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Physical motivation

Physical motivation

Fig.: (a) By applying a force (F) on the syringe fiber alignment in the extruded cement paste

can be achieved; by moving the nozzle in a direction (v) solid samples containing oriented fibers
can be fabricated. (b) ESEM micrograph of a fracture edge of a test specimen of nozzle-injected
cement paste. Thin sections of (c) randomly distributed carbon fibers and nozzle-aligned carbon
fibers at 1 (d) and 3 (e) percent by volume. Source: [Hambach, Méller, Neumann, Volkmer '16]
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Physical motivation
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Fig.: Stress-deflection plots of 3-point bending tests for plain cement paste, mold casted and nozzle-injected
carbon fiber-reinforced cement paste for 1 and 3 vol.-% carbon fibers. Source: [Hambach, Méller, Neumann,
Volkmer '16]
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Statement of the problem

Statement of the problem
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Statement of the problem

We consider the problem 0000
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where Ky, KT > 0 are called the normal and tangential stiffness and o= the
stress tensor of the interface.

ILombard, Piraux: Numerical modeling of elastic waves across imperfect contacts.
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Notation and assumptions

e scaling factor € such that e71Q can be represented as finite union of
axis-parallel cuboids with corner coordinates in Z3

@ 0° = (0})1<i,j<3 Stress tensor with

3 3
1
o5 = Z ajen(u®) = Z aZ‘kIE(akU/E + Oui),

k,I=1 k,i=1

° vi =yl
o [¢lse == (' — ¢°) |- jump on the interface.
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Weak formulation

The weak fomulation in the disconnected case is:

Find u® such that for all test functions ¢

J

A e(u)e(ipo)dx + /Q A e(uf) (1) dx
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Weak formulation

The weak fomulation in the connected case is:

Find u® such that for all test functions ¢

J

A% e(ug)e(0)dx + /Q A%e(uf)elpr)dx
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Existence result for the disconnected case
Existence result for the disconnected case

Since infinitesimal rotations induce no forces, we can assume that there are no
rotations. We define the solution space

Wa(Q°) = {u € [L2(Q)]” - wo € [HY(Q5)]), wr € [HY(Q5,T1)]°,
V x up =0in Qf},

equipped with the norm
vy © = () Bysggoypes + ()l gy + &l e oy

which is a Hilbert space.
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Existence theory Existence result for the disconnected case

The operator V x - is the usual curl operator, i.e.

aXQ us — 6X3 uz
Vxu=|0uu —0xus
8x1 us — 8x2 up

Theorem

Let f¢ € [L2(QE)]3, ge [L2(F2)]3. Then, there exists a unique weak solution
u € Wq(F) for all admissible 0 < & < 1. Furthermore there exists an
e-independent constant C with [|u® ||y, ) < C.
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Existence theory Existence result for the connected case

Existence result for the connected case

Instead of
Wa(Q°) = {v € [12()] 2 wo € [HY(5)]°, mn € [HY(Q5,T1)]°,
V x up =0 in Qf},

endowed with the norm

||U||$/VC(QE) - ||e(u0)||2L2(Qg)]3X3 —+ He(U1)||fL2(Qi)]3><3 —+ EH[U]ZE ||?L2(ZE)]3’
which is a Hilbert space.

Theorem

Let f¢ € [L2(QE)]3, g¢c [L2(F2)]3. Then there exists a unique solution
u® € W.(Q2°) of for all admissible 0 < ¢ < 1. Furthermore there exists an
e-independent constant C with [|u® ||,y (@) < C.
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Existence theory Existence result for the connected case

Existence result for the connected case

We define
We(Q%) = {u e [L2(Q)]° : up € [HY(Q5,T1 N 095)]°,
u € [HY(Q5, 1005

endowed with the norm

I?

”UH%/VC(QE) = He(UO) 12 QE)]3><3 + He(ul)Hsz(Qf)]sm + €||[U]Z€||[2L2(za)]37

which is a Hilbert space.

Theorem

Let f¢ € [Lz(QE)]3, gec [L2(F2)]3. Then there exists a unique solution
u® € W(Q°) of for all admissible 0 < ¢ < 1. Furthermore there exists an
e-independent constant C with [|u® ||y, q-) < C.
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Periodic Homogenization Two-scale convergence

Two-scale convergence

Definition (Nguetseng '89, Allaire '92)

Let {u°} be a sequence of functions in L?(Q2) with Q € RY d > 1, open and Y = (0, 1)
the unit cube. The sequence is said to two-scale converge to u € L*(Q x Y) if

Eli_r:’:)/ﬂug(x)cp (xg) dx:/ﬂ/yu(x,y)cp(x,y)dydx

for every o € [2(Q; Co(Y)) and we write u° — u.

Theorem (Allaire '92)

Let {u®} be a bounded sequence in H* () such that u® — u weakly in H'(Q). Then

{u®} two-scale converges to u and there exists up to a subsequence a function
0 € L*(Q, Hper(Y)/R) that satisfy

w25 u(x) and VuF -2 Vu(x) + V,i(x, y).
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Periodic unfolding method

¥ LetxeR3,thenx:5([§]+{§}) with
[x] 3
1x} [x] = ijej, so that {x} :==x—[x] € Y.
0 =

Definition (Donato,Nguyen, Tardieu '11)
Let i =0,1. For any Lebesgue measurable function ¢ on 5 the periodic
unfolding operator 7;° is defined by the formula

1

¢ (c[X] +ey) forae (x,y) €O x Y,

TE(@)xy) = {0 for a.e. (x,y) € N® x Y;,

where Q0 = Ueen- (€ +Y) and I° = Q\Qe.
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Homogenization result for the connected case

Let {u®} be a sequence of weak solutions with u® € W.(Q2¢). Then there exist

functions uo, uy € [H(Q, Fl)]3 and i, in € [L3(Q, H;er(Y)/]R)]3 such that

e 2
uy — uy,

~ 2 N
e(;) — e(u) + ey (i),
e > uo,

e(i5) — e(uo) + e, (o),

whereby * is the extension to Q defined in [Hopker '16].
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Periodic Homogenization H ization result for the c 1 case

Theorem

Let {u®} be the sequence of weak solutions with u® € W.(2°) and {f°} C [LZ(QS)]3

3 -
such that < —%5 f for some f € [L2(Q X Y)] . Then the restriction
u = (uo, Uolax vy, U1, Ut|laxy,) is the unique solution of the problem

/ / (o) + & (@) (e() + & (90)) dydx

// e(u1) + e (in)) (e(v1) + e, (%1)) dydx
// (KN(m n—up- n)n—l—KTZ(m T — - T)T> (vi — vo)dS(y)dx

// fdy- vodx+// fdy- v1dx+/g hovo dS(x) + /g-hlvldS(x)

for all vo,v1 € [H'(Q, rl)]3, € [L2(Q,H;e,(vo)/R)] e [LA(Q, ,,e,(Yl)/R)]
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Formulation of limit problem with effective tensor

Find wo, uy € [H(Q,T1)]” with

/ AL e(up)e(vo) dx + / AL e(uy)e(vr) dx
Q

Q

+A/):Y <KN(U1 -n—up-n)n+ KTZ(Ul -7 — uo 7")7") (v — v) dS(y)dx

i=1

:// fdy-vodx+// fdy-vldx—l—/g-hovodS(x)—i—/g-hlvldS(x)7
QJy QJv [P} )
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Formulation of limit problem with effective tensor

Find o, u1 € [H}(,T1)]” with

/ A5 e(uo)e(vo) dx + / A e(u)e(w)dx... = ...
Q

Q
whereby
3
hom kh
(A" )ijkn = /Y an(y) = Y aiim (&, (X)), dy
a I,m=1

and Y™ e [Hl(Ya)r, I,m € {1,2,3} is the unique solution of

(*Zf 1 9y; [(Aey(X )I.. aij/m:|) =0 in Yy,

1<i<3
(-0 [(Ae), —am]) __-m=0 onxy.

xIm is Y-periodic with My, (x'™) = 0.

for a € {0,1}.
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Periodic Homogenization H ization result for the disce 1 case

Homogenization result for the disconnected case

Define the Hilbert space
[L2(Q Hier o(Y)] 1= {1 € [L2(Q, Her(Y0)]” s My (u) = 0}
Theorem
Let {uf} be a sequence in [H(Q, Fl)]3 with
Hui:”[LZ(QT)]a + ||e(u]€.)||[L2(Qf)]3X3 <C

for a constant C independent of €. Then there exists a subsequence (again
denoted by ¢), uy € [H'(Q,T1)]° and &y € [L2(Q, Hlyo(Y2))]’ such that

TE(uE) = uy weakly in [L2(Q, H(¥1))]°,
T (e(uf)) — e(un) + ey (in) weakly in [12(Q x ¥1)]*"°.
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Periodic Homogenization H ization result for the disce 1 case

Homogenization result for the disconnected case

Theorem

Let {u§} be a sequence in [,‘:11(98)]3 ={ue [Hl(Qg)]3 :V xu=0ae in Qf}
with

HuS”[B(Qg)F + ||e(US)||[L2(Qg)]3><3 <C
for a constant C independent of €. Then, there exists a subsequence (again
denoted by €) and uy € [L2(Q)]3 such that

75 (u5) — o weakly in [L3(Q, H(Y5))]”,

and
75 (Vug) — 0 strongly in [L2( x Yo)] 7.
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Periodic Homogenization [l ization result for the disce d case

Homogenization result for the disconnected case

Theorem

Let {u§} be a bounded sequence in [/:/1(93)]3 with
Ts (u§) — uo weakly in [L2(Q, H*(Yp))]®

for some g € [LZ(Q)]3. Then, the weak limit satisfies V X ug = 0.
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Homogenization result for the disconnected case
Homogenization result for the disconnected case

Let {u°} be the sequence of weak solutions with u® € W4(€Q2°). Then there exists

u= (Ul, i, up, i\lo) € Z(Q, Yi, Yo), so that

uf) — uy weakly in [L3(9, Fll(Yl))]3, . 3
e(u§)) — e(ur) + e, (i) weakly in [Lz(Q X Y1) X

u§) — up weakly in [Lz(Q Hl(YO))] ,
(

e(u5)) — e, (fip) weakly in [L3(Q x Yo)]**°.

(
(
(
(
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Periodic Homogenization H ization result for the disce 1 case

Homogenization result for the disconnected case

Theorem

Let {u®} be the sequence of weak solutions with u® € Wq(Q2°). Then u = (uy, i1, uo) is
the solution of the problem

/ / Ay)(e(un) + e (i) (e(wi) + & (i) dydx
WAL

Knlui-n—uo-nln+ Kp 1~Ti— R vi — vw)dS(y)dx
+/§2Ly< [u uo - njn+ ;[u - 7' )( 0) dS(y)

:// fdy~v1dx—|—// fdy~v0dx+/g~v1d5(x).
QJv QJY 2

for all v = (V1, \71, Vo) S 2(97 Yl7 Fl)
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Homogenization result for the disconnected case
Homogenization result for the disconnected case

We can reformulate the homogenized problem:

Find u; € [H}(Q, Fl)]3, up € [Liur,(Q)]3 such that

/A?Ome(m)e(w)dx
Q
+/Q/)Zy (KN(Ul -n—ug-n)n+ KT;(Ul T —ug - T’)T’> (v — v) dS(y)dx

:// fdy-vodx+// fdy-vlder/g-vldS(x)
QJYp QJv 2

for all v; € [HI(Q, |—1)r. vo € [Liur/(Q)]?"
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Periodic Homogenization Homogenization result for the disconnected case

Comparison

Although the test functions are curl-free, by using the unique decomposition of
functions v € L2(Q), namely v = Vp + V x w for some functions p, w, we can

show that ug can not include rigid body motions. The strong formulation of the
differential equations is

2
-V (Ai’ome(m)) +/ Kn(ur — wo) - nn+ Kr Z(ul — up) - i ds(y) = / fdy,
Ty i=1 Y1
2
-V (Agome(uo)) - / Kn(ur — wo) - nn+ Kr Z(ul —u)-7'7'dS(y) = / fdy
Ty =1 Yo
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Periodic Homogenization Homogenization result for the disconnected case

Summary

@ Periodic homogenization was used to upscale the problem of linear elasticity
in a two-component solid with linear slip displacement coupling conditions.

@ One component was connected while the other one was either connected or
disconnected.

@ The effective models for the connected and the disconnected case are
qualitatively different.

@ In passing, general compactness results in the context of periodic unfolding
for sequences in curl-free spaces were derived.
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