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Motivations: Optimal control

Indirect Method: Apply Pontryagin
Minimum Principle (PMP) to derive the 
necessary conditions and solve a TPBVP 
(generally not well-posed)

Direct Method: Transform a continuous 
problem into a finite NLP problems and 
find the minimum (Convergence to a global 
minimum generally non-guaranteed)
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Theory of functional connections



How to use TFC to solve ODEs

TFC
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ODEs: features summary
1. Approximate analytical solution Analysis

(e.g., derivative, integral, etc.)

2. Unification  IVP, BVP, MVP

3. Robustness  Very low condition number

4. Speed ~ msec real-time applications

5. Accuracy   machine error level

6. Constraints
1. Constraint range and integration range are 

completely independent.
2. Constraint types: absolute, relative, component, 

linear, and integral. (Coming: infinite and inequality)



TFC in n-dimensions
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QP using (classic TFC approach)
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Equivalent equality constraints
(… what if  rank(A) = p < m)
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QP using (approach #2)
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TFC

quadprog

Equality constraints

R2016b quadprog requires
Tthe reduced Hessian    must be positive definite.N QN



Accuracy tests with R2016b quadprog
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Speed tests with R2019a quadprog



NLP using TFC
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NLP using TFC



NLP using TFC (Full nonlinear)
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Convergence Analysis
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Conclusions
• Motivation and background on the TFC

• Univariate and multivariate
• Applications on ODEs

• QP subject to equality constraints
• Approach #1
• Equivalent reduced equality system
• Approach #2
• Accuracy and speed tests

• NLP subject to equality constraints
• The 2nd order approach
• Convergence analysis

• Quadratic convergence
• Bounded number of iterations

• Inequality constraints



MATLAB iterative approaches

• Interior-point-convex. This algorithm 
attempts to follow a path that is strictly 
inside the constraints.

•Trust-region-reflective. This algorithm 
is a subspace trust-region method based 
on the interior-reflective Newton 
method described in quadprog. 



TFC quadprog

Equality constraints

R2016b quadprog requires
Tthe reduced Hessian    must be positive definite.N QN


