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Iteration

Methods for : :
PDE EVD m Linear eigenvalue problem

Az = \zx

Introduction

R m Quadratic eigenvalue problem

eigenvalue

n nlintur in A_’]} + )\Bx + )\201’ = 0
eigenstate

m General nonlinear eigenvalue problem

F(\z)=0

m PDE eigenvalue problems
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Linear eigenvalue problem

Ax = Az
Quadratic eigenvalue problem
Az + ABz + X*Cx =0
General nonlinear eigenvalue problem
F(\z)=0
PDE eigenvalue problems
Two types

m nonlinearity in the eigenvalue A

m nonlinearity in the eigenvector x (eigenvector problem)
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1.) Nonlinearity in the eigenvalue

Introduction

nonlinear in

eigenvalue

_— — Example: modeling of photonic crystals
igenstate

2.) Nonlinearity in the eigenstate

— Example: Bose-Einstein condensates
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Nonlinearity in the Eigenvalue

Example: photonic crystals

R. Altmann and M. Froidevaux.
PDE eigenvalue iterations with applications in two-dimensional
photonic crystals.
ArXiv Preprint 1905.01066, 2019.
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Methods for m Special materials, which affect the propagation of

electromagnetic waves

— used for trapping and guiding light

Introduction

nonlinear in

eigenvalue m Nonlinear eigenvalue problem of Maxwell type

nonlinear in
eigenstate

m Crucial parameter: electric permittivity

— rational function in the frequency = eigenvalue
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Methods for m Special materials, which affect the propagation of

electromagnetic waves
— used for trapping and guiding light

Introduction

nonlinear in

eigenvalue m Nonlinear eigenvalue problem of Maxwell type

nonlinear in

m Crucial parameter: electric permittivity

igenstate

— rational function in the frequency = eigenvalue
m Floquet transform, 2D (problem decouples)
—Vi - Vieug(z) = w?e(z, w)uy(z)

for a fixed wave vector k, periodic bc

m Here: simple model made up of two different materials
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m Lossless case with ag > 0, ny, & € R,

m Eigenvalue problem can be rewritten as
Arus + EJour = AJug + b* (A — AI) " 'b Jouy,
m Linearization by extension (similar to matrix case)
x = (A = )b T5uy

— Equivalent formulation as linear eigenvalue problem

! Based on Gelfand triple with a lack of compactness

[ J
H H 1 U . e
Linearization l.N k Ui
University
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Methods for m Equivalent linear problem Az = Al z in V*

PDE-EVP
m Inverse power method

Azl = \—1tzi-1 in V*

Introduction

nonlinear in

eige:ffalue_r with 27 = 27/||27||sc and Rayleigh quotient
e |g': |Illslt;l :re“ I 1 ]
Voo A P)
(ZJ , 27 )f}f
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m Inverse power method

Introduction AZ] — >\]_1 ]IZ]_l ln V*
nonlinear in
i | . ~a . : . .
elge:va " with 27 = 27 /||27||3 and Rayleigh quotient
nonlinear In
eigenstate . 3

Voo (Az7, 27)

(27, 27)9¢

m Convergence result (with compact embedding)
m subsequence z/ — z* in V, M — \*
m Az* = \*Iz* in V*

m Without the compactness
m at least 27 — 2*in "V, 27 — z*in K
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m Inverse power method applied to linearized problem
m Fixed number of iterations per mesh (3: -e-; 7: )
m Iteration on fine mesh (dashed)

relative
eigenvalue error

N

®oq
“Qecfsssesansasn

10 20 30 40

@ R. Altmann and M. Froidevaux.
PDE eigenvalue iterations with applications in two-dimensional
photonic crystals.

ArXiv Preprint 1905.01066, 2019. 8/20
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Example: Bose-Einstein condensates

@ R. Altmann, P. Henning, D. Peterseim.
The J-method for the Gross-Pitaevskii eigenvalue problem.
arXiv:1908.00333, 2019.
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°
Bose-Einstein Condensates lN k i

Iteration

Methods f . .

PDE EVP m Extreme state of matter in which separate atoms

coalesce into a single quantum mechanical entity

Introduction m Condensate can be described by a single wave function
nonlinear in on a near—maCI'OSCOpiC Scale
eigenvalue
nonlinear in m 1924: Predicted by Einstein, based on work by Bose

eigenstate
@ S. Bose. Plancks Gesetz und Lichtquantenhypothese. Zeitschrift fir
Physik, 126(1):178-181, 1924.

@ A. Einstein. Quantentheorie des einatomigen idealen Gases. Sitzber. Kgl.
Preuss. Akad. Waiss., pages 261-267, 1924.

m 1995: Experimental observation

@ M. Anderson, J. Ensher, M. Matthews, C. Wieman, and E. Cornell.

Observation of Bose-Einstein condensation in a dilute atomic vapor.
Science, 269(5221):198-201, 1995.

m Practical relevance: superfluidity on observable scale
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Iteration
Methods for

PDE-EVP m Gross-Pitaevskii eigenvalue problem (dimensionless)
Introduction _Au(l') + V((E)u(x) + K ”U,(J])’zu(glj) - )\’LL(.Z')

nonlinear in

cigenvalue in D = (0,1)¢ with hom. Dirichlet bc, x > 0

nonlinear in
eigenstate

m Eigenstate u equals stationary quantum state

m Trapping potentials V:
= harmonic potential V(z,y,2) = 7,22 4+ v,y + 7.2>

m Kronig-Penney potential (discontinuous checkerboard)
applications: quantum self-trapping, Josephson effect

m laser speckle (disorder) potentials
applications: atom optics
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Methods fo = Energy E(v) := L [, Vo[> + V]o]2 + &[v[* da
PDE-EVP

m Hilbert space X with inner product (-,-)x

Introduction m Sobolev gradient of F w.r.t. X:

nonlinear in

cigenvalue (VxE(2),v)x = (E'(2),v) forallve X

nonlinear in
eigenstate
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Methods fo m Energy E(v) := 1 [, Vo2 + V|v]> + &[v[*dz

PDE-EVP

m Hilbert space X with inner product (-,-)x

Introduction m Sobolev gradient of F w.r.t. X:

nonlinear in

(VxB(:).v)x = (E'(z),0)  forallve X
eigenstate

m Projected Sobolev gradient flow:
Z(t):_(Pz(t),XonE)z(t)7 tZO, Z(O):Zo,

where P,(;) x denotes the X-orthogonal projection onto
the tangent space T, x := {v € X[ (v, 2)r2(p) = 0} of
the mass constraint

— FEigenvalue iteration scheme by time discretization
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= Example 1:
Projected L*-gradient flow (X = L?(D))

(Azz, 2)

2(t) = —A.z
I11%

z, Ayz:=(—A+V+k|z*)z

s Example 2
Projected H}-gradient low (X = H}(D))
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= Example 1:
Projected L*-gradient flow (X = L?(D))

A
£(t) = —Asz + Wz Az = (A +V 4+ k|22
“lix
m Example 2:
Projected H}-gradient low (X = H}(D))

m Problems with existing flows:
m no guaranteed energy reduction or
m convergence properties lost after time discretization

[ W.Bao and Q. Du.

Computing the ground state solution of Bose-Einstein condensates by a
normalized gradient flow.
SIAM J. Sci. Comput., 25(5):1674-1697, 2004.
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= Example 3:
Projected a.-Sobolev gradient flow (X = H}(D))
based on an inner product, which depends on the flow

m Properties:

global well-posedness for any normalized 2o € HJ (D)
conservation of mass, i.e., ||2(¢)|z2(py =1
energy reduction

convergence and energy reduction remain valid after
time discretization for sufficiently small 7 (damping
parameter)

@ P. Henning, D. Peterseim.
Sobolev gradient flow for the Gross-Pitaevskii eigenvalue problem:
global convergence and computational efficiency.
arXiv:1812.00835, 2018.
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m Define nonlinear operator A:

(A(z,v),w) ::/Vv-Vw—i-vadwsz/ |20 w dz
D 120* Jo

Properties of A: H}(D) x HY(D) — H~1(D)
bounded
scaling invariant in the first argument

L]
m linear in the second argument
m twice Gateaux differentiable in both arguments

m GPEVP (A-version): Find 2* € H}(D), ||2*|| =1
and A\* such that

A(2") = A", 2%) = \*2°
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The J-Method l.N.k nivrs
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yeration m Consider Gateaux derivative of A in z € HJ(D):
PDE-EVP /
(J(2)v,w) := (A'(z;0), w)
S m Scaling invariance yields J(z)z = A'(z;2) = A(z)
nonlinear in m GPEVP (J-version): Find z* € H&(D), 2% =1, A*
nonlinear in J(Z*)Z* = )\*Z>|<

eigenstate

m Example: Gross-Pitaevskii

(J(z)v,w) = [ Vv-Vw+ Vowdz + Tz ||2 /(zv+2vz)zwdx

D

2/1 (z,v

4LQ /|z|2,zwdx
Iz

@ E. Jarlebring, S. Kvaal, W. Michiels,
An inverse iteration method for eigenvalue problems with eigenvector

nonlinearities.

SIAM J. Sci. Comput. 36('—1):A19787A20017 2014.
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The J-Method N G

m Shifted J-method: Given 20 € H}(D) with ||20]| =1
and some shift o, define

wr () o)
[(7G) + o) L]

m J-method with Rayleigh-shift: Given 2", ||2"| =1

n>0

zn—l—l: (J( )+U)1n — _ AN
17 + o)t WA, 2
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The J-Method l.N.k nivrs

University

m Shifted J-method: Given 20 € H}(D) with ||20]| =1
and some shift o, define

wr () o)
[(7G) + o) L]

m J-method with Rayleigh-shift: Given 2", ||2"| =1

n>0

zn—l—l: (J( )+U)1n — _ AN
17 + o)t WA, 2

m Damped J-method: Given 2", ||2"]| =1 and a step
size 0 < 7, < 2, define

Zn)—lzn 2n+1

~n+1 Py —
(J(zm)~tem, zm) 24|

(1 _'Th)z + Tn Tn
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yeration m Harmonic potential V(z) = %|ac|2
PDE-EVP m Domain D = (—L,L)?, L =8, x = 1000

m FE discretization: Q1 on uniform mesh, h = 2L -278

Introduction

nonlinear in
eigenvalue = 102 —&— A-method
. . = —6— A-method (o = 0)
nonlinear in <
eigenstate .g —— A-method (O’ =0,7= 1)
S 107 :
o~
(=)
g
8
21075 .
~
~
1078 1 .
| | | | | | |
0 10 20 30 40 50 60 70 80

number of iterations

ﬁ R. Altmann, P. Henning, D. Peterseim.
The J-Method for the Gross-Pitaevskii eigenvalue problem.

arXiv:1908.00333, 2019. 18/20
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Iteration 3 : _ 1 2
peration m Harmonic potential V(z) = 3|z|
PDE-EVP m Domain D = (—L,L)?, L =8, x = 1000
m FE discretization: Q1 on uniform mesh, h = 2L -278
Introduction
nonlinearin | [Yhgmo T HEEE
eigenvalue = 102 —8— J-method
. i = —o— J-method (o = 0)
nonlinear in =
eigenstate & —e— J-method (7 = 1)
i 1074 —B— A-method -
; —e— A-method (o = 0)
g —e— A-method (0 =0, 7=1)
= 1076 .
N
1078 .
|
0 10 20 30 40 50 60 70 80

number of iterations

@ R. Altmann, P. Henning, D. Peterseim.
The J-Method for the Gross-Pitaevskii eigenvalue problem.

arXiv:1908.00333, 2019. 18/20
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m Random checkerboard potential, V' (x) € {0,2'2/(2L)%}
m Domain D = (=L, L)%, L =8, k=1
m FE discretization: Q1 on uniform mesh, h = 2L -278

1071
g 10°° .
% 9585560550500
()
-
3 107° —&— A-method =
g —e— A-method (o = 0)
g —— A-method (0 = 0,7 =1)
o 10—7 |
~
1079 I I I I [ [ [ |
0 10 20 30 40 50 60 70

number of iterations

R. Altmann, P. Henning, D. Peterseim.
The J-Method for the Gross-Pitaevskii eigenvalue problem.

arXiv:1908.00333, 2019. 19/20
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yeration m Random checkerboard potential, V (z) € {0,2'2/(2L)?%}
PDE-EVP

m Domain D = (=L, L)%, L =8, k=1
m FE discretization: Q1 on uniform mesh, h = 2L -278

Introduction 10-1

onlinear in
igenvalue i
< —3
nonlinear in .g 10 S s S
eigenstate ‘R SO
=
5 107° —& J-method
é —o— J-method (o = 0)
g —o— J-method (7 =1)
g 1077 —&— A-method
—6— A-method (o0 = 0)
o —e— A-method (0 = 0,7 =1)
1077 ¢ I o I I I I I |

Il
0 10 20 30 40 50 60 70
number of iterations

@ R. Altmann, P. Henning, D. Peterseim.
The J-Method for the Gross-Pitaevskii eigenvalue problem.

arXiv:1908.00333, 2019. 19/20
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m Nonlinearity in the eigenvalue

— exact reformulation by linearization
m power method in Hilbert space setting
m allows adaptivity

m Nonlinearity in the eigenvector
— solvers based on alternative linearization
m allows spectral shifts
m acceleration of convergence

m approximation of excited states,
e.g., vortex lattices in fast rotating traps

H =B ® e
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