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Motivations: Optimal control

Indirect Method: Apply Pontryagin
Minimum Principle (PMP) to derive the

necessary conditions and solve a TPBVP
(generally not well-posed)

Direct Method: Transform a continuous
problem 1nto a finite NLP problems and

find the minimum (Convergence to a global
minimum generally non-guaranteed)



Theory of functional connections

Formal constrained expression

( p,(x) are n assigned functions
y(x)=g(x)+ Zn D (X) 1M, are coefficient functions
k=1

| g(x) 1s afree function

Four constraints example:
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How to use TFC to solve ODEs

n-th order ODE

‘L{y("),- : -,y,x} = O|(—| n constraints |—)| TFC |(—pk(x)
un

l

)

l

g(x)=E€'h(x)

g"(x)=8'h" (x)

Y =200+ X ,p, ()

‘ Discretization and least-squares ‘

i

‘L{x,&} =0
]

Subject to NO
constraints!
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ODEs: features summary

. Approximate analytical solution = Analysis

(e.g., derivative, integral, etc.)

. Untification 2 IVP, BVP, MVP

Robustness = Very low condition number
Speed =2~ msec -2 real-time applications
Accuracy =2 machine error level

Constraints

1. Constraint range and integration range are
completely independent.

2. Constraint types: absolute, relative, component,
linear, and integral. (Coming: infinite and inequality)



TFC 1n n-dimensions

J(x) =M (c(x)), v, T8 =M (g(x));;,.. eV,
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Viz(x,y)=e*(x -2+’ +6Y)

subject to:<

(z(x, 0)=xe "

2(0,y) =y’
z(x,)=e"(x+1)

Residual

z(Ly)=(1+y")e"
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QP usmg (classic TFC approach)

maxf(x)—szQx+cx . A x=Db

eRn mxn

Classic TFC approach: x=g+ H 1

nxm
A(g+Hn)=b - n=(AH)""(b-Ag)
x = H(AH)"'b + [lyxn — H(AH)™'A] g = X¢ + Dg

X D
1
f(g)=—(Xo+Dg)TQ(Xo+Dg)+CT(X0+Dg)
_ T
YO _o o sgtd=0 o A=D"QD

= DT(Qx, + ©)




Equivalent equality constraints
(... what 1f rank(A4) = p < m)

mxn m\;:m mxn

(Rank Revealing QR decomposition)

QQT =1,..,, and R = upper trapezoidal

e = diag(R)

le.| = |e,| = ...,
rank(A) = p where
RP’x=Q0™ - A x=b -

()
X

pXn

QTAx = RP™x=Q'b
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QP using (approach #2)

1
_ =T T : _
max f(x) = 5 X Qx + c'X, subjectto mflmx b

AN =0 —-> x=X,+ Ng where r=n—-m
nxr

xo = HAH)™'b or x,=AT(44T) b
1
f(8) =5 (o + Ng)'Q(xo + Ng) + ¢ (%o + Ng)

d ( — NT
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R2016b quadprog requires

the reduced Hessian N'ON must be positive definite.

quadprogl

Equality constraints
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Accuracy tests with R2016b quadprog
‘Ax—b‘z f(X)Z%XTQX-I—CTX

TFC = 1.1102e-16, MATLAB = 0.38669 20 TFC = 1.5581, MATLAB = 2.0094
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Speed tests with R2019a quadprog

n| m TEC quadprog | time ratio
10 | 2| 0.027746 0.87057 31.37359
10 | 4 | 0.029558 0.92745 31.3768
10 | 8 | 0.032127 0.92885 28.9121
20 | 4 | 0.044136 0.77945 17.6601
20 | 8 | 0.051081 0.94080 18.418
20 | 16 | 0.085394 0.94296 11.0425
40 | 8 | 0.088137 0.84634 9.6026
40 | 16 | 0.131900 0.81007 6.1415
40 | 32 | 0.198200 0.82851 4.1802
80 | 16 | 0.273250 0.96279 3323
80 | 32 | 0.394500 1.11990 2.8388
80 | 64 | 0.677070 1.32050 1.9502




NLP using TFC

min f(x) : AXx = b

XERM

{f(x) eR* > R!, A€ R™" rank(4d) =m <n,
X = X, + Ng where {r=n—m, N € R™*T,

b € R™}
g € R"}

(%) = (o) + T (X0) (X — X) +5 (X — Xo) TH(Xo)H(X — X¢) + O(x?)
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(Of
0x4
of

0, J

e =VF(x®)=1¢ 1 &

<

and Hk — sz(x(k)) =

92
dx?

o

0x,Xq

9%f 1

0x1X,

dy ()



NLP using TFC

1. T 1 TarT
h(g) =~ f(Xo) +JoNg+-8 N HyNg

2
oh B
a(gg) — O N g(l) — —(NTH()N) 1NT]O

x(D = x, + Ng® =x, — N(NTHyN) " NTJ,
and the iterative process is
x(K+1) = x, + Nglk+D

k
= X, — z N(NTHjN)_lNT]j
j=0




NLP using TFC (Full nonlinear)

oh
L(g):=——=

and the iterative process is

k
_ —1
gD = g — (F) B, == ) (F) ',
=0

[ E; = Vh(g)

Fj = V2h(g)|

_ nTY .
g() N7
where <

_ nTo
\ g(j)_N N

Convergence occurs when
|gt*t) — g <eg or |[L(g"), <e;
xk+D) = x 4 Ngk+D



Convergence Analysis

1) quadratic convergence rate
L |IN||3 )
|Ek+1llz = ( >z | IEkll2

B = Vh(®)| , = Nl
V2 ) = V2F W)l < Llx =yl

where <

2) bounded number of iterations

M2L* ||IN||3 -

0)) — g*

Na,B m® min{1, 9(1 — 2a)?} h(g?) —q ]

« € (0,0.5), pe€(0,1), and
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MATLAB iterative approaches

* Interior-point-convex. This algorithm
attempts to follow a path that is strictly
inside the constraints.

* Trust-region-reflective. This algorithm
1s a subspace trust-region method based
on the interior-reflective Newton
method described 1n quadprog.



f(z,y)

R2016b quadprog requires

the reduced Hessian N'ON must be positive definite.

TFC quadprog




