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Ýêñïåðèìåíòàëüíÿ áèîìåõàíèêà
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Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è ðàâíîâåñèÿ

Óðàâíåíèå ìåõàíè÷åñêîãî ðàâíîâåñèÿ â äèôôåðåíöèàëüíîé ôîðìå:

divσ + b = 0 ïðè x ∈ Ωt ,

ãäå b = b(x) - ïëîòíîñòü âíåøíèõ ñèë, σ = σ(x,∇x) - òåíçîð íàïðÿæåíèé

Ñìåøàííûå ãðàíè÷íûå óñëîâèÿ [∂Ωt = Γu(t) ∪ Γσ(t)]:

x = x íà Γu(t), σn = 0 íà Γσ(t)

Ïðèíöèï âèðòóàëüíîé ðàáîòû â ñëó÷àå ãèïåðóïðóãîãî ìàòåðèàëà:

íàéòè òàêîå x ∈ H̃1(Ωt)
def
= {v⃗ ∈ (H1(Ωt))

3 : v = x íà Γu} ÷òî

δI = δ(W − U) = 0,

ãäå

δU =
∂

∂x

(∫
Ω0

ψ(∇x)dΩ

)
· δx, δW =

∫
Ωt

b · δx dΩ

Äèö Ä.Ä., Îâñåïüÿí À., Ñàëàìàòîâà Â.Þ. è äð ( ÍÒÓ ¾Ñèðèóñ¿, ÏÌÃÌÓ, ÈÂÌ ÐÀÍ)CLaNN 2 äåêàáðÿ 2025 ã. 3 / 24
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Ïîñòàíîâêà çàäà÷è

Öåëü: îñíîâàííàÿ íà äàííûõ ñèìóëÿöèÿ ãèïåðóïðóãèõ ìàòåðèàëîâ.

Òðåáîâàíèÿ: âûïóêëîñòü, îáúåêòèâíîñòü, òåðìîäèíàìè÷åñêàÿ êîððåêòíîñòü,
ìàòåðèàëüíàÿ óñòîé÷èâîñòü, õîðîøàÿ ñïîñîáíîñòü ê ýêñòðàïîëÿöèÿ.

Ïîäõîä: âûïóêëàÿ ïî âõîäó íåéðîííàÿ ñåòü (ICNN) + ìåòîä óçëîâûõ ñèë äëÿ
ðåøåíèÿ çàäà÷è ñòàöèîíàðíîãî ðàâíîâåñèÿ ìåìáðàíû.

Amos B., Xu L., Kolter J. Z. Input Convex Neural Networks // International Conference on Machine Learning, PMLR,
2017, pp. 146�155.

Ñàëàìàòîâà Â. Þ., Ëåãêèé À. À. Ìåòîä ãèïåðóïðóãèõ

óçëîâûõ ñèë äëÿ ðàñ÷¼òà äåôîðìàöèè íåëèíåéíûõ ìåìáðàí // Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 2020, 56(7), 975�983.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-21-20075
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Âû÷èñëèòåëüíûé êîíòóð

FE stretching
protocols p

Data collection
D(p,w) = {(C, S)}

Laplace strain
ξ = ξ(C)

CLaNN architecture
ψphys(ξ)

Autodi�

Ŝ =
∂ψphys
∂C

Training

L = ∥Ŝ− S∥L2
Adam−−−→ 0

Derivatives
g(ξ), H(ξ)

FE in�ation tests
homogeneous / heterogeneous thickness
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Êèíåìàòèêà

X ∈ Ω0 � íà÷àëüíàÿ êîíôèãóðàöèÿ, x ∈ Ωt � òåêóùàÿ êîíôèãóðàöèÿ

x = φ(X , t) � äåôîðìàöèÿ

F � ãðàäèåíò äåôîðìàöèè: F =
∂x

∂X
C = F⊤F = U⊤U � ïðàâûé òåíçîð äåôîðìàöèè Êîøè-Ãðèíà

ξ1 = ln(u11), ξ2 = ln(u22), ξ3 =
u12
u11
, U = uαβ eα ⊗ eβ. � äåôîðìàöèÿ Ëàïëàñà.

Freed, A.D., Zamani, S., Szab�o, L. and Clayton, J.D., 2020. Laplace stretch: Eulerian and Lagrangian formulations.

Zeitschrift f�ur angewandte Mathematik und Physik, 71(5), p.157.
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Íàïðÿæåíèå

Âòîðîé òåíçîð íàïðÿæåíèé Ïèîëû-Êèðõãîôà:

S = 2
∂ψ

∂C
= 2

∂ψ

∂ξ
· ∂ξ
∂C

= 2 r(ξ) · ∂ξ
∂C

, r :=
∂ψ

∂ξ
. (1)

ßâíàÿ ñâÿçü âòîðîãî òåíçîðà íàïðÿæåíèé Ïèîëû-Êèðõãîôà S è äåôîðìàöèè Ëàïëàñà ξ
ïðè ïîìîùè ôóíêöèé îòêëèêà r

S11 = e−2ξ1
(
r1 − 2ξ3r3

)
+ e−2ξ2r2 ξ

2
3 ,

S22 = e−2ξ2r2,

S12 = −e−2ξ2r2 ξ3 + e−2ξ1r3,

(2)
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"Õîðîøèå"ñâîéñòâà òàêîãî ïîñòðîåíèÿ

Îáúåêòèâíîñòü: ψ(C) = ψ(Q⊤CQ) äëÿ ëþáîé îðòîãîíàëüíîé Q, à çíà÷èò è S
èíâàðèàíòåí ê ïîâîðîòàì.

Ñèììåòðèÿ íàïðÿæåíèé: S = S⊤ âñëåäñòâèå ñèììåòðèè C è êîððåêòíîãî ïðèìåíåíèÿ
öåïíîãî ïðàâèëà.

Òåðìîäèíàìè÷åñêàÿ êîððåêòíîñòü: ðàâåíñòâî (1) ÿâëÿåòñÿ ñëåäñòâèåì
íåðàâåíñòâà Êëàóçèóñà�Äþãåìà D = S : Ċ− ψ̇(C) ≥ 0, âûðàæàþùåå âòîðîå íà÷àëî
òåðìîäèíàìèêè äëÿ ìåõàíè÷åñêèõ ïðîöåññîâ.

Õîòåëîñü áû âûïóêëîñòü ψ(ξ), êîòîðàÿ äàåò âîçìîæíîñòü èñïîëüçîâàíèÿ
ãðàäèåíòíûõ ìåòîäîâ ðåøåíèÿ óðàâíåíèé, ÷èñëåííóþ óñòîé÷èâîñòü.

Ball J. M. Convexity conditions and existence theorems in nonlinear elasticity //Archive for rational mechanics and
Analysis. � 1976. � Ò. 63. � �. 4. � Ñ. 337-403.
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Îãðàíè÷åíèÿ íà ãèïåðóïðóãóþ ìîäåëü

Íåîòðèöàòåëüíîñòü èñêëþ÷àåò îòðèöàòåëüíóþ ýíåðãèþ äåôîðìàöèè

ψ(ξ) ≥ 0 ∀ ξ ∈ R3. (3)

Íóëåâûå çíà÷åíèÿ äëÿ ψ è S â åñòåñòâåííîì ñîñòîÿíèè îçíà÷àþò, ÷òî
íåäåôîðìèðîâàííîå (íà÷àëüíîå) ñîñòîÿíèå ñðåäû íå èìååò îñòàòî÷íûõ íàïðÿæåíèé

ψ(0) = 0, S(I ) = 0, (4)

Áåñêîíå÷íûé ðîñò (êîýðöèòèâíîñòü).

ψ(ξ) → ∞ ïðè ∥ξ∥ → ∞, S → ∞ ïðè J → ∞ èëè J → 0+, J = detF , (5)
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Ïîäõîäû ê ïîñòðîåíèþ óïðóãîãî ïîòåíöèàëà

1. Ôåíîìåíîëîãè÷åñêèé ïîäõîä

Òðåáóåò âûáîðà ôåíîìåíîëîãè÷åñêîé ìîäåëè è ïîäãîíêè ïàðàìåòðîâ ê äàííûì.

ψ(F) = f (F, a1, . . . , an), ãäå f � èçâåñòíàÿ ôóíêöèÿ, ai � íåèçâåñòíûå ïàðàìåòðû.

Äîñòîèíñòâà: óäîáñòâî ÷èñëåííîé ðåàëèçàöèè; ýëåãàíòíûå ôîðìóëèðîâêè.

Íåäîñòàòêè: ìàëî íåçàâèñèìûõ äàííûõ; ìíîãî ïàðàìåòðîâ; äåñÿòêè âèäîâ
ïîòåíöèàëîâ.
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Ïîäõîäû ê ïîñòðîåíèþ óïðóãîãî ïîòåíöèàëà

2. Ìèêðîñòðóêòóðíûé ïîäõîä

Ñóììèðóåòñÿ âêëàä îñíîâíûõ ñòðóêòóðíûõ êîìïîíåíòîâ.

ψ(F) =
N∑
i=1

fi ψi , ψi =

∫ θ1

θ0

Ri (θ)wi (e) dθ.

fi � îáú¼ìíàÿ äîëÿ; θ � îðèåíòàöèÿ âîëîêíà; Ri (θ) � ôóíêöèÿ ðàñïðåäåëåíèÿ;
wi (e) � ýíåðãèÿ äåôîðìàöèè âîëîêíà; e � åãî äåôîðìàöèÿ.

Äîñòîèíñòâà: ó÷¼ò ìèêðîñòðóêòóðû.

Íåäîñòàòêè: ñëîæíîñòü ÷èñëåííûõ ðåàëèçàöèé; íåîáõîäèìîñòü äàííûõ î
ìèêðîñòðóêòóðå; ÷àñòî íåò âçàèìîäåéñòâèÿ âîëîêîí.
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Ïîäõîäû ê ïîñòðîåíèþ óïðóãîãî ïîòåíöèàëà

3. Data-driven ïîäõîä

Îáîáù¼ííàÿ ôîðìà: ψ(F) = f (ξ1(F), . . . , ξn(F)), ãäå f � íåèçâåñòíàÿ ôóíêöèÿ, ξi �

çàäàííûå ìåðû; òîãäà
∂ψ

∂F
=
∑
i

∂f

∂ξi

∂ξi
∂F

.

Ìåðû: íà îñíîâå ïîëÿðíîãî ðàçëîæåíèÿ F; íà îñíîâå âåðõíåòðåóãîëüíîãî ðàçëîæåíèÿ
F (Laplace stretch).

Äîñòîèíñòâà: full-�eld measurements; íå òðåáóåòñÿ àïðèîðíûé âûáîð âèäà ψ.
Íåäîñòàòêè: ýêñòðàïîëÿöèÿ äàííûõ.
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kNN è âçâåøèâàíèå ðàññòîÿíèÿ (IDW) äëÿ (ξ, r )

k áëèæàéøèõ ñîñåäåé (kNN). Äëÿ çàäàííîé òî÷êè äåôîðìàöèè Ëàïëàñà ξ∗
èùóòñÿ k áëèæàéøèõ îáðàçöîâ {(ξ(i), r (i))}ki=1 ïî ìåòðèêå â ïðîñòðàíñòâå ξ (îáû÷íî
åâêëèäîâà íîðìà).

Èíòåðïîëÿöèÿ îòêëèêà. Îòêëèê â òî÷êå îöåíèâàåòñÿ êàê âçâåøåííàÿ êîìáèíàöèÿ
ñîñåäåé:

r̂(ξ∗) =
k∑

i=1

wi (ξ∗) r
(i),

∑
i

wi = 1, wi ≥ 0.

IDW-âåñà (inverse distance weighting). Ïðèíèìàåòñÿ wi =
d−p
i∑k

j=1 d
−p
j

, ãäå

di = ∥ξ∗ − ξ(i)∥, ïàðàìåòð p > 0 (îáû÷íî p ∈ [1, 4]) ðåãóëèðóåò ëîêàëüíîñòü.
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Àðõèòåêòóðà CLaNN (ICNN íàä ξ)

ξ1

ξ2

ξ3

C

z1

z2

z3

...

zh

zi = softplus2(β(W1 ξ +
b1))/β

2, i = 1..h

ψ(ξ) = W
⊤
2

(
z − z0

)
− r

⊤
0
ξ

S = ∂ψ
∂ξ · ∂ξ

∂C

CLaNN architecture: one-layer ICNN
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Îòáîð äàííûõ äëÿ îáó÷åíèÿ

Öåíòðàëüíîå îêíî w â èñõîäíîé
êîíôèãóðàöèè Ω0.

Âàðèàíòû: 1-ýëåìåíò; 2-ýëåìåíòà; 5Ö5 ìì;
10Ö10 ìì; âñ¼ ïîëå.

Íàáëþäåíèÿ: âñå òðåóãîëüíèêè ñ
áàðèöåíòðàìè XT ∈ Ww ⊂ Ω0.

Äàííûå: ïàðû (C(n)
T , S(n)T ) íà øàãàõ

n = 1, . . . ,N.

w = 1-element

5x5

10x10

Shear cell
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Êðèâûå íàãðóæåíèÿ
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Îáó÷åíèå è ãèïåðïàðàìåòðû

Ïîòåðè: L = ∥Spred − S∥2, îïòèìèçàòîð Adam.

Ïðèìåð: 16 íåéðîíîâ â ñêðûòîì ñëîå, softplus ñ ïàðàìåòðîì β = 10.

Áûñòðàÿ ñõîäèìîñòü çà < 5000 ýïîõ áëàãîäàðÿ âûïóêëîñòè.
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Èíòåðïîëÿöèÿ êðèâûõ íàãðóæåíèÿ

Äàòàñåò: ðàâíîäâóõîñíîå ðàñòÿæåíèå, îêíî íàáëþäåíèÿ 1 ýëåìåíò.

Òî÷íîñòü: R2
xx = 0.999, R2

yy = 0.999; R2
xy íèçêèé èç-çà ìàëûõ ñäâèãîâ.
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Ýêñòðàïîëÿöèÿ êðèâûõ íàãðóæåíèÿ

Îáó÷åíèå íà ðàâíîäâóõîñíîì, ïðîâåðêà íà íåðàâíîäâóõîñíîì.

Òî÷íîñòü: R2
xx = 0.993, R2

yy = 0.95; R2
xy íèçêèé áåç ñäâèãîâûõ äàííûõ.
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Äîáàâèì áîëüøå ñäâèãà â âûáîðêó

Îáó÷åíèå íà "öåíòðàëüíîì"è "ñäâèãîâîì òåñò íà "ñäâèãîâîì"ýëåìåíòå.

Ñðåäíèå R2 ïî ïðîòîêîëàì: R2
xx = 0.959, R2

yy = 0.989, R2
xy = 0.967.
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Ðàçäóòèå ìåìáðàíû

Ãåîìåòðèÿ: êðóãëàÿ ìåìáðàíà, ãîìî/ãåòåðîãåííàÿ òîëùèíà.
Ìàòåðèàë: ÍåîÃóê
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Îòíîñèòåëüíàÿ îøèáêà íàïðÿæåíèÿ ïðè ðàçäóòèè ìåìáðàíû ìåòîäîì
CLaNN
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Èíòåãðàëüíûå îøèáêè è âëèÿíèå îêíà

Àáñîëþòíàÿ èíòåãðàëüíàÿ îøèáêà (L2 ïî
ñåòêå) äëÿ íàïðÿæåíèé (Ôðîáåíèóñ-íîðìà).
ãäå |K | � ìåðà ÿ÷åéêè (îáú¼ì/ïëîùàäü/äëèíà).
Äëÿ ÿ÷åå÷íûõ äàííûõ óñðåäíåíèå ïî ÿ÷åéêå íå
òðåáóåòñÿ:

∥e∥L2 =

(∑
K

∥Sref,K − Spred,K∥2F |K |

)1
2

. (6)

Óâåëè÷åíèå îêíà íàáëþäåíèÿ ñíèæàåò ∥e∥L2 çà
ñ÷¼ò âêëþ÷åíèÿ ñäâèãîâûõ ðåæèìîâ.
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Âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü CLaNN

Òàáëèöà: Âðåìÿ ðàñ÷¼òà (ñåê) íà çàäà÷å ðàçäóâàíèÿ: ãîìîãåííàÿ vs ãåòåðîãåííàÿ òîëùèíà

Ìåòîä Ãîìîãåííàÿ Ãåòåðîãåííàÿ

CLaNN 7 16

Neo-Hooke 13 16

kNN 993 �
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