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Phase separation
With the Cahn-Hilliard equation we can descibe the separation of a binary mixture:

de=V-(MV(f'(c) = AAc)) inQx (0,7).

m order parameter ¢ € [0, 1] describes the relative concentration (¢ = 0and ¢ = 1
denotes pure phases)
PHER e

m total free energy:

F(c) ~ fn f(e) + 3|Ve|* dz

m f(c): local free energy

m \: line tension
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PHER e

m total free energy:

F(c) ~ fﬂ f(e) + 3|Ve|* dz
m f(c): local free energy

m \: line tension

C

We complete the model with periodic boundary conditions and an initial condition
with small local fluctuations.

Lisa Reischmann (University of Augsburg) Extensions of the Cahn-Hilliard equation October, 2019 2/14



Mixed finite-element method for Cahn-Hilliard

m split Cahn-Hilliard equation into two 2nd order equations:

de—V - (MVp)=0
1= (f'(c) = AAc) =0

m linear periodic Lagrange elements for discretisation in space (V)

Find ¢p, pp : [0,T]) — V4, such that

(ch 1)+ (MVun, Ver)a =0,
(1ns ©2)0 = (f'(cn), 2)0 — (AVen, Vipz)a = 0,

for all 1, ps € Vj,.

[G. Wells, E. Kuhl and K. Garikipati, 2006]

m backward Euler for discretisation in time
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Cahn-Hilliard-Stokes

We use the linear Stokes equation to take flow effects into account.

Oc+0v-Ve=V-(MVu)=0
b= (10) ~ ADe) = 0

O —vAv+p 'Vp—p ' uVe=0
V-v=0

[C. Eck, M. Fontelos, G. Griin, F. Klingbeil and O. Vantzos, 2009]
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Cahn-Hilliard-Stokes

We use the linear Stokes equation to take flow effects into account.
Oc+0v-Ve=V-(MVu)=0
i (f/(c) = A\A) = 0
O —vAv+p 'Vp—p pVe=0

V-v=0

[C. Eck, M. Fontelos, G. Griin, F. Klingbeil and O. Vantzos, 2009]

Notes on the numerics:

m periodic boundary conditions

m Taylor-Hood element (P2, P1) for discretisation
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Cahn-Hilliard-Stokes: separation process
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Cahn-Hilliard-Stokes—Poisson

We model electrostatic charge effects with the Poisson equation.

Oc+v-Ve—V - (MVu)=0
5= (') = \Ac) = 0

O —vAv+p 'Vp—p tuVe+p o Vo =0
V-v=0

—V - (eV®) = Oin + Tex

[C. Eck, M. Fontelos, G. Griin, F. Klingbeil and O. Vantzos, 2009]
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m the internal charge density oin

oin(c) = ke, withk >0
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m the internal charge density oin

m Notes on the numerics:

m periodic boundary conditions for the electrostatic potential ¢

m linear Langrange elements for discretisation in space
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Phase separation with one charged phase
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Phase separation with external potential
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Numerical experiments...

(University c ey X ahn-Hilliard equation
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