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Abstгact-Some theoretical issues associated with optimal чпstrчсtчrеd triangulations аrе considered.
Published геsults аrе overviewed, and ап existence thеоrеm is proved for optimal triangulations.

1. INTRODUсTIoN
Iп а пчmЬеr of рареrs published in the last decade (see, fоr example, [1, 2]), it was shown that obtuse

triangles stretched in the direction of the minimal second derivative of а certain function сап Ье the elements
best suited for minimizing an interpolation еrrоr. It is for this геаsоп that optimal adaptive grids frequently
contain anisotropic elements, i.e., оЬtшsе triangles. Theoretical analysis of anisotropic meshing is а chal-
lenging рrоЬlеm. In this рареr, we review sечеrаl theoretical issues related to optimal (possibly anisotropic)
triangulations. Тhе results published in очr рrечiочs рареrý [3-5] аrе summmized. All results, except for
the existence of an optimal triangulation, аrе extended to the case of tetrahedral 3D meshes [3,4].

The рареr is organized as follows. In Section 2, we define the optimal triangulation and prove its exist-
епсе чпdеr certain assumpfions. In Section 3, we fоrmчlаtе the main рrореrtу of optimal triangulations and
give an L- еrrоr estimate fоr а piecewise linear interpolation operator. In Section 4, we give а constructive
definition of quasi-optimal triangulations and show that they approximate optimal ones. The methodology
used in this рареr is based on the Hessian rесочеrеd frоm а discrete Р1 solution. In Section 5, we discuss
some methods for Hessitm rесочеry.

2. EXISTENCE ОF OPTIMAL TRIANGULA]IONS

Let Q с R2 Ье а polygon and CJ7, Ье its сопfоrmаl partition into triangles,

Л(аu)

Ql, = 2"'
where ЛГ(О' is the пчmЬеr of elements in Qд. Let Ct(D) Ье the space of functions with continuous partial

derivatives up to оrdеr k iп D с О . Denote Ьу 
|| 

. 
||-, 

" 
md ll 

.||2, о the L-(D) and C2(D) поппs, respectively,
and define l1.|b = ll 

.ll-, 
" 

W'e also define the space Pr (Qt ) of functions that аrе сопtiпчочs оп О and liпеаr

оп each element in Qд. Fчrthеrmоrе, let Фf;n : СO(СД ) * Pr(Q) Ье а рюjесtоr onto the discrete space

Pr(Oa) and .9[, : СO(о) --* Рr(Qд) Ье а liпеаr interpolation operator. We omit mesh-related subscripts
whепечеr this does not rеsult in ambiguity.

Some theoretical results formulated in this рареr аrе based on the assumption that the solution of а соп-

tinuous second-order boundary value рrоЬlеm belongs to С2(О ). Ноwечеr, the constants contained in оur

еrrоr estimates аrе independent of the actual value of the С2 поrm of the solution. Since С2( О ) is dense in

СО(С ), опе сап try to analyze regularized рrоЬlеms having smooth solutions and оЬиiп еrrоr estimates for
the original рrоЬlеm, making use of the density mentioned above. We will address this challenging рrоЬlеm
in а future study.
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828 VASSILEVSKI, LIPNIKOV

Definition l.Let ч с СO(О ) and g[, Ье given. А triangulation Qд(N., и) consisting of at most N7 ele-
ments is said to Ье optimal if it solves the optimization рrоЬlеm

Qи(N., u' = trgr,, 
.fi;1,=r.llu 

- 9b,rll-.

Апоthеr optimization рrоЬlеm can Ье formulated when the пчmЬеr of nodes is restricted. Denote the
пчmЬеr of nodes in С)д Ьу /t(a).

Definition 2.Let че С0( О ) and Фh, Ье given. А triangulation Qл(Nр, и) consisting of at most Nр nodes
is said to Ье optimal if it solves the optimization problem

Qл(N", u' = trgоu, 
ffn1,=",llu 

- Фb,r|l-.

In the general case, optimization problems (1) and (2) mау Ь ill posed, and the optimal triangulation
Цау not exist. Ноwечец the definitions of optimal triangulations imply that there exists а triangulation that
is arbitrarily close to the optimal опе. Under certain conditions, optimal triangulations сап Бе proved to
exist. Since the пumЬеr of triangles is not greater than twice the пчmЬеr of nodes in апу conformal grid,
optimization problems (l) and (2) arc equivalent.

Тhеоrеm !. Let uе СO(О ) апd||ч- 9a,rll_ Ье а сопtiпuоusfuпсtiопаl of the поdе coordinates, i.e.,

Ill, - Оh,"ll- - ll, - 9l;"l1_1 < с(ч)е,

where Qi is the triangulatioп resulting frоrп ап arbitrary e-perturbatioп of поdеs iп а сопfоrmаl triaпgu-

lаtiоп {l1,. Furthermore, let the pюjector Фllо satisfu

ll" 
_ *l;"ll_ 

= ll" 
_ gh"ll_

for апу triапgulаtiоп Q| obtained as а hierarchical partition of а triапgulаtiоп dllo. Тhеп, the optimizatioп
problem (4) hпs а solution.

Ргооf. Since 
||и -gb,"ll_ ) 0, there exists а sequence of triangulations {af }i= r such that

J,*ll " 
- g!,уll 

- =,,,, 
u,lъ',, 

= ""ll 

u - gЬ,"ll 
-,

А triangulation Of сап Ье defined Ьу а set of nodes Xf and а connectiviф table rf 1а tist of triarrgles
with rеfеrепсе to nodes). Since the Cartesian product С) х ... х Q of N"compact and bounded sets is compact
and bounded, the sequence Xf; contains а convergent (in the product metric) subsequence. For the sake of

simplicity, we assume that this subsequence is {Xf }i= , . I-et

'; = /,*"|, кцl

and Дfr Ье the пumЬеr of distinct elements (distinct points) in the set ,{. It is obvious that 1S < Nр.

Ъetx!(i=|,2,...,lr!)bethedistinctelementsof X|qn=|,2,...,-)(distinctpointsinO)anadenote
the minimal distance between these points Ьу бt. The сопчеrgепсе in (4) means that апу small е > 0 can Ье

associated with /с. such that uny ,! with ft > /<. belongs to the disk (ri, е) of radius е сепtеrеd at .тrТ. The

indexes i andl may Ье different since the elements of Xf аrе not аrrапgеd in апу particular оrdеr.

Denote Ьу cr- the minimal angle in all possible nondegenerate triangles with nodes frоm Xi and define
Е-= Llm for ап integer m) mо > 0, whеrе mgis а sufficiently lаrgе integer such that Б-sinc-/10 ) €,. Ву

чirrче of (3), thеrе exists а conformal triangulation Q|^ = { * , t'o^ } with nodes in the er-neighborhood

(1)

(2)

(3)
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OPTIMAL TRIANGULAПONS: EXISTENCE, APPROXIMATION 829

ot Ц. Let the nodes in Ё Ь" numbered similarly to those in t|: the existence of / nodes of ,d' И th"

e.-neighborhood of а node ;r] entails counting лi / times. Тhеrеfоrе, we can formally define the triangu-

htion Oi' = |Ц , t'o^ | as resulting frоm ап e,-perturbation of Qf'. Then, Ьу the continuity assumption,
we can wгitе

ll, 
_ *l;,"ll_ 

= ll" 
-*'"y"ll_+ с(ч)t,,

whеrе С(и) depends only on и. Ноwеч"ц Oi' mау not Ье а сопfоrmаl triangulation, since some triangles

i" * mау Ье degenerate (have zero areas). The assumption that Б-sino*/1O > е, implies that the triangles

in Oi' cannot tangle. Indeed, assume that there exists а triangle i" CIi" with vertices (ri , 
"7,, 

,7r) that is
tangled with а neighboring triangle. Since t is small with respect to the sides and angles in these triangles,

the triangle i" C!i" with vertice, (rjl, }; , };> is tangled with its пеighЬоr as well. This contradicts the

conformality of Crf". We modify t'o^ ,oobtain а conformal trianplation ёi' ,ith the nodes in $.Ъ this

end, we eliminate fuоm t'o^ atl triangles that degenerate to а point, а side, оr two sides (Fig. 1). This does
not аltеr the поrm of the еrrоr. The hanging nodes left Ьу the triangles that reduce to edges аrе transformed
into nodes of а сопfоrmаl mesh Ьу hierarchical partition of triапglъs adjoining the degeierate ones without
insertingзrry additional nodes (Fig. 2). The partition cannot iпсrёаsе thъ пой of thеъrrоr. Ву the assump-
tions of Тhеоrеm 1,

ll" -*'лу"ll_ = ll" 
_*'^y"ll_= 

ll, 
_ *lp,ll_ + с(u)е*.

Therefore,

J,all " - 
*'лу"ll 

-= Jчll " - 
*'"y"ll 

_ = 
n,, ris,, 

= 
*l| " 

- gЬ 
^"ll 

-

and there exists а sequence of сопfоrmаl triangulation. бi' with nodes in xf such that

;'*ll" -*'^y,ll- = n,,niЁ,=",l|u - gЬ^"ll-,

since the total пumьеr of connectivity tables соrrеsропdiпg to а particular xi is finite, there exists а соп-

formal triangulation Oi with nodes in Xi minimi .bg 
||" - 

gЬ,"ll_ such that

ll" - *lr"ll- = 
n,, lЁ,=""l|u - gЬ,"ll-.

The thеоrеm is proved.

Note that the interpolation ореrаtоr ýf,, satisfies the assumptions of Тhеоrеm 1. Тhеrеfоrе optimization

рrоЬlеm (2) with ФЬ, = 9[, bas а solution that is not песеssаrilу unique.

Fig. 1. Types of tгiапglе degeneration. Open circles согrеsропd to original tгiangles; bold segments and closed сirсlе, to
dеgепегаtе triangles,
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8з0 VASSILEVSKI, LIPNIKOV

Fig. 2. Вrеаkdоwп and recovery. of mesh conformality: (а) огigiпаl (hatched) triangle; (Ь) dеgепегаtе triangle (two solid
segments); (с) hiегагсhiсаl partition.

Recall that the existence of ап optimal triangulatiOn was conditioned in [ 1 , 6] on the existence of а сооr-
dinate transformation resulting in а canonical Hessian. Тhе sufficient conditions for the existence of such а
transformation wеrе found to Ье very stitr [1] and could Ье weakened опlу in а different еrrоr поrm [6].

3. ERROR ESTIMATES FOR OPTIMAL GRIDS

Let а function u е С2(а) have а nonsinplar Hessian t(x) - 1Нr"(л)}],, _ 1, i.e., dеt/{.r) * 0 for V.T е

О. Since the Hessian is symmetric, there exists its spectral decomposition at any х с О,

" =,,(} i )-
where l4zis ап оrthопоrmаl mаtriх and |}"1| < |Ъ l. It is сlеаг that }", * 0 and

l"| = й[ 
'}' ,i, ),

defines а continuous mеtriс оп Q. Let |а|щ Ье the чоlчmе of О in this metric. Then, the following а priori
еrrоr estimates аrе valid fоr the Р, interpcjlition ореrаtоr.

ТhеОrеm2.LеtN7>0,ис C2(O),aпd|H|bethemeticiпducedbytheHessianofu,Fuпhermore,let
hп Ь, ап optimлl mеsh, апd the following estimate holds for апу triaпgle е е бп:

llнo,- Н,,о,ll-,,<q|?ъ{Н")|/2, 0<q< 1, p,S = |,2,

where q is а сопstапt, хе = аrgmах|dеt(F(.т))|, апd Н" = Н (х"). Тhеп,

с,(с)ff 
= il"_ sЬ^"ll_< c,tq)ff, (6)

yyhere Cl Q) апd Сz(ф dерепd опIу оп q.

The proof can Ье found in [3, 5]. One straightforward соrоllаry to this thеоrеm is as follows: if а рrоjесtоr
9[n satisfies the relation

ll" 
_ gЬ 

^"ll 
_ = 

ell"_ .9 Ь, uli _,

then inequality (б) implies

!V-gb,"ll_< ac,(q)ff. (s)

We should note hеrе that еrrоr estimates (6) аrе in good аgrееmепt with Tikhomirov's result [7]: fоr апу
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discrete space У/, and Q е R', it holds that

u, , *'*|,=". П"йlР= ,";:f",llu 
- "oll- - М,',

The assumption that the Hessian is nonsingular is used fоr the sake of simplicity. Actually, all results
presented in this рареr сап Ье extended to functions with singular Hessians. То this end, we rерlасе the sin-
gular Hessians with а nonsingulm approximation and use it to construct the metric [3].

4. QUASI-OPTIMAL MESHES AS APPROXIMAПONS ТО ТНЕ OPTIMAL MESH

Since the exact solution is not known, the еrrоr ll" - Pbr"ll_ cannot Ье estimated. Fоr this reason, opti-
mization рrоЬlеm (1) should Ье rерlасеd Ьу а different optimization рrоЬlеm whose solution approximates
the solution of (1). То this епd, we introduce the concepts of mesh quality and mesh quasioptimality.

Let Q(Qд) Ье ап easily calculable quantitative characteristic of а mesh Qд such that 0 < 0(а' J 1. We
invoke the definition of Q(Qд) proposed in t8]. Let the number N7 of elements Ье prescribed, define а соп-

tinuousmetricG(.T)={Go,(.r)}2p,,=t,лe R2iпС)д,апddепоtеЬухrе ethepointinthetriangleeatwhich
|det(G(-T))| attains its mмimal чаlче. We introduce G, = G(.r") and define the area of the triangle and the

length l" е R2 of its side (in metric G) as

lelc = |e|(det(G"))''' мd ll"lc = (G"l",l)|t2,

respectively, whеrе |е| is the triangle's шеа in the Cartesian coordinate system. Denote the perimeter of
the tгiапglе uпdеr mеtгiс G Ьу |Эе|6. Let |С2д|6Ье the аrеа of the computational domain mеаsчrеd in the met-
riс G:

8зl

Following [3], we define О(Qл) as

Q(a) = minO(e),
eed}s

where the function F(.) апd the average length й* of the triangle's side (iп metric G) are

|o/c = ! le|c.
е е {l,u

with QQ) = |2Jз#r(*), (9)

F(.т) = 
[-,,'{'*}[,_-,"{,,*i))', 

h- = Ж,
respectively. Hereinafter, we write Q(G, NT, Од) instead of Q(a) to emphasize its dependence on the metric
G and the рrеsсriЬеd пumЬеr N7. It is easy to verify that 0 < Q{G, NT, Qа) < t and the maximal Q(G, NT, d)h)
is attained when all mesh elements аrе equilateral (in metric G) triangles of diameter й*. We say that Q(G,
Nп Qл) is the mesh quality with respect to the metric G and the пumЬеr of elements N2.

Definition 3. Let G Ье а continuous metric and N7Ье а given integer. А mesh CJ7, is said to Ье G-quasi-
optimal if thеrе exists а positive constant Qб such that Qg = О(1) and

Q(G, Nт,гJп)> Qo.

Definition 4.I-et ч с С2(О ) and |Н| Ье the meffic induced Ьу the Hessian of и. The triangulation d2{N7, ч)
corresponding to the given function и and а given integer N. is said to Ье quasi-optimal if it is |I1|-quasi-
optimal.

А quasi-optimal mesh characterizedby Q(H, Nr, Ql) = 1 may not exist because of restrictions imposed
Ьу the boundary of Q . When Qo < I, the аЬоче constraint becomes weaker. On the other hand, when

Q(H, Nг, Qr,) < 1, the number Л(аJ of triangles in the |H|-quasi-optimal mesh may differ frоm N21

approaching N7 as Qб * 1.

Quasi-optimal meshes (QOMs) wеrе studied in [3, 5]. It was found that, in certain cases, the QOM is an
approximate solution of optimization рrоЬlеm (1).

COMPUTAпONAL MATHEMATICS AND МАТНЕМАПсАL PHYSICS Vоl.43 No. б 2003



832 VASSILEVSKI, LIPNIKOV

ТhеОrеm 3. Let Nr> 0, и е С2(О ) апd|Н|Ье the metric iпduсеd Ьу the Неssiап of u. Fuпhеrmоrе, let
Сll,(Nп u) апd ёл (N. u) Ье quasi-optimal апd optimal meshes, respectively, апd е* с {l7 Ье the еlеmепt

where ll" -.Я3,"ll- is attaiпed. Suppose that thefollowiпg estimate holdsfor е* е d)l,апd апу еlеmепt Z с
бо,

llЁo"- H,,o,1l*,,<q|),r(H,)|l2, 0<4< 1, p,s = 1,2,

where q is а сопstапt, хе = argmax|det(fl (л))l, апd Н, = Н(х,). Тhеп,

ll, _ .ob,,ll_ з с (Qo, фll" - S\,"||* (1 1)

where C(Qo, ф is а сопstапt dерепdiпg опlу оп q апd Qбfrоm DеfiпitiопЗ.
The рrооf can Ье fочпd in [3, 5]. One straightforward соrоllаry to this theorem is as follows: if а рrоjесtоr

9[о satisfies (7), then relations (6) and (11) entail

(10)

(I2)

5. DOUBLE DIFFEREMIAПON ON OPTIMAL AND QUASI_OPTIMAL MESHES
As а rulе, the Hessian F(л) is ап unknown function. Practical computations make use of its approxima-

tion 11П rесочеrеd from the discrete solution Фb^u.In what follows, we briefly describe some methods fоr
Hessian rесочеry [4, 8, 9] and advocate the rерlасеmепt of Ё(х) Ьу its discrete соuпtеrраrt Ёlй.

Let чh = ФЬrч Ье а discrete function in Рl(Од). The discrete Hessiarr Hh = {I{o,}]_o,"= r with Huo, .
Рr(Сlи) is defined as follows. At ап interior node с,, its entries аrе defined Ьу

||, - е[,"||_ < bc,lqlc{g, я)ff

!H|,{o,)uoь, = j#{О" VTzfre Pr(o;), тzП = 0 on Эо;, (13)

oi oJ

whеге О; is the union of the triangles sharing the node с, (superelemenQ. At а boundary node а;, the values

ot Hf;,@) Ф,s = 1, 2) аrе obtained Ьу weighted extrapolation frоm the neighboring interior nodal values
[4]:

Hho,@,) = !чаiti,а,[чс",l[,},*,,,,) о4' , (14)

whеrе g(с;) denotes а nodal basis function frоm Pr(OJ апС Ё}" stands fоr the finite element function
defined Ьу (13) as vanishing оп ЭСДд.

Тhеоrеm 4. Let Nr) О, u е С(О ), uh = Тbou, H Ье the Неssiап of u, апd Hh Ье the discrete Hessian
recovered fюm uh Ьу using (l3) апd (|4). Furthermore, let the following еstimлtеs hоИ for апу superele-
mепt о е Cl1, associated with а mesh поdе а:

llHo,-Eo,oJl-,o<Б,

|н!,tФ- Eo,o,1 ..,
where Но = Н (х) апd хо = шgmахIdе(н (л))l. Тhеп, for е апd Б thлt are sfficieпtly smлll with respect to

the miпimаl eigeпvalue oflH"l,the|Hh|is quлsi-optimalmeshao(QQH||,N. Q,,) >й) ir|H|-quasi-optimal
as well:

Q(lHl, N., Qп) 2 CQo
with сопstапt С iпdерепdепt of N7апd llu|b,*

(15)

(16)

COMPUTAПONAL MATHEMAI]CS AND MATHEMA]]CAL PHYSICS Vоl.43 No. б 2003
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. Тhелрr9оf сап Ье fo*_d in [3]. The theorem states that, under сеrtаiп assumptions, |Hй|-quasi-optimality
is а suffrcient condition fоr |Д1|-quasi-opjimatity. !у assumption (15), the vйation'.iг tb" н.rriй оп any
superelement о is small. AssuЙption (16) means that the Hbssian must Ье approximated at the nodes. Thb
latter assumption does not always hold true in practice, since it implies that tй gradient еrrоr in ий is sma1l.
smallgradient еrrог is not typical for fuпсtiопъ with singularities. Ть rесочеr tйе discrete Hessian for поп-
smooth functions, we suggest а different definition of thё discrete Hessian, which satisfies (16) in а weaker
поrm [4].

The alternative definition of the discrete Hessian is based on the following identity:

!H^ud, = J"# 
аr- !"uý,noat Vче с2lо), ч = 0 оп Эо,

wлh9rе4, s =.1,2. Representation (17) has ап important advantage over (13): the Hessian is defined in terms
of the function rаthеr than its derivatives. Its main drawback is highei smoothness of the test functions,
which im.poses rc-strictions оп the geometry of о and, as а сопsеqчеiсе, on the triangulation used in rесоч-
еriпg а discrete Hessian.

Definition 5. А triangulation ou satisfies condition А if, fоr any jth interior suprelement, there exists ап
affine mapping9;=9io Ф, such that s,(q) is а shape rеgчlаr superelement of diameter 1 whose inscribed
radius is О(1). Here,9; and 9t; denote scaling and rotation matrices, respectively.

. Nо.tе_фаt.а triangulationmay not saJisfy Condition А. А two-dimensional mesh containing two апisоtrо-
pic neighboring triangles уЩоsе stretching a}es ше оrthоgопаl provides а simple example.Idaptive triап-
gulations, however, do.satisfy Condition А. Condition А dЪеs nбt imply the shipe regulirity of every trian-
gle but requires local similarity of triangles. Thus, adaptive anisotropii mеshеsЪаtisГу Condition Н.

Let аlЬе an interior node of а mesh С)д and q Ье the соrrеsропdiпg superelement. Let 8; Ье the largest
circle сепtеrеd ы5;(а) and inscribed in S,(o). Due tO the shape regularitY of S,(o,), the radiuS .ft; Of 8;
is О(1). Introducing polar coordinates with the origin at9,(a), we define the smooth function ff; = 1 _

P/R? on8;.Thespanofthefunctions v=agFi|(ff,)withcre gt,'definesaspacey,oflocaltestfunctions.

Notethat ve ViimpliesthatthesupportlB,l= lo,1satisfiestherelation Bi=9Fi' (8;),and ve Cz(B,),v=O
on ЭВ;.

Now, we rесоvеr the components }{, с Рl(Qд) of а discrete Hessian at the interior nodes а;:

Оа, 
= 
[}ffiU"- lruoý,noat vvh е v,.

(17)

(18)

Тhеrе mау exist such triangulations that some components of the Hessian cannot Ье recovered Ьу using
identity (1]) at boundary_nodes. Fоr this reason, the values of the discrete Hessian Hh at a|lboundary nodei
аrе the weighted extrapolations given Ьу (1а).

As was mentioned above, Condition А is а паtцrаl restriction оп the shape of the superelement о,. То
establish that а discгete_Hess_ian сопчеrgеs to the differential one, we have toimpose additional restrictions
on the mesh triangles. Recall that Condition А is satisfied if, for any sчреrеlеmёпt О;, there exists а pair of
operators (rotation 9t; and scaling Y,i whose combination trапsfоrms the superelement into а shape iegular
опе. Тhеrеfоrео for any triangle А с QЙ (superelement о с Qй), thеrе exists а rotation operator 9tд (9t")
such that the image Agt = 9tд(А) (оп = 9to(o)) сап Ье scaled along the coordinate axes into а shape regular
element. А rotated triangle Ад is naturally characterized Ьу

hФ,ь =,з5_1(r)о-(у)оl, k = 1,2.

А similar characterization applies to а rotated superelement оФ. Note that the rotation operator does not
affect the best Р1 approximation of the function и:

Гп = Иь(й), uп = u(Ид(х)),
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Recall that the best Р, approximation is defined as follows:

t@-a)a* = о, Jr"tu -u)dx = 0 V|ш| = 1,

^^
whеrе 0 = {c[t, oq} is а multiindex with с1= 0, 1.

Definition б. Fоr а given function и е I4zl,Р(Qл), а tria_ngle in а triangulation satisfying Condition д sat-
isfies Condition В if thеrе exists а constant Сr, б sчсh thЙ

Ё;1i 
ий 

ll 
а " с u * - 7*1|| 

" 
ga*l S CBmin Иft 

|| 
а " 1 и* - u* 1 || r,to* l, (20)

(2з)

(24)

(19)

where

2

aft:= f|лffо.
k=1

Condition В means isotropic distribution of the gradient еrrоr associated with the best Р, approximation
of u е W|,.P(O) defined Ьу (1?). It does not imply any conditions fоr the angles of а triangle. Rather, it means
that the triangle Д must Ье adapted to the locil Ьеhiчiоr of the function и] ---о

Definition7.AtriangleAinatriangJlationC)nsatisfyingConditionAandafunctionueWLP(C))satisfY
Condition С if there exists aconsИnt еr> }such that 

- -

Иft||а"lu*-Й)ll",,оо,3Сrhff, lcrl = 1, Р>0. (2l)

Condition С means сопvеrgепсе of the best Р, approximation й to the function и on Д. Дсtuаllу, it
implies а higher than wl,р(сr) smoothness of и. we do not specify апу class of smooth functions hеrе since
the appropriate class чаriеs widely depending оп the applicition.

Conditions В and С. rеlу оп a_certltn relationship between the mesh and the function. The triangles of
the mesh must епsurе isotropic distribution of the ёrrоr associated with the best Р1 аlрrохimаtiопъ the
sense of (20) and сопvеrgепсе of the approximation to и (2l) it uhas sоmе extra smоЪtйеss. It is clear that
: T::h :9-Plying with,Coлdition A mlу no! satisfy.Conditions В and С. Ноwечец every mesh 

"dapt"J;;the function does meet both condition В and condition С.

л Т}еоrеm 5. Let а fuпсtiоп u е W|,p(d)) ? w,1(а) Ф > 2) апd the interior suреrеIеmепt oi Satiфiпy
Сопditiопs А,В, апd С Ье given. Suppose that the dffireпtial Hessian Н deviates iпsigпifiсапtlу rriin ibmеапvаluе оп oi

llH",-flo"||r,1o,1<E, p,s = I,2. (22)

Тhеп, the discrete Hessian recoveredfrom the piecewise liпеаr iпtеrроlапt ý!,u Ьу usiпg (l8) сопчеr8еS to
the differeпtial Не s siап:

Моrеоvец

llH"" - Hf;,||r,p,l = Б + с rС r|о,|1 
-'' О 

mi, пrt \;!.

llH",- H!,|lr,lu,l = Б+ СgСбffiпrh$-,,f,lР.

. The proof can Ье found in t2].Note that estimate (24) implies the local сопчеrgепсе of the discrete Hes-
sian in the weak поrm as the пumЬеr of triangles in the mеsЙ tends to infinity. йсЪ"а, Го. апу triЙgulation
adapted to а function with а nonsingular НеsЪiап,

-i*Дllr'* i,k+ 0 при Л(ао)+ ф,

The importance of the thеоrеm lies in the fact that it is the first (to our knowledge) result whеrе the local
сопvеrgепсе of the rесоvеrеd Hessian is established for anisotropic meshes and foifunctions with singular-
ities.
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CONCLUSIONS
Several theoretical issues related to optimal triangulations have been reviewed. The results presented

hеrе provide ins_ight.into the asymptotic pioperties of optimal and quasi-optimal triangulations an<i methods
for rесочеriпg the discrete Hessian.
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