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Abstract: A finite element method for a monolithic quasi-Lagrangian formulation of a fluid—porous structure
interaction problem with a corrected balance of stresses on the fluid—structure interface is considered. Defor-
mations of the elastic medium are not necessarily small and are modelled using Saint Venant-Kirchhoff (SVK)
constitutive relation. The stability of the method is proved in a form of energy bound for the finite element
solution.
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Blood flow in a vessel with permeable walls or penetration of oil through a crack in a porous matrix can be
seen as the interaction of a freely flowing fluid with a fluid-saturated poroelastic structure. A continuum me-
chanics description of such fluid-poroelastic phenomena often leads to coupled systems of (Navier—)Stokes
and Biot equations [25, 35]. Recently, there has been a growing interest in the numerical solution of the
Stokes—Biot and Navier—Stokes—Biot problems. Several authors suggested solution strategies based on de-
composition of the system into fluid and poroelastic loosely coupled problems to allow for computation-
ally efficient time-stepping schemes [5, 8]. For the reason of better stability, monolithic methods for the
(Navier—)Stokes—Biot equations have become popular in the literature. They differ in the form of equations
and the numerical treatment of the coupling conditions on the interface between a free flow domain and a do-
main occupied by the porous structure. In [2] the continuity of fluid fluxes on the interface is imposed weakly
with the help of a Lagrange multiplier and in [36] an interior penalty discontinuous Galerkin method is ap-
plied to obtain a discrete coupled formulation. The Nitsche approach is used for coupling fluid and poroelas-
tic finite element formulations in [1, 9]. Combination of the Nitsche approach and unfitted finite elements [1]
adds extra flexibility to the numerical solution.

Many publications on numerical methods for the fluid—poroelastic problem ignore inertia effect in the
fluid and formulate the free fluid problem as a Stokes system. One reason for such simplification is the lack of
the energy dissipation principle for the Navier—Stokes—Biot problem with the common interface conditions,
which hinders the analysis in this case. This issue is well known already for the Navier-Stokes—Darcy (the
Navier—Stokes—Biot problem with a rigid structure), where a local well-posedness of the system is currently
known only under a smallness assumption (even in 2D) and the proof uses involved arguments that work in
the absence of a priori energy bound [4, 20]. In the context of the Navier—Stokes/Darcy coupling the issue
was addressed in [10, 11], where interface conditions were modified to ensure the thermodynamic consis-
tency of the complete system. In the present report, we follow [10, 11] and employ the suggested correction
to the stress balance in the Navier-Stokes—Biot to end up with a dissipative system and a stable numerical
method. A common simplification we avoid is the assumption that deformations of poroelastic structure are
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Fig. 1: Reference and physical domains and boundaries.

small enough not to affect the free fluid flow. This assumption is plausible in certain cases and allows to ex-
tend numerical analysis well-known for fluid equations in a fixed given domain to the (Navier—)Stokes/Biot
coupled system (see, e.g., [34]). However, in other situations, e.g., in poroelastic models of living cells [32]
or blood clots [33], the deformations can be large enough and dynamic. Therefore, in this work we account
for time dependent deformations in the definition of flow domain and accommodate finite elastic strains by
using the SVK elasticity model.

We consider an arbitrary Lagrangian—Eulerian (ALE) formulation of the Navier—Stokes-Biot system and
further introduce a monolithic finite element method. Our finite element method features the formulation
of all equations in the reference coordinates encoding all information on geometry deformation in solution-
dependent coefficients. This formulation allows a simple application of the method of lines for the time dis-
cretization. Such monolithic approach was proved to be efficient for fluid—structure interaction (FSI) prob-
lems with an impermeable elastic structure [23, 29, 30], and we extend it here to the case of poroelasticity.
In the spirit of monolithic formulations, we apply here the same finite elements to approximate fluid veloc-
ity and pressure in both domains. We choose the Taylor-Hood element (P2-P1) for this purpose, which is a
valid Darcy element for applications where the local mass conservation is not critical [24]. We use the same
P2 element for the structure velocity. To enforce the continuity of fluid flux through the interface, we use the
penalty approach (the Nitsche approach as in [1] would be an alternative).

The remainder of the paper is organized in four sections. We formulate the governing equations, inter-
face and boundary conditions in Section 1. The same section presents the integral formulation, the energy
balance of the system, and an ALE formulation that we use for the discretization. The finite element method
is introduced in Section 2 and its numerical stability is proved in Section 3. Section 4 presents the results of
several numerical experiments.

1 FPSI model

Let us consider a time-dependent domain Q(t) ¢ R> containing fluid and an elastic porous structure. A
subdomain Qf(¢t) is entirely occupied by fluid and a subdomain Q5(¢t) is occupied by porous elastic solid
fully saturated with fluid. These subdomains are non-overlapping and Q(t) = Qf(t) u Q5(t). Two regions are
separated by the interface I f5(¢) o= 0/ (t) N 0Q5(t).

In the present paper, the equations governing the fluid and solid motion will be written in the reference
domains

Qr=0QN0), Qs=0%0), Iy =I70).

The deformation of the poroelastic part is given by the mapping

§ 1 Qsx[0,T1— (] 2
te(0,T]

with the corresponding displacement us, us(x, t) := §,(X, t) - x and the velocity of the elastic structure vs =
O¢Us = 0¢& (X, b).
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The fluid dynamics is described by the velocity vector field v¢(x, t) and the pressure function p(x, t) de-
fined in the whole volume Q(t) for all ¢ € [0, T]. Following [5, 25] we represent vy in the poroelastic domain
through the velocity of structure and the filtration flux q = @(vf — V), where @ is the known porosity coef-
ficient. We denote the fluid pressure in the poroelastic domain by p4, to emphasize its impact on the Darcy
filtration, and in the fluid domain by py.

Denote by ps and py the densities of solid and fluid. Then p), = ps(1-¢)+pf@ is the density of the saturated
porous medium. Denote by o5, 0y the Cauchy stress tensors in porous medium and fluid, respectively. The
poroelastic stress tensor is given by 6, = 05 — apl, where a > 0 is Biot’s coefficient (typically a = 1, so further
we set a = 1). The porous medium is also characterized by its permeability tensor K. The Biot system in the
porous domain and the Navier—Stokes equations in the fluid domain follow from the momenta balance and
mass conservation principles:

PpVs + prq = div gy
PfVs + %61 =~(K'q+Vpa) inQ%(t)
(11)

—Sopa = div (Vs +q)

{ pf"lf =div (3

in O/ (¢)
divvy =0

where 1/s¢ is Biot modulus or mixture compressibility modulus, and f is the material derivative of quantity f.

We divide the boundary of Q(t) into the external boundary of the poroelastic structure I'°(¢) := 0Q(t) N
00Q°(t), fluid Dirichlet and outflow boundaries: 0Q(t) n o0/ (t) = I'O(t) U I°U(¢t) (see Fig. 1). The governing
equations are complemented with boundary conditions

v =g on(t), om=0 onI(t), o,n=0onl*'(t), ps=0 onI*(t) (1.2)

and suitable initial conditions. Instead of p4 = 0 we may consider condition on the Darcy flux q - n on entire
I'SO(t) or its part.

We now discuss coupling conditions on the interface between the fluid and poroelastic domains. Denote
by n the normal vector on I/5(t) pointing from the fluid to the poroelastic structure. The balance of normal
stresses on IS (¢) is commonly written in terms of the interface conditions: oyn = 6p,nand n’ofn = —py. This
coupling, however, is not known to provide an energy consistent (dissipative) system. For the pure Navier—
Stokes/Darcy coupling a remedy was suggested in [10, 12] where the second condition was changed to include
a contribution of the fluid kinetic energy. In this paper, we use the same modification in the poroelasticity
context and two interface conditions read:

o/n = opn, n‘om=-p,+ %lVflz on I'S(¢). (1.3)

Such modification of the stress balance is similar to modifications of outflow boundary conditions and 1D-3D
models coupling conditions in computational fluid dynamics (see, e.g., [6, 7]). The continuity of the normal
flux on the fluid-structure interface gives

Vi-n=(Vs+q)-n on I'5(¢). (1.4)

Finally, the Beavers—Joseph—Saffman condition sets the tangential component of the normal stress propor-
tional to the fluid ‘slip’ rate along the interface:

Payn = —~yPK Y2 (vf - v5) onI'(t) (1.5)

where P is the orthogonal projector on the tangential plane to I'5(¢).

1.1 Integral formulation

In the preparation for the finite element method, we write out an integral formulation of the FPSI problem
(1.1)-(1.5). We take the inner product of the elasticity equation in (1.1) with a sufficiently smooth t, integrate
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it over Q%(t) and integrate the stress term by parts. This adds up with the first Darcy equation multiplied by a
sufficiently smooth 3, and integrated over Q3(t) to give

J (PpVs+prQ) - Pg + (prVs + %q +K'q) -, dx+ J 0y, : Vi, dx
Qs(t) 05(t)

- dedivtpddx+ J(apn)-lpsds— j pa(h, -m)ds = 0. (16)
Qs5(t) I's(t) Iss(t)

Further, the fluid momentum equation in (1.1) is multiplied by a smooth vector function ;. Integrating over
Qf (t) and integrating the stress term by parts we obtain

J prvy - Pydx + J o7 : Vi, dx - J plomds = 0. L7)
of (t) of (t) Is(t)
We add up boundary terms in (1.6) and (1.7) and use interface conditions (1.3)—(1.5) to reorganize them
j (0pn)1p, ds - j pa(,-n)ds - J lomds
I's(t) I's(t) I's(t)

use:(1.3) j (ofm) - (P, - lIJf) ds - j pa(,-n)ds

Ifs(t) Ifs(t)

split On j (nTafn)(lIls—'I’f)'ndS+ J (ngn).P([I)S—lpf)ds— J pd(ll)d-n)ds

If5(t) If5(t) IF5(t)
(1.3),(1.5) -
SO0ty - - o) mds ey | KRy -vo) - Wy -pds+ | Ziviap - ) mas.
Ifs(¢) Ifs(t) Ifs(t)

Summing up (1.6) and (1.7) and using the calculations above we arrive at the integral equality satisfied by
sufficiently smooth FPSI solution vs, q, V¢, pa, pf:

[(pp"/s +prq) - P + (pFVs + %q+ K1lq)- 1[)d] dx + J o, : VP, dx

0s(t) Qs(t)
_ J- padiv ,dx + I PFVf - Prdx + I of: Vippdx + I %Wﬂz(lps - ;) -nds
Qs(t) At Q) Irs(t)
+ j Py -, - ,)-nds +y J KY2B(v; —vy) - (3 - ) ds = O (1.8)
I's(t) I/s(t)

for all sufficiently smooth ¢, 3, and 3, such that ¢ = 0 on I 0. Equality (1.8) is supplemented by the
integral identities that follow from the two continuity equations in (1.1):

I (sopa + div (Vs + q))ga dx = 0, I grdivvy =0 (1.9)
Q5(t) or ()

forall g4 € L>(Q%(t)), g5 € L(Q/(¢)).
To obtain the energy balance identity, we assume that I"° and I'°"t are steady and g = 0 on I'’°. We further
lety, =vs, P, = q, P, = Vr and use 0, = 05 — pl, continuity conditions and (1.4) to arrive at the equality:

[(ppw'ls +prq) - Vs + (pf"rs + %q) g+ K‘llqlz] dx + J o5 : Vip dx + J Sopapa dx
Qs(t) 05(t) 05(t)
. . B ) -1/2 o2 de
+ | prvr-vedx + o5 : Vvpdx 5 vel°q-nds+y | K /°|P(vf-vs)|[“ds=0. (1.10)

of(t) of(t) Ifs(t) Ifs(t)
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Using of = usDvy—prl, Dvy := (Vs +(Vvp)T)/2, div vy = 0, and rearranging the first two terms by substituting
pp = ps(1 — @) + prep, we can rewrite the above equality as

J [(1—go)ps\'ls-v5+(ppf<\'ls+g>-<V5+ﬂ> dx + j K1|q)% dx + J g5 : Vi dx + J Sopdpa dx
(0 ¢ ¢ o) 0 &0

+ J PfYf - Vpdx + pg J [Dvy|? dx - J %Ivflzq ‘nds +y J K712|P(vs —vy)|? ds = 0. (1.11)
0 o () 5 (t)

The integrals with material derivatives can be readily converted to the variations of kinetic energy by appli-
cation of the Reynolds transport theorem and recalling that all parts of 0Q/ (t) are steady except I'5(t), which
normal velocity is v - n:

d1 ov 1
de2 J prlvyl* dx = j prgg Vrds+3 I prlvyI*vs - mds
of(t) Qb I's(t)
ov 1 1
- Pfa_tf'vfds+ > I Pf|Vf|2Vf‘ndS—§ J privrl*q-nds
At Ifs(t) Iss(t)
ov 1 . 1
= J pfa_tf -vpds + 5 J pfdlv(|Vf|2Vf) ds - 5 J Pf|Vf|2q' nds
o o () =@
— oV 1
use divvr=0 pfa—tf-Vde-i- j pf((Vf'V)Vf)'Vde—E j prlvsl*q-nds
() () =@
. 1
= prf-Vde—z J— pf|Vf|2‘J'nd5-
Qf () I's(t)

We handle the Q5(t)-integrals containing material derivatives in (1.11) by the same argument assuming that
the elastic structure is incompressible, i.e., div vy = 0, and recalling that the material derivative in the struc-

ture is written in the Eulerian terms as 0/0t + v; - V. Therefore, (1.11) yields
d1 _
i3 J [(1 - @)pslvs|® + ppglvel?] dx + J K 1q/%dx + J 05 : Vv dx
s5(t) Q5(t) Q5(t)

+%% I solpdlzdx+%% J prlvel® dx + pg J [Dvs|? dx +y J K Y2P(vf - vg)|?ds =0 (1.12)

Qs() o) 0l0)) Irs(t)
where we used vy = vs + g/¢@ in Q%(¢t) for the brevity. For hyperelastic materials, the work of the elastic
stresses represented by fQS 6T+ VVs dx, equals the time variation of the strain energy. Therefore, (1.12) shows
that the system dissipates the total energy composed of kinetic (the first and the fifth integrals in (1.12)) and
free (the third and the fourth integrals in (1.12)) energies. Without the correction in the stress balance on the
interface, the sign indefinite term —%pf prs (t) IVf|?(q - n) ds appears in the energy equality, and the system is
not necessarily dissipative.

1.2 ALE formulation

In this paper, we adopt the Arbitrary Lagrangian—Eulerian formulation by extending &, to an auxiliary map-
ping in the fluid domain
&9 x[0, T (] )
te[0,T]
such that §; = §; on I'ss, i.e., § is globally continuous. In general, §; does not follow material trajectories.
Instead, it is defined by a continuous extension of the displacement field to the flow reference domain
us in Qg

uy := Ext(us) = §4(x, £) -x  inQfx[0,T]; u= ] (1.13)
ur 1In .Qf.
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The corresponding globally defined deformation gradient is F = I + Vu, and J := det(F) is its determinant.
From now on, for notation simplicity, we will use the same notation for variables defined in the reference
configuration as vg(x, t) := Vg(& £(X, ), t) and pr(x, t) := pr& £(X, t), t). We use the notation 05 o &(x) =
05(£,(x)).

The governing equations driving the motion of fluid and structure written in the reference domains read
as

ov 0 1 - .
Ppa_ts +Pfa_ctl =J'div (J(@p < §)F ") n 0

ov . _ _ ou .
oSt 8- (- 2)

and the mass conservation reads as

a _ .
{_Soﬂ =F1:V(v;+q)  inQ (1.15)

Fl:Vv=0 in Qf

where for (1.15) we used div JF~1v) = JVv : F~T thanks to the Piola identity. The deformation of the structure
can be found by integrating the kinematic equation

ou .

a_ts =V in Qs. (1.16)
The boundary and interface conditions are the same in the ALE formulation. The normal n (and projector
P = I-nn’) to the interface and outflow boundary in the physical domain can be computed from the reference
normal @, i.e., n = F-TA/|F~T@|. Further, we will use the identities J dx = dx, JIF-Tn|ds = ds, where ds and
ds are elementary areas orthogonal to n and n in the physical and reference coordinates, respectively. We
collect all conditions in one place here:

vi=gonlp, om=0only, 0,n=0onls,, pg=0only (1.17)

for the outer boundaries and

o/ = g,n, n“om=—p,+ %lvﬂz on I (1.18)
Vi-n=(Vs+q)-n only (1.19)
Pon = —yPK/2(vf —v) onI¥ (1.20)

for the interface.
The constitutive relation for the Newtonian fluid in the reference domain reads

or = —pil+ us(VWEF L+ FT(vw)T) in 0. (1.21)
For the structure we consider the compressible geometrically nonlinear SVK material with
05 = J'FSFT, S = Astr(E)I + 2usE (1.22)

where E = % (FTF - I) is the Lagrange—Green strain tensor and Ag, ys are the Lame constants.

Thus, the FPSI problem in the reference coordinates consists in finding pressure distributions p4, py, fluid
and structure velocity fields vy, v, fluid flux in the porous medium q and the displacement field u satisfying
the set of equations, interface and boundary conditions (1.14)-(1.20), together with (1.21), (1.22), and subject
to a given extension rule (1.13).
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2 Discretization

We now proceed with discretization of the FPSI problem formulated in the reference domain. Treating the
problem in the reference domain allows us to avoid time-dependent triangulations and finite element func-
tion spaces and apply the standard method of lines to decouple space and time discretizations. We adopt a
finite element method in space and define a consistent triangulation of the reference domain Q(0) as a col-
lection Ty, of shape-regular tetrahedra such that the triangulation respects the interface I'r;. This implies that
T Z ={T € T, : T c Qg}, a € {f, s}, are consistent triangulations of the fluid and poroelastic reference
domains Qg, a € {f, s}. We consider the finite element Taylor-Hood spaces which are popular for simulation
of incompressible fluid flow:

Vi={veC(Qq) : VireP(T)> VT eTf}, acifs}
Qr={q€C(Qp) : qlr e P1(T) VTeTp}, acif s}

For trial functions we need also the following subspaces:

V];ZO ={ve V';l : Vi, = 0}
Q' =1{geQ; : qlr,, =0}

Note that the Taylor-Hood element is not a standard Darcy element for H(div)- formulations of the problem.
In particular, it fails to provide elementwise mass conservation. However, for applications where the local
mass conservation is not a major concern, it is a legitimate choice leading to the first order convergence in
the Darcy region in product L?-velocity—H!-pressure norm [24], which is optimal for this pair of norms.

For the time discretization, we assume a constant time step At and use the notation f k(x) = f(kAt, x) for
all time-dependent quantities.

To make the discretization energy-consistent, we note that the mass conservation law yields J; +
div (JF~X(vf —u,)) = 0 in Qy. With the help of this identity and vJ(v])¢ = 1J;, the last equation in (1.14)
can be re-written as follows:

o

The reformulation is similar to the one suggested in [21] to build an energy conserving scheme for the Eulerian
form of the incompressible Navier—Stokes equations with variable density. In physical domain (i.e., u = 0,
F = I) the last two terms reduce to ps((vy - V)Vy + 3(div vf)vy), which is well known to ensure energy conser-
vation on the discrete level for weakly divergence free solutions (see, e.g., [13]). We will use (2.1) to formulate
a finite element method below.

We proceed to multi-linear forms needed for our finite element formulation. For time derivatives, we need
the form:

m (W, Wa, Wy, 15 g, P4, P, q) := Jl"‘l(ppws +PFWa) P, dx + J <Pst + %Wd) P, dx

s s

+ J Sorqdx + jpf\/]k‘lw]ctpf dx.

Qs o

In the porous structure we define

ak(wa, ) = j K'wg -, dx.
Qs

To handle SVK material, we define

ak(ws, P,) = J Fio1S(ws, u“™ 1) : vip dx
2
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where Fi_y := F(uk™1), S(uy, wp) = Astr(E(uy, up))I + 2psE(ug, uy), E(uy, wp) == 1 {F(u1)TF(u2) - I}s. Here
and further {A}s = %(A + AT) denotes the symmetric part of tensor A € R3*3,
For the fluid domain we need the form for the viscous terms:

a/’f(wf, l[)f) = J Zl,lf]k_lDuk—l (Wp) : Duk71(ll)f) dx
Q

where Dy (V) := {(VV)F~(u)}s, and the form for the inertia terms as they appear in (2.1):

_ _ Pf ;. e

c}‘(wfupf, Py) = pr]k 1 (wakal(pf) Ppdx+ J ?fdlv (]k 1Fk}1(pf)wf -y dx.
Q Qf
For handling the mass conservation constraints, we introduce
br(q, ) - j gF:T :vipdx, BN )= J gF:T : Vipdx.
Qf QS

Next, we collect interface terms as they appear in the integral formulation (1.8):

d"(ws, Wa, Wr, pas Y, Ya, Wp) =y j JEL K2 (P(wy - wy)) - (P(y - ) ds

Iy,
+J pa(y -y~ y) -nds + J]§_1%|Wf|2(ll’s“l’f)'nds
Tys T

with n = F,” f/|F,” A, P = I - nn”, and J&! := J&-1|F, 7 fi|. We introduce the penalty term to enforce the
continuity of normal flux condition (1.19):

s (ws, wa, wi P, Py, 'I’f, qaq) =T J 5_1 ((Wf —Ws — Wd)Tn) ((‘I)f - - ‘I’d)Tn) ds
Ffs

-n J'Ié‘_lqd(w,c -Ws —Wg)-nds, »x¢€{0,1}.
I

Parameter 7 is a penalty parameter. Letting T > 1 forces the finite element solution to satisfy (approximately)
the normal velocity continuity condition. Since Iy is fitted by the mesh, taking 7 arbitrary large does not
cause locking. For » = 1 the last term is consistent (since it vanishes if wg represents velocities of the true
solution) and it skew-symmetrizes the pressure-dependent interface term. One can see that the scheme is
energy consistent for both » = 0 and » = 1. We note that for unfitted interfaces the Nitsche method for the
weak enforcement of the essential interface conditions may be more attractive [22]. The Nitsche method adds
extra interface terms but in general allows relatively small 7, e.g., T = O(h™1).

Denote by [0f/0t]¥ := (F*—f*~1)/At the backward difference time. The finite element method reads: Given
uk1, vj’c“l, vkl g*1, pk~! find vj’f € Vj;, vke Vs, gk e Vs, pj’f c @, pk e Q;’O such that v¥ = gy (-, (k)At) on
I, and it holds:

o5 L 5

k
()t ot 7] ;lpsalpd,lpfsqd)

k
+ aé‘(ué‘, P+ ad(qk, P+ a}‘(vk, zpf) + c}‘ (v}‘, v}‘ - [%] s tpf>

+d " (vE, af, Vi g, P ) + SKOVE Vs L 4, g, ga)
—b{(Pa, Y5 + Yg) - bf oy, Yy) + bs(qa, Vs +q%) + by(gs, vf) = 0 22

forall lIJf € Vf’o, P, € Vi, P, e Vi, qr € (Qf ,qd € Q;’O. In addition, we relate the finite element displacement

and the velocity field in the porous structure through the kinematic equation
oulk .
[g =vk in Q;. 2.3)
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Equations (2.2)-(2.3) subject to the initial conditions and an equation for continuous extension of u¥ from
Qg onto Qf define the discrete problem. In our implementation, the continuous extension of u in (1.13) is
provided by the elasticity equation written for the velocity of the displacement [27]:

—div l](Amtr(V[%]kFl>I+ym <V[%]kF1+<V[%]kF1>T>>FT] =0 inQf 2.4)

satisfying the boundary condition [ou/dt]¥ = vk on the interface I ts. The space dependent elasticity param-
eters are iy = Us|Ae| 12, A = 16Uy, where |A,| denotes the physical volume of a mesh tetrahedron A,
subjected to displacement from the previous time step [27].

3 Numerical stability

In this section, we are interested in a stability estimate for the solution to (2.2)—(2.3). Similarly to the analysis
of the dissipation property of the continuous problem, for the stability analysis we have to assume that the
elastic porous material is incompressible. The Lagrangian mapping of Qg and the mass conservation yield
(ps)): = 0 and thus the assumption ps = const implies J¥ = 11in Qs for all k. We consider the homogeneous
boundary conditions on Iy, i.e., g = 0in (1.17). Another important assumption is that the extension of defor-
mation field from Q; to Qf defined in (2.4) does not degenerate or change the space orientation and so J kso
in Qf forallk = 1, 2, ... . For the sake of notation let "ﬂ%k = IQ/ J¥1f2 dx and IIﬂléa = '[Qa f?dx, a € {f, s}.

We further prove numerical stability of the method, vlvhich is explicit in all terms resulting from the ge-
ometry evolution. We allow » € {0, 1}.

Weset i, = vk, Y, =vE Y, =9 q4= pg in (2.2). For the first bilinear form we use p, = ps(1 - @) + prp
to re-organize

k
(2] 3] [ 252 et

ot ot ot ot
ovs 1* ov -1q) 1" opa1*
= J (1_(p)ps|:_s:| v’s(+(ppf M .(vls{_l_(p_lqk)_{_so[ﬂ] plé dx
t ot ot
Qs
-1,
k
oK1

+ pr [%] ]k‘lv}‘ dx. (X))

O

The polarization identity, (b — a)b = 3(b? - a® + (b — a)?) gives for I;-term:

(1 - (P)ps

I = = (IvslG, = IV HE,) + 5 At(updng Pk 13,)
+ 2001wk + @71 1D, — IV + o7 g )
2 _ k k|12
At v, | (Vs +9'q) apd]
7 (“ on[Se]| roor || TS 5 )
For the last term in (3.1) we get
k k|2
0Ty e ? |At| oI 1vp)
[ s 21 ka2 (o], o [ - Sl 62
ot 2At ot o
Q i
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The cs-form term vanishes due to the skew-symmetry of the form. For the treatment of elastic term we note
the identities:

2 (B, u") - B2, u*™h)) = (Fi_ | Fils - {F{_,Fi1}s = (Fi_ Fi}s — {Fi_ Fials
= {F}_,(Fx - Fioo)}s = {F]_ (Vu* - vu*2)}. (3)

Hence due to the symmetry of S it holds

FioiS@k, uf™h) : (vuk - vuk2) =S¥, u*) : (F] | (vu* - vu*2)},

=28k, u* 1) : (B!, ub) - Euh2, uk ). (3.4)
The discrete elastic energy is defined by
er= [ 2 [t wy) + s [Ett, ud) d
k = 2 ) ]JS ’ F .

Qs

Thanks to (3.3) and (3.4) we obtain for the elasticity term in (2.2):

k
akk, vk = J Fr_1Suk, uf 1) : vk dx = J Fi1Suk,uk1): v [a_u] dx

ot
Qs Qs
- % J Sk, uk 1) : (E(uk !, u¥) — Euk2, uk-1)) dx
Qs
~ 2 - k 2
1 As |[ Otr(E(@, ) ]k [aE(u, u)]
—A—t(ek—gk—l)‘FAtJ? [T s\l —sr Fdx (3.5)

Qs

where 7K = yk-1.

Kinetic energy of elastic structure, Darcy fluid, and free stream fluid are defined as

(1—<0)ps|

%G =

ky2 d_ PPFy k. —1_ky2 f _ Pf k2
|v5”-Qs’ :Kk:T”Vs*’(p Cl||gs, :Kk:?llvfllgl):-

With this notation, the energy balance of the discrete method reads:

So

1 d ., af d f
o ([Ki w5843+ &) — (K, + KL+ + ek_l]) +oa

(IpS13, - Ip13,)

variation of kinetic and free energy

_ _ 2
+ 21D (I, + K2, +y [ K2 [Peof - v ds

I
model dissipation
2
+T J '(v]’f -qf-vh. n| ds +(1 - %) J p’é(v}‘ -q"-v5.-nds+Dr =0 (3.6)
T T
penalty for violating (1.19) sign indefinite term

where O(At) numerical dissipation terms are

2 _ k 2 k 2
At ovs 1 (Vs + p1q) pa
Dy -—7((1—§0)Ps [W] ) ‘HPPfH[—at ) +So [Y] ,
NIT= K12 . k|2 ~ k|2
o(VJk1vy) otr(E(i, u)) OE(#i, u)
Pr ot s ot + 2 ot
Qf QS -Os

For x = 1 the discrete energy balance again mimics a continuous problem balance up to the penalty and Dy
terms. These terms are positive, so the numerical scheme is dissipative.
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One can show that for sufficiently large penalty parameter 7, this first order in time scheme is dissipative
also for » = 0 (no skew-symmetrization is added to the penalty in the definition of the sk form). For this
purpose, we also assume that the mesh near I'ss is quasi-uniform with characteristic mesh size h. To handle
the extra interface term, we apply the Cauchy-Schwarz inequality:

2
T J |(vj’§ -qF —V’S‘)-n' ds + jp’;(vj’ﬁ -q"-v) . nds> J |(V q“-vh. n| ds - o J IpI?ds (37)
Iy, Ty rfs Iy

2
Qs)

and further estimate it using the FE trace inequality:

kal

1
o= [ ks < o [ whizas < Ciwbid, < (updug + TZAt
T 27 ht s

T I =1

<||pd||Q + ZTZS(_)lD >

j=1

Summing up for k = 1, ..., K, with KAt < T we have

< 1 2 T 02 . 1
k - .
Zz—j 7 ds < o (W31, + 27 ), 55" ). (3.8)
k= Iy j=1
We now scale (3.6) with At and sum up for k = 1, ..., K. Omitting some positive terms on the left-hand side,

and applying (3.7)-(3.8) to estimate the sign-indefinite term for » = 0, we get the energy stability estimate for
the finite element solution:

_ _ 2
95+ K+ K+ &g+ 22 i, + Z At{zwunuk-l(v")uzk +IKY2q2 4y J K2 [p(vf - vb)|” ds}

k=1 I

s
< 5 + 55 + 55 + o+ S IPGIG, + (1= )CIPYIR, (39)
where for » = O we choose the penalty parameter 7 sufficiently large to satisfy

> CT?
- hAtSo.

Here Cis a positive constant that may depend on the shape regularity of the mesh, but not on the discretization
parameters.

4 Numerical experiments

In this section we assess the performance of the proposed monolithic FPSI FE method. As the test problem we
consider the propagation of a pressure impulse in a compliant tube with a porous wall filled with fluid. The
problem setting follows the benchmark suggested in [17] for flow in a tube with an impermeable hyperelastic
wall. The original problem is related to the blood flow through an artery. It has been extensively considered in
the literature for validating the performance of FSI solvers [15, 16, 18, 19, 26, 31]. Since the test is an idealization
of a practical setup, no experimental data is available and the test serves to validate mesh convergence and
study physical plausibility of the computed solution.

The problem configuration consists of incompressible viscous flow through a poroelastic tube with circu-
lar cross-section. The tube is 50 mm long, it has inner radius 5mm and the wall thickness is 1mm. The fluid
density is 10~3g/mm? and kinematic viscosity is 3mm?/s. The wall density ps is 1.2 - 10~ 3g/mm?>. In (1.22),
the SVK hyperelastic model is used with elastic modulus E = 3 - 10°g/(mm - s?) and Poisson’s ratio v = 0.3.
Initially, the fluid is at rest and the tube is non-deformed. The tube is fixed at both ends.
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Fig. 2: Pressure wave: middle cross-section velocity field, pressure distribution, velocity vectors and 10 times enlarged struc-
ture displacement for several time instances.

For the porous media parameters, we used porosity ¢ = 0.3 [14], mass storativity so = 5- 10> mm - s?/g
and two cases of the scalar permeability coefficient: K = 107?mm? = 107¥m? and K = 10°mm? =
10~''m?. The smaller value mimics permeability estimated in rat’s cardiovascular system [14], while the
larger value is taken artificially large.

On the left open boundary of the tube, the external pressure pey; is set to 1.333-10°Pafort € (0,3-1073) s
and zero afterwards, while on the right open boundary the external pressure peyt is zero throughout the ex-
periment. This generates a pressure impulse that travels along the tube. The external pressure is incorporated
into (2.2)-(2.3) through the open boundary condition /F~'n = pexn.

We use the Taylor-Hood P2-P1 elements for velocity and pressure variables and P2 elements for displace-
ments, with the first order semi-implicit Euler discretization. The scheme (2.2)-(2.3) is implemented on the
basis of the open source package Ani3D [28]. The important feature of equation (2.2) is linearization on each
time step due to extrapolation of all geometric factors and the advection velocity from the previous time steps.
The resulting linear system is solved by the multifrontal sparse direct solver MUMPS [3].

The consistent mesh used for the numerical experiment has 13200 and 7200 tetrahedra for the fluid and
solid subdomains, respectively, yielding 355976 degrees of freedom. We set At = 10™*s, y = us, 7 = 10> - 71,
where h is the local mesh size.

Figure 2 depicts the computed fluid velocity field in the middle cross-section for large permeability case.
No visible difference was spotted for small permeability case so we do not show it here. The wall displace-
ment is exaggerated by a factor of 10 in the figure for clarity. The redder the color of the arrow is, the larger
magnitude the velocity vector has.

Figure 3 shows the time variations of the radial and axial components of the displacement of the inner
tube wall at half the length of the pipe, while Figure 4 shows the wall profile due to deformation at time
instances 0.0018, 0.0036, 0.0054s. Both figures suggest that the smaller permeability case in this FPSI sim-
ulation scenario resembles the pure FSI case, which is an intuitively feasible result.

Figures 5 and 6 demonstrate the porous pressure and filtration velocity distributions for the same time
instances as used in Fig. 2. According to the filtration velocity in Fig. 5, the fluid for the large permeability
case tries to escape the tube wall in the exterior direction before the traveling inflection region while entering
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Fig. 3: The axial and radial components of displacement of the inner tube wall at half the length of the pipe. Solutions are
shown for two cases of permeability and the pure FSI case (see the text).
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Fig. 4: Wall profile on the inner side along the tube length for several time instances.
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Fig. 5: Porous pressure p4 and filtration velocity g distribution in the solid for K = 10~>mm?: middle cross-section view, with 10
times enlarged structure displacement for several time instances.
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Fig. 6: Porous pressure p, and filtration velocity q distribution in the solid for K = 10-!?mm?: middle cross-section view, with
10 times enlarged structure displacement for several time instances.

back into the wall past that region. For the small permeability, as seen on the legend of Fig. 6, the filtration
velocity is predictably small.
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