

which is both monotone and conservative.

6 | VERIFICATION TESTS

For verification tests we use units for distance (mm), mass (g), time (s), velocity in (mm s~ '), blood density
p=1060 (kg m™3) =1.06-10"3 (g mm~?) and dynamic viscosity u = 3.5 [cP] =3.5x 1073 (g mm~3 s~1). The kinematic
viscosity is v=u/p~3.3 (mm? s~!). All analytical expressions are: averaged over mesh elements using the seventh-
order integration formula. The nonlinear convergence criteria are 7,,s = 107°, 7,,; = 107>, We recall that for the solution

of the Navier-Stokes equations we assign 4 unknowns to each computational cell.

6.1 | Ethier-Steinman analytical solution

We first consider the Ethier-Steinman analytical solution'®®

exp (

B!
N———
<]
=]
RS
2
<
+
N
8

%
o
/N

u(x,y,z,t) = —% exp (—1/%2[) ) cos (M) , (48)

/N
TEERS

[¢]
e}
o

32 2

p(y,z,t) = - exp| —v—- cos <Jr(x+ 2y)) exp (ﬂ(z +x)> : (49)

N e Eﬂ(xizy? (e
)

We define the spherical domain Q(t) = {x:||x—tw|| <5-10"! [mm]} deforming with velocity w (mms ). The
Dirichlet boundary condition is isimposed on I'p = dQ by setting @, =a =1, #, = =0 and the right hand side by
the analytical solution in (48).

The solution to the pressure is not unique, therefore, we add a constraint for the pressure integral:

/Qp(x9y:Zatl’LJrl)d‘/z Z p(xi,yi,Zi,tn+1)|a)i| = Z pl‘a)l| (SO)

wi € V(Q(1) wi € V(Q(1))

Convergence study for the steady and deforming domains on a sequence of quasi-uniform meshes Qy, ..., 2, without
adaptation are given in Table 1. It demonstrates the second-order convergence for the velocity and the first-order con-
vergence for the pressure. The orders of convergence are similar for the steady and deforming domains. Table 2 presents
error norms on meshes Qf obtained by refinement of ; the layer of cells next to the boundary. The error reduces both
for velocity and pressure. Therefore, the interface between coarse and fine cells does not generate spurious errors,
which are often observed on locally refined meshes.'> However, the order of convergence is slightly worse on the
adapted meshes. The original mesh Q; and the locally refined mesh Qf are displayed in Figure 2. Each time step
requires three to four Newton iterations for the nonlinear problem's convergence.
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TABLE 1

Q1)
&
Q;
Q,
Q4
Rate

TABLE 2

Q(t)
Qf
@
ol
Q4
Rate

FIGURE 2

6.2 |

TEREKHOV ET AL.

Error norms for the Ethier-Steinman problem on quasi-uniform meshes.

At
1/50
1/100
1/200
1/400

#Cells
249
1343
9748
67,405

Steady, w = 0 (mm s %)

[ur —ull, llpr—pllL,
3.96 x1073 2.16 X107}
1.22 x103 9.34 1072
3.00 x10~* 3.76 X102
8.51 x10~° 1.67 x102
1.82 1.17

Error norms for the Ethier-Steinman problem on locally refined meshes.

1/50

1/100
1/200
1/400

#Cells
1866
8168

40,604

193,272

Steady, w = 0 (mm s %)

[ —ull, llpr—pll,
1.36 x103 1.27 x107!
5.36 x10~* 6.78 x1072
1.53 x10~* 3.09 X102
521 x10~° 1.50 x10~2
1.55 1.04

(B}

Middle cutaway of the tetrahedral mesh Q3 (A) and Qf (B) for the sphere.

Analytical solution in a shrinking cylinder

Moving, w = 1 (mm s )

o —ull, P —pliz,
4.84 x1073 2.07 x107!
1.49 x103 8.89 x102
3.61 x10~* 3.49 x102
9.94 x10~° 1.53 x10~2
1.86 1.19

Moving, w = 1 (mm s )

[ur —ull, lpr =PI,
1.64 x1073 9.93 x10 2
6.34 x10™* 5.97 x10™>
1.70 x10~* 2.73 X102
5.04 x10~° 1.34 x10~2
1.75 1.03

Following Reference [99,107], we consider the flow in the shrinking cylindrical domain Q(t):

Q) = {x (x,3,2) : —4 (mm) <z<4 (mm), x*+4)y*<exp (%Jr 1) (1 %t) (mm?) }, t€[0,0.2] [s]. (51)

The analytical solution u, p, and corresponding mesh movement velocity w read as

u(x,y,z,t)

p(x.y,2,t)

where r=/x%+)2.

4—t

2

w5

(4—1)°
16

_(4_802 (4—z—|—64y<exp(—§— 1) - EXP(—Z))’>

Y|, W(X,y,Z,t):m

0 (52)
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FIGURE 3 Middle cutaway of the deformed cylinder mesh at the initial state, tetrahedral mesh €3 (A), locally refined tetrahedral mesh

Qf (B), hexahedral mesh Q3 (C), and locally refined hexahedral mesh Qf (D).

The solution (52) produces in (1) the right-hand side

. 128x + xr?
e ew(=i-1) )
=v———=—~ 128y +yr
8(4—1t) 5
16r

4eXp(—§—2)

(53)

At the top boundary I'; = dQ|,_, a non-homogeneous Neumann condition is set by a; =a;=0and , = p=1
whereas at the bottom boundary I', = 0Q|,__, a non-homogeneous Dirichlet condition I'p is set by @, = =1 and
B L =P =0. At the remaining boundary I's = dQ\ (I NI'), the homogeneous Dirichlet condition is set. The right hand
side r at each boundary part is prescribed according to

5 —128x +xr?
(e(w)—p)nly, = S22 | _pagy iy |, (e
) 3212

(54)

We solve (1) on a sequence of tetrahedral and hexahedral meshes, see Figure 3A,C. Convergence study for these
cases is presented in Table 3. The convergence rates for both velocity and pressure are of the first-order accuracy. We
refine the mesh cells along the boundary I'; with the outflow condition, rf. Figure 3B,D, and present convergence study
in Table 4. Refinement along the outflow boundary improves the errors on both types of locally refined meshes. The
solution of the nonlinear system at each time step requires two to five nonlinear iterations.

The above numerical results demonstrate that the proposed method is able to solve the Navier-Stokes equations in
deforming domains for the blood kinematic viscosity. Moreover, the method improves with mesh refinement and does

not generate artificial errors along the refinement interface.

7 | BLOOD FLOW IN RIGHT VENTRICLE

We solve the Navier-Stokes equations in a domain segmented from a time series of computed tomography scans. The
domain corresponds to the right ventricle of a patient with transposition of the great arteries, a rare congenital defect.
The domain evolution is provided by 90 topologically invariant meshes” with 13,222 nodes, 86,920 edges, and 70,533
tetrahedra, see Figure 4. For details of mesh generation process we refer to Reference [108]. The domain was segmented
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TABLE 3 Error norms for the shrinking cylinder problem on non-refined meshes.

Tetrahedral Hexahedral
() At #Cells an— ], s~ plly, #eells g~ s, iz,
Q 1/25 376 4.95 x1072 5.05 x107! 160 1.04 x107* 1.52 x107°
Q, 1/50 1668 1.33 x102 5.40 x10~* 1060 1.56 x10 2 3.32 x10~*
Q; 1/100 10,186 477 x1073 243 x107" 7740 3.65 X103 1.60 x107*
Q 1/200 73,856 2.07 x10~° 1.01 x10~* 60,520 1.49 x10° 7.29 x102
Rate - 1.20 1.27 - 1.29 1.13

TABLE 4 Error norms for the shrinking cylinder problem on locally refined meshes.

Tetrahedral Hexahedral
Q) At #Cells s — ], s —pll, #Cells s —ul, s —Pll,
Qa 1/25 1104 4.99 x102 4.82 x107! 384 7.90 x102 1.47 x107°
Q4 1/50 3796 1.32 X102 4.49 x107" 1802 1.45 x1072 3.09 x10*
Q¢ 1/100 17,459 4.66 x10* 220 x107! 10,449 3.57 x107°? 1.48 x107*
Q4 1/200 101,135 2.05 x10* 9.61 102 71,111 1.47 x10° 7.05 x102
Rate - 118 1.19 - 1.28 1.07

(A) (B) ()

FIGURE 4 The right ventricle surface mesh: (A) beginning of systole (frame 0), (B) middle of systole (frame 23), and (C) end of systole
(frame 44).

with a level-set method from the ITK-SNAP package,'” an initial tetrahedral mesh was constructed by Delaunay trian-
gulation from the CGAL mesh library,''* and further improved using the aniMBA library from the Ani3D package.'"'
The interval between the mesh frames is assumed to be 102 (s) that corresponds to the cardiac cycle 9 x 10" (s).
For the mesh adaptation, the refinement criterion is based on the absolute vorticity, which is computed in each cell
based on the gradient G;:

000000-100 1000000
curl(u;) = curl(u)|, =0 0 1000 0 0-100000 0 0|G (55)
0-100100 000000000

The cells o; are marked to be refined if | curl(u;) | exceeds a threshold 10 (s~ ). A cell is coarsened if neither of its
faces indicates refinement and the coarsening level is not reached.

The initial conditions are zero velocity and pressure. Since these conditions are non-physiological, we perform the
simulation for five cardiac cycles that is till T = 4.5 (s). The maximum time step is At =102 (s) and the initial time
step is At=1077 (s).
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In this problem, we impose two types of boundary conditions: the no-slip condition I'ns with a) =a) =1,
f. =Py=0, r=0 and the directional-do-nothing condition** I'ppy with a, =aj= 3(In"w; +n/—(n"u;+n,)),
B =p;=1, r=0. Note that for the directional-do-nothing condition, the stabilization parameter a, from (33) is not
required.

At the boundary, we distinguish systole surface I'y and diastole surface I'y. In systolic phase, ¢ € [0,0.45]+0.9 x i (s),
i € Ny, Is is closed with condition I'ys and I'y is open with condition I'ppy. In diastolic phase, ¢ € [0.45,0.9) 4+ 0.9 x i (s),
i € Ny, I is open with condition I'ppy and Ty is closed with condition I'ys. At t =0.45 (s) both systole and diastole sur-
faces are open. At the rest of the boundary dQ\I'y UT; the Dirichlet conditions I'ys are prescribed.

The nonlinear convergence criteria are z,ps = 1074, 70 = 1072,

The simulation was performed on the Lomonosov supercomputer.’'>'"> We used 25 processors with 14 cores, total-
ing 350 parallel processes. The mesh was distributed and balanced with the K-means clustering algorithm.* The paral-
lel efficiency of the code will be reported elsewhere.

Figures 5 and 6 illustrate the vorticity magnitude | curl(w;) | €[0,25] (s7!). Visually, dynamic adaptation to the vor-
ticity magnitude allows to capture more peculiarities of the flow. The corresponding adapted mesh is shown in
Figure 7, and mesh partitioning between processors is demonstrated in Figure 8.

The velocity and pressure at various time instants on the dynamically adapted mesh are illustrated in Figures 9
and 10, respectively. Figure 10B corresponds to the moment when both valves are open.

The comparison of maximum velocity and pressure on both variants of meshes (quasi-uniform and locally refined)
is shown in Figure 11. Although the velocity is smooth on both grid types, the pressure experiences jumps due to
sudden opening and closing of valves.

Bas i ' Fos
L :
curjabe] an cell, [0 00851 T35, 8595)

(A) (B) ' ©

2 ) L .
cum]ate] an cell, {00007 1ED 35 4605) Garffabe| om ool (0051205104, 2115]

FIGURE 5 Cutaway of the quasi-uniform moving mesh, colored by | curl(u) | €[0,25] (s71) at (A) t=3.6, (B) t =4.05, and (C) t =4.5.

|
LKk L -
Gurllabis} om ooll, [E2T5ATE] Guflabs] an cxll, 1051 ]

(A) (B) (<)

FIGURE 6 Cutaway of adaptive moving mesh, colored by | curl(u) | €[0,25] (s7!) at (A) t =3.6, (B) t =4.05, and (C) t =4.5.
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(Al (B) (C)

FIGURE 7 Cutaway of adaptive moving mesh at (A) t = 3.6 (s), (B) t = 4.05 (s), and (C) t = 4.5 (s).

Lln
TAIF_CHUNE on cet, [:344]

(A) (B) (C)

T'.kul.l-_'; HUNK on cedl, [0323] T'\u'_l LCHUNE oo cell. f3a5|

FIGURE 8 Cutaway of adaptive moving mesh, colored in processor number at (A) t = 3.6 (s), (B) t = 4.05 (s), and (C) t = 4.5 (s).

7 oot R CECT

L3 TR S

44 8TIL L0875 45 385

141718 47 4517 MITT

ERE SLEe 210585

LA |

4333 1S
B i et [0 A1 S48 241 ol i e, I ATL91 5112 565)

(A) i(B) (C)

LR 1L az

AT o e, 10 344238 56 56

FIGURE 9 Cutaway of adaptive moving mesh, colored in |u | at (A) t=3.6 (s), (B) t =4.05 (s), and (C) t =4.5 (s).

The evolution of the number of cells for the adaptive mesh is illustrated in Figure 12A. It smoothly follows the
physics of the problem and generates almost twice the number of cells of the initial mesh. A few less nonlinear itera-
tions are required on the dynamically adapted mesh, see Figure 12B. The number of nonlinear iterations is quite high
in this problem due to pressure spikes occurring during changes of the valve state. The sudden change between
systolic and diastolic phases results in convergence issues and cutting of the time step. Nevertheless the method is
applicable for patient specific simulations and captures complex peculiarities of the flow using dynamic adaptive
moving meshes.
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FIGURE 10 Cutaway of adaptive moving mesh, colored in p at (A) t=3.6 (s), (B) t=4.05 (s), and (C) t=4.5(s).

SM T T T T T T T T T T
100000 r‘, ‘lhl .
1
200 - y || |
50000 |I |
s00 | N \ S
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200 |- / ‘ / \ /
-50000 H Y § | 1
100 ing mesh| max(p) 41
Ing meskyminip) 11—
dynamic moving mesh, max{|u]] =— 1pooon - ing mesh, maxip) {-|\— |
d | | In'hu\rlmlj ITIE'.ShI. rn&x{llul‘,l ing rneslh rninI{p] ——

0D 05 1 1.5 2 2.5 3 35 4 45

25 3 35 4 45
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FIGURE 11 Comparison of the solution on dynamically adapted and non-adapted moving mesh (A) maximum velocity and
(B) maximum and minimum pressure.
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B0O0D - .
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D 05 1 L5 2 25 3 35 4 45
(A) (B

FIGURE 12 Comparison of the solution on dynamically adapted and non-adapted moving mesh (A) number of nonlinear iterations,
(B) number of nonlinear iterations per step.



18 of 32 Wl L EY TEREKHOV ET AL.

8 | ADVECTION-DIFFUSION-REACTION SYSTEM

In order to model blood coagulation, we augment the system (1) with the additional advection-diffusion-reaction
1
system :

%jtdiv(quDVP) = —(kid+kyB+ k3T +ksT? +ksT*)P,

i)—erdiv(uT—DVT) = (kid+koB+ k3T + ks T + ksT?)P — kAT,

@Jr div(uB—DVB) = (k;d+ksT) (B’ — B) — koAB,

Jt

JA .

= Tdiv(uA—DVA) = —keAT —ksAB,
%—Ct;-i-le(UG—DVG) = —kloTG(ku +G)71, (56)
JF
E + div (uF — DVF) = kl() TG(kll + G)71 — kle,

oM

ot
%+ div (k(f,d) (uf —DpVf)) = — (ki3 T + kisd)f,

%+ div (k(f,d) (ud — D, Vd)) = (k13T + kiad)f

=k1,F,

Here we denote concentrations of prothrombin P (factor FII), thrombin T (factor FIla), antithrombin A (factor
ATIII), fibrinogen G (factor FI), fibrin F (factor FIa), fibrin polymer M, resting platelets f, activated platelets d, B corre-
sponds to the sum of tissue factors IX and X with B°=200 (nM), The diffusion coefficients are
D=5x10"°(mm?xs ') for the blood factors and D,=2.5x10"> (mm?xs ') for the platelets. The coefficient
k(f,d) = tanh(n¢ " (¢ — f — d)) limits packing of the platelets to ¢ =400 (10° x mm?) "**

The clotting is accounted in (1) through permeability of the clot that results in the following right-hand side
of (1)™*:

f=—vK 'u, K'=16r25%%(1+568*)(p+d)(p—d) ", (57)

where K is the media permeability, and S=7000"'min (4900,M) is the saturation of the media by fibrin polymer,
r=6x10"* (mm) is the fiber radius. The other coefficients of the model are listed in Table 5.

The initial conditions correspond to the normal pooled plasma: P,=1400, By =10, Ay=3400, Gy = 7000,
To=Fy=My=0 (nM), f,=10, dy=0 (10° mm3). The boundary conditions for the blood factors
ce{P,T,B,A,G,F,M.,f,d} are of Dirichlet type c=co at the inflow, where c, values are taken from the initial condi-
tions. At the rest of the boundary, conditions of the Neumann type n- Vc =0 are used for all of the factors. We also dis-
tinguish a part of the boundary surface with damaged endothelium, where the tissue factors enter the flow":

Dn-VB=a(B°~B)(1+4(B°~B)) ", (58)

a=7.7x10* (nM ! s7!) and f=2.25x10"! (nM1).

8.1 | Approximation of advection-diffusion

We use the finite volume method on the moving mesh for the approximation of the advection—diffusion of the blood
factors c, except for the fibrin polymer and platelets. The divergence theorem for the four-integral yields
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TABLE 5 Coefficients for the blood coagulation advection-diffusion-reaction system. All the parameters appear in Reference [1].

Coefficient Value Units Coefficient Value Units

kit 1.5 x10™* 10 mm’s! ke 7.5 x10°° nM 6s!

kst 1.5 X107 nM 's! k,t 8 x10°° nM ?s !

ks 1071 nM st ke 4.817 x10°° nM 's!

k't 10~° 10> mm?s! kg8 5.2173 x10~° nM 's!

| 2.223 x107° nM 's! k1o’ 5% 102 st

k't 3160 nM kit 10! s

kit 2x1073 nMts7! k4 4x107° 103 mm>s!

/ @—i—div(uc—DVc)dV(t) :/
u)(t at

(t)

(fue-pve” o)

t

)dV(t) :il (fac—DVd" ¢)ds(z), (59)
dw(t)
the second-order approximation of the integral gives

= Y Jelad,. (60

Xo)  o(t) € Fo(t))

| o(6) | (fuc—DVe]" c)<:)

ff (fuc—DV¢)" ¢)dS(t) ~
dw(t) o(t) € F(o(t))

where g.= (nTu+n,)c—DnTVc is the flux. The velocity projection at the interface n”u is the last component of the
coupled flux F from (24) at the internal faces and (18)—(34) at the boundary faces. Let ¢; correspond to concentration c
of a blood factor at w;(t) and gf = Vc|,,,, correspond to the spatial gradient of c at cell @;(f). We assume that c is linear
in each cell w;(t) and continuous on the mesh. This allows us to introduce the gradient splitting in cell w,(¢) as in (13):

g =rm(c,—c)+ (H =1 (% — Xw1<f>)T) 8 oy

Following the derivation of the flux (18), we obtain the following approximation of g, at X, from the side of
cell w (¢):

Al ® (Drit+s1)er — (Dt +si—n"a—ny)c, + ((Dr;1 +51) (o0 — xwl@)T - DnT) g, (62)

where s; = max(nTu—&-nt—Dr;l,O) is the stabilization parameter. Considering approximation from the side of the
adjacent cell w,(t) we get:

quXo-(t) ~ (Drgl +52 +nTu+ nt)c" - (Dr;l —|—S2)C2 - ((Dr;l +S2) (Xa(t> _sz(t))T +DnT) gg’ (63)

with s, = max(—n"u—n, —Dr;',0).
Equating the two approximations (62) and (63) we obtain ¢, and the flux approximation:

Qiley, ~ (D' s nTutn) (D(r 15" s +52) 7 (D +31) (04 (ot —Xan0) '85) — Dn'g) o
64
(D sy —nTu—n) (D(r 5 ) s s2) (0 +52) (€24 (%ot~ Xano) '85) + D05 ).

At the boundary of the Dirichlet type, the flux is approximated by using ¢, = ¢¢ in (62). At the boundary of the Neu-
mann type, we split the gradient using (61) to obtain ¢, that can be used in (62):
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o =01+ (Xp(t) = Kppy (1) — 1) g (65)
Finally, for the nonlinear boundary condition (58) we apply the Taylor series expansion for the right hand side:

a(B*—B)(1+p(B°—B)) "

~a(B—B))(1+5(B°—B1)) " —a(1+B(B°=B1)) > (Xo) — Xan(n)) - VB, (66)

Xo(r)

where B; and B, are the concentrations of tissue factors at cell @, and face o, respectively. Splitting the gradients using
(61) in (58) and (66) we obtain B,:

B, =B+ (a1 +ﬂ(B°fBl))_2+Drl’1)7l(a(B°fBl)(l +B(B = B1)) "+ Dr (o)~ Koy —rim) '8F), (67)

which is used in (62) to obtain the boundary flux for the tissue factors IX, X at the surface of damaged endothelium.

8.2 | Approximation of platelets’ advection-diffusion

The platelets’ advection-diffusion contains a nonlinear coefficient k(f,d). This term couples the two equations for the

platelets, thus we integrate them together:
_D.V u’f —D,vf" \Y%
/ 7 H +div (k(f,d) [“f P fDdV(t) :/ k(f,d) I=DpVf / ( >dV(t), (68)
o0t Ld ud—-D,Vd olt) u’d-D,vd"| |d d;

and apply the divergence theorem and the second-order approximation to get:

qu*Dpva f qu*Dpva f n
§ (k) ] asx Y o] kir.a) l ] < )
(1) u’d-p,vd" | |d o(t) € Fla(t)) u’d-p,vd" | |d n

(69)
N n’vf
= > eI (k(f.dn"utn) | | —k(f.d)D,| = [o(1) ] 9p,
o(t) € Flo(0) d nVd]/) o) EFw)
where g, is the coupled advection-diffusion flux for the platelets. We first note that
K'(f,d) = dsk(f,d) = dak(f,d) = —ap~'sech (zp~' (p—f — d))z, dq¢Vd=JyVf=V1=0, (70)
approximate q,, from the side of cell ; () at face o(t) using the Taylor series expansion
f n'vVf
q ~ | (k(f,dnTu+n —k(f,d)D
Pl <( "4 I g| KOO roy .
w1 (1) (71)

n’uf — Dpyn’Vf
n’ud —D,n’Vd

+ <(k(f,d)nTu+nt)]I+k'(f,d) l

1T)

and proceed with the gradient decomposition (61).
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~ (AY + (k(fy,di)n"u+n,)I) lj;l e

_ AP
1 d,

Xo(t) 1
n’g,

T od
n g;

—k(f1,d1)Dp + (k(f1,d1)Dpryt +57)

7
(%o0) —lem)TgQI 72)

T
Xo(t) — Xay (t)) gﬁi

where st is a stabilization parameter, and AL is a 2 x 2 matrix coefficient:

T _ T
AP = (k(fy,d)Dpry 488 — k(fy,dy)n"u—n ) 1=K (fy,dy) | ™ uf, ~ Dpn’g) 17, (73)
n’ud; — Dpyn’g?

The eigenvalues of A} are:

I =k(f1,d)Dpry 4+, —k(fdi)nu = ni, dp =71~ K (f),dy) (n"u(f, +dy) — Dyn” (g +g)), (74)

whereas the eigenvalues of A} + (k(f;,d1)nTu+ n,)I are:

I =k(f1,d)Dpr 48, 2=~ K (fydy) (n"u(f, + i)~ Dpn” (g +) ), (75)

which results in the following choice for the stabilization parameter s}

b= max(max(k’(fl,dl) (nTu(f1 +d;) —Dpn” (g’l Jrg‘f)),O) + max (k(f,,d;)n"u+n,,0) —k(fl,dl)Dprl’l,O). (76)

The flux approximation from an adjacent cell w,(t) that shares the same face o(t) = w; () Nw,(¢) reads as:

fo f
9| . ~ AL — (A5 = (k(f 5, d2)n"u+n,)1) d2
o (t o 2
T (77)
nTgf B (Xa(t) _sz(t)) gfz
—k(f5,d2)Dp . j — (k(f5,d2)Dyry " +55) AE
n'g (Xo()) = Xan(r)) " 85
with A} given by
p -1 T / nTufz—DpnTgI; T
Ay = (k(f5,d2)Dpry" +85 + k(5. do)n w+n ) I+K (frda) | |1 (78)
n’ud, — D,n"gd

and the choice for s} is

sb = max (max(—k’(fz,dz) (nTu(f2 +d;) —D,n’ (g/; +g‘21) )0) + max(—k(f,,d)n"u—n,,0) — k(fz,dz)Dprz‘l,0> .
(79)

Equating (73) and (77) we eliminate interface unknowns and obtain the flux expression:
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rinp o a1 (ap . fi 1 gy | eto —Xenc0)
q, N ~ A (A] +A3) (A1+(k(fl,d1)n u+”1)]1) +(k(f1’d1) Dpry ™+ 1) T 4
o0) 1 (Xo'(t)_xan(l)) g1

T
X —sz gf

—Af(/\ﬁ”r/\g)1((A§—(k(fz,d2)nTu+nr)]I) Pl (o) Dy + ) {( o) D (50)
2 (%o(t) = Xan(r) 82
T T
—k(fy.d1) DpAS (AL +A5) ™ nTgi] —k(f5,d2) DpAS (AL +AD) nTng]-
n'g; n g,

Finally, at Dirichlet and Neumann boundaries, we substitute interface unknowns in (73) by

-
d, | |do] d, |~ ,

T
d1 + (Xo()) = Ko () —111) 8F

respectively.

8.3 | Gradient reconstruction
We reconstruct the concentration gradient g at the center of each cell w;(t) € Q(t,11). Consider a cell w;, for every

other cell sharing any element w,(t) € V(Q(tnt1)), o1 Nwz # 0, @, # w1, we consider the following condition for the
gradient:

T
(Xan() = Ky (1)) i =C2—C1. (82)

For boundary faces o(t) € F(9Q(t)), o(t) = 0Q(t) N1 (t), w1 (t) € V(Q(tn41)) with Dirichlet and Neumann condi-
tions, we get

T
(Xn'(t) - Xa)l(l)) gi =Co —C1, nng =0, (83>

respectively. For boundary faces with nonlinear boundary condition (58) the Taylor expansion (66) results in the follow-
ing condition for the gradient g? of tissue factors B:

(7 (14+B(B = B1))’Dn’ + (x50~ X)) " )& = (B~ B1) (1+ B(B° ~ B1)). (84)

Gathering conditions (82), (83), and (84) from all faces of a cell w;(t) we obtain a system A.g5 = b, solved with the
Cholesky method: g¢ = (ATA,) ' ATb.. Note that the contribution of (84) into A, is nonlinear.

Similarly to Section 3.5, the gradient stencil includes cells sharing at least a node and may appear too wide for some
configurations that may degrade the performance of the solver.

8.4 | Approximation of reactions

We use a matrix-weighted Euler method for time-integration of a reaction system.” To this end, let us consider the ini-
tial value problem:

—=r(x), x(0)=x, xR, (85)
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where d is the problem dimension and function r(x) € C' : R? — R¢.
In this work, x corresponds to the blood factors in x and r(x) to the right hand sides from (56):

—(kid+kyB+ksT +kyT? +ksT*)P
(kyd+kyB+ksT+kyT? + ksT?)P — kAT
(k7d+ksT)(B® — B) —kgAB
—keAT — koAB

—ky o TG(kyy +G) ™ : (86)
kioTG(k11 +G) ' — ki, F
ki, F
— (k13T + kiad)f
(k13T + kyad)f

>
I

AT TmQEwa v
/':!\
)
I

Integration of (85) over space-time leads to the following approximation of (85) in cell w;:

/ ) (5560 )V [0 151 0 5~ ) [ (), (7)
w(t

where choices x* =x" and x* =x""! correspond to the forward and backward Euler methods, respectively. We solve
(85) with the matrix-weighted combination of the forward and backward Euler methods, which leads to the following
residual for (85):

R(x") =" X" — | 0" | X"~ | @i(tn, tas1) | (WE(X"T) 4+ (I— W)r(x")) =0, (88)

where the matrix weight W € R%*? depends on the generalized weight function 6(z) =z ! — (¢¢—1) "' : C — C and Jaco-
bian matrix J(x) = dr(x)/ox" € R4 by W = 0(£J), with & =| @;(tn,tns1) | /| 0.

In order to compute 6(£J), we approximate 6(z) using the Taylor series expansion for the positive and negative
arguments of the exponent:

0(z) ~ 0" <Z+—|Z|) +60° <Z_i> ! (89)

2 2 2’

where 0% (z) and 0~ (z) are given by:

1

0% (2) = (120(6o+20z+ s22+2%) " +z)_ , 0 (2)=1— (120(60—20z+5z2 ~2)" —z) - (90)

and split J=J, +J_,J. = (J+£VITJ ) /2, with the matrix root computed using the singular value decomposition. Thus,
the matrix weight is

W=0"(E3,)+6 (£3-)—1/2. (91)

9 | SOLUTION OF THE COUPLED PROBLEM

At the beginning of the Newton iterations, we select the initial guess x ™' =x" and evaluate " =r(x"). At the kth New-
ton step of the coupled problem for blood flow and coagulation, we assemble the residual as follows:
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1. Compute the residual (88) for the reactions R at every cell @;(tn41)
o Evaluate the function r}*! =r(x}"") and the Jacobian Ji = Jr(x)/ 3XT|X:X:+1.
o Compute W according to (91) and add (88) to residual Ré‘, corresponding to the blood factors. The residual for
velocity and pressure remains zero.
o Add the temporal boundary fluxes (35) and subtract the right-hand side (57) (evaluated with unknowns at the
current iteration) from the residual vector, corresponding to velocity.
2. Compute the gradients G; and gf with derivatives at every cell w;(t,1) following sections 3.5 and 8.3, respectively.
3. Add the divergent part to the residual at every cell w;(t) € V(Q(t,11)):
o Add >, |a(t) |F|xﬁ<,) with the coupled flux F computed by (24) and (18)-(34) to the part of the residual R¥
corresponding to velocity u and pressure p.
o Add >, |o() ] qc|xﬁ() of every blood factor c (except for fibrin-polymer M and platelets f,d) to the corresponding
part of the residual R;.
o Add ), o) | qp|xﬂm to the part of the residual R¥, corresponding to platelets f and d.

Here again, for the refinement, we reuse gradients g{, computed at the last Newton iteration. During the refinement
step, the interpolation from a coarse cell w; (¢) to fine cells w;(¢) is computed by

T
i =Cit0c(Xuy(t) —Xon(n) 85> 8 =85 (92)

where 0, is chosen to limit the interpolation for all new cells w;(¢):

. T
min Gj) <1+ 0 (X, (1) — Xo, << max ), 93
o) B () 501 OB ~Zn0) i< e, (5) )

Vn(w1(t)) is a set of cells sharing at least a node with the cell w;(t). The interpolation is conservative under condi-
tion Y, | wi(t) | xi =| 1(¢) | %1 and is monotone due to (93). During coarsening of fine cells w; to a coarse cell @, we use
the simple averaging:

€= |w1(t)lflz |oi(0) [, g1 = |601(t)lflz |i(t) | &, (94)

which is both monotone and conservative.

10 | COAGULATION IN STATIC AND PULSATING CAPILLARIES

We reproduce the numerical simulation® of blood coagulation in static microfluidic capillaries® and extend virtually the
experiment to pulsating capillaries. The original domain Q is represented by the cylinder of length L =28 [mm]| and
radius R =1 [mm] aligned with z axis:

Q={x=(x,y,2):0 [mm]<z<L, x*+y*<R*}. (95)

At the outflow 0Q|_g, we prescribe the directional do-nothing condition T'ppy  Wwith
a; =aj=3(n"w +n|-(n"w; +n)), f; =p;=1, and r=0. At the inflow dQ|_,, we prescribe the directional pres-
sure boundary condition I'pp with a; =aq :%(|nTu1 +n|—(mTay +ny)), B, =p =1, and r = —p;,n. At the rest of the
boundary 9Q\ (0Q,_,U 9L, ), the no-slip conditions I'ys are prescribed witha | =a;=1, § =py=0andr=0.

The initial conditions are: zero velocity and pressure. The initial conditions, boundary conditions, and model coeffi-
cients for the blood factors are described in Section 8, see also Figure 13. The maximum time step is At=1/4 [s], and
the initial time step is 1073 [s].

The inflow pressure is dictated by the target shear rate y by the formula p,, = 2vyLR™*. Here we consider pressure
providing maximum analytical velocity for the flow in the cylindrical pipe 5 [mm-s!] and the shear rate y =20 [s~!].
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FIGURE 13 Problem setup on the initial mesh for the experiment of blood flow and coagulation in microfluidic capillaries (A) with the
aggressive refinement to the cylinder boundary (B). The red stripe in (A) corresponds to the area with damaged endothelium.

(A)

FIGURE 15 Side view of K ~'-isosurface 100 (mm™2) at t = 87 (s) for (A) static capillary, (B) dumbbell-shaped deformation and
(C) pulse-wave deformation. The isosurface is colored in orange. The outflow is to the right.

According to the experiment,” at this shear rate the flow of the normal pooled plasma in a static capillary is occluded
at t~180 [s].

We consider two scenarios of domain deformation in time, see Figure 14. The dumbbell-shaped deformation specific
to the veins is
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FIGURE 16 Middle cutaway of the mesh colored in velocity magnitude |u| € [0,3] (m s7!) at t =87 (s) for (A) dumbbell-shaped
deformation and (B) pulse-wave deformation. The outflow is to the right.
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FIGURE 17 Maximum velocity max(|u|) (A) and volumetric occlusion V. based on clot permeability K~ (B).

FIGURE 18 Front view of K ~'-isosurface 100 (mm2) at t = {75,78,81,84,87,90} (s) for dumbbell-shaped deformation. The isosurface is

colored in orange.

FIGURE 19 Front view of K ~'-isosurface 100 (mm~—2) at t = {72,75,78,81,84,87} (s) for pulse-wave deformation. The isosurface is
colored in orange.
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FIGURE 20 Mean value of (A) media resistivity K—!, (B) thrombin concentration T, (C) antithrombin concentration A and (D)
activated platelets count d over time interval [0:120] (s).

R? 2t 2 2t
Qd:{x:(x,y,z):o [mm]<z<L, x2+y237<3+ cos(l—z> +;$yz (1—005(%)))}, (96)

and the pulse-wave deformation is

R? 2
Q,= {x: (x,9,2):0 [mm] <z <L, X 4y*< < (8+2sech (42—5) —sech(42+2)> } (97)

where Z=2+2— 12(1—‘6 — [%J ) In both cases the deformation is periodic, with a period of 16(s). In the case of
dumbbell-shaped deformation, the cylinder is compressed from the top and bottom towards the center, which increases
the pressure and reduces the inflow velocity. The pulse-wave expansion of the domain is followed by the contraction of
the domain, propagates from the inlet to the outlet of the capillary and results in the decompression and compression
of fluid in the expanded and contracted regions, respectively.

Three velocity components, pressure and 9 concentrations result in 13 unknowns per computational cell. The initial
mesh consists of 20160 hexahedral cells, the dynamic refinement may increase the cells number till 50000. The
nonlinear convergence criteria are z,ps = 1074, 7,4 = 1072,

We refine the cells with media resistivity K € [1,100] (mm~2). These cells form the transition zone between the
high and low permeability zones. In Figure 15 we show the K ~'-isosurface 100 (mm ) for all three types of capillaries
at t=87 (s). At K1 =100 (mm~2) the fluid flow is obstructed by the clot. Indeed, Figure 16 shows that the velocity
magnitude drops significantly in the region with K~ >100( mm~2). Based on this, we evaluate the volumetric occlu-
sion by
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FIGURE 21 Maximum velocity max(|u|) (A) and kinetic energy and (B) for a sequence of three meshes.

1

Voee = @

> |wi| max(100'K',1) - 100, (98)

where Voo =100 (%) corresponds to the completely occluded channel.

The pulsating capillaries are occluded significantly earlier, at t ~ 100 (s), compared to the static capillary occlusion
at t~200 (s), see dynamics of the maximum velocity max(||u||) and the volumetric occlusion V. in Figure 17. How-
ever, some fluid motion is still incurred by the domain deformation even after complete obstruction of the channel.

The evolution of the K '-isosurface is shown in Figures 18 and 19 for dumbbell-shaped and pulse-wave deforma-
tions, respectively.

Finally, in Figure 20 we demonstrate the evolution of the mean resistivity K~! and mean concentrations of throm-
bin T, antithrombin A and activated platelets d.

The spikes in the velocity are observed in Figure 17 (left) in the case of pulse-wave shaped deformation due to
narrowing of the inflow and outflow at certain moments in time.

In both cases deformation of the domain results in expulsion of some blood factors and partial declogging which
results in some residual maximal velocity even with fully clogged cylinder, which is observed in Figure 17.

In some experiments with the dumbbell-shaped deformation we observed that the deformation-induced increase of
pressure could reverse the flow at inflow and cause some stability issues.

In order to motivate our choice of the initial mesh with 20,160 hexahedral cells, we analyzed the maximum velocity
and the density-normalized kinetic energy computed on 3 non-deforming and non-adapting quasiuniform meshes with
2760, 20160, 153600 hexahedral cells and maximum time step sizes 1/4, 1/4, 1/8 and presented in Figure 21. The coars-
est mesh is inappropriate for this study, whereas the maximum velocity and the density-normalized kinetic energy com-
puted on the medium-sized mesh demonstrate convergence.

11 | CONCLUSION

In this work, we considered the numerical method for the blood flow and coagulation modeling on dynamic
adaptive moving meshes. We proposed a robust combination of moving mesh finite volume methods for the
saddle-point system of Navier-Stokes equations, advection-diffusion equations for the blood factors, and
coupled nonlinear advection-diffusion equations for the platelets. We combined these methods with the integra-
tion method for stiff reaction systems. These methods allow for the monolithic and fully implicit solution of the
complete multiphysics system. The mesh adaptation allows us to increase accuracy in regions with flow
peculiarities.

The future work will be directed towards fluid-porous structure interaction, models for capturing the blood rheol-
ogy, and extension of the coagulation system for scenarios of clot formation without damaged endothelium.
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