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� D G C A D H OI H E B C H AI BK B P ? OI L H GK H T F M� H H ] >V H A P D [ L K BP H V D [UT H C A H Re D E H C DT H ? DO H R O Q S �K H E H O C DP T K N � K KI V CI R H G? I S F A BP O HUOI [ P R B G C O Q SV A DI J P DT O Q S ] � H C DT ? DO H R O Q S �K H E H O C DP GK F YI C T K N

GP H T H OI N TI \ \ H A H O WI BKe O D L D F A BP O H OI N ? GI G C H E H BK L H X A BI R H G? I S

F A BP O H OI [ ] � P D [ G C P B � C D L D E H C DT B G F� H G C P H O O DI GV DKe J F M C GN ? B?

P E O D L D G H C D R O Q S E H C DT B S^ C B? I P E H C DT B S T H? DEV D JI WI I ] > C D A B N

L K BP BV D GP N� H O B E O D L D GH C DR O DE F E H C DT F ] > C A H Ce H [ L K BP H A B G GE BC UAI P BH C GN L A FV V B E H C DT DP T H? DEV D JI WI I D XK B G CI ]

� � # $� $%& $
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 � �� �� � � �

��� � � 7 $ 6 ,0 " 0� 0 . ' 0 ) " $� . 0 . '�

> � C DE A B J T H K H E Q A B G GE D C AI E D G O DP Q E H C DT B? D O H R O Q S � K H E H O C DP

T K N �K KI V CI R H G? I S F A BP O H OI [ P R B G CQ SV A DI J P DT O Q S ] � H C DT ? DO H R UO Q S �K H E H O C DP GK F YI C T K N GP H T H OI N RI GK H O O D L D A HZ H OI N TI \ \ HUA H O WI BKe O D L D F A BP O H OI N ? A HZ H OI M GI G C H E Q BK L H X A BI R H G? I S F A BP UO H OI [ ] f BV AI E H A H E DT H Ke O D [ J BT BRI X FT H C V D? B J BO D^ ? B? PQ P H G CI

GK B X F M V D G C BO DP ? F TI \ \ H A H O WI BK e O D [ J B T BRI I T BK H H V DK F RI Ce GI UG C H E F BK L H X A BI R H G? I S F A BP O H OI [^ A HZ H OI H ? D C D A D [ C A H X FH C GN O B [ CI

RI GK H O O D GV DE D� e M ? DEV e M C H A B ] �Q D X G FTI E D GO DP O Q H F C P H A Y T HUOI N D G S DTI E D G CI E H C DT B? DO H R O Q S �K H E H O C DP ] � CI F C P H A Y T H OI N P

T BKe O H [Z H E O H D X S DTI E Q T K N BO BKI J B E O D L D G H C D R O Q S E H C DT DP ] � DUT A D XkO D G E H C DT DE ? D O H R O Q S �K H E H O C DP E DY O D D J O B? DEI Ce GN P ? K B GUGI R H G? D [? OI L H �e N AK H ? � @ ]h D L DP D AI E GN I GV DKe J DP BCe G C BO T B A C O Q H D X D J O BR H OI N ] � F G Ce Ω

0 D XK B G Ce P

R
d G L A BOI WH [

∂Ω^ FT DP K H C P D A N M� H [ F GK DPI M �I V Z I UW B ] l X D J O BRI E R H A H J L2(Ω) 0V A D G C A BO G C P DI O C H L AI A FH E Q SV D � HUX�H L F \ F O ? WI [ O B Ω^ G ? D O H R O Q E I O C H L A BK DE ∫

Ω v
2(x) dx �I O C H L A BK

∫

Ω
u(x) v(x) dx J BT BH C O B L2(Ω) G? BK N A O DH V A DI J P H T H OI H � Ck(Ω) 0V A D G C A BO G C P D \ F O ? WI [

k A B J O HV A H AQ P O D TI \ \ H A H O WI A FH E Q S O B Ω �

Hk(Ω) 0V A D G C A BO G C P DI O C H L AI A FH E Q S O B Ω \ F O ? WI [^ I E H M� I S D X D XU� H O O Q H � P C DE RI GK H GE HZ BO O Q H �V A DI J P DT O Q H V D A N T ? B 0, . . . , kI J

L2(Ω) � H1
0(Ω) 0V A D G C A BO G C P D \ F O ? WI [I J H1(Ω) G O FK H PQ E GK H T DE

�

� �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

O B L A BOI WH Ω ] �? BK N A O DH V A DI J P H T H OI H P H1(Ω)

�I P H1
0(Ω)

� J BT BH C GN

A BP H O G C P DE

(u, v)H1 :=

∫

Ω

(u(x) v(x) + ∇u(x) · ∇v(x)) dx,

L T H GI E P DK B · C D X D J O BR BH C G? BK N A O D H V A DI J P H T H OI H P
R

d ] � A D G C A BO UG C P B L2(Ω)^ H1(Ω)I H1
0(Ω) N P K N M C GN LI Ke X H A C DPQ EI ] � F G Ce Γ 0V DU

T D XK B G Ce ∂Ω^ R H A H J H 1
2 (Γ) D X D J O BRI E V A D G C A BO G C P D GK H T DP \ F O ? WI [

I J H1(Ω) O B Γ ] � DT A D X O D D P P H T H O O Q S PQ Z H V A D G C A BO G C P B SI DV D O N UCI I GK H T B \ F O ? WI I E DY O DV A DR H G Ce P ?� @ ] � K H T v ∈ H1(Ω) O B Γ X FT H E

D X D J O BR BCe v|Γ ] # GKI v ∈ C0(Ω)^ C D v|Γ(x) = v(x)^ T K N P GH S

x ∈ Γ ]hK N \ FO ? WI [I J H1
0(Ω) GV A BP H T KI P D O H A BP H O G C P D > AI T AI S G B$

(∫

Ω

u2 dx

) 1
2

≤ C(Ω)

(∫

Ω

(∇u)2 dx
) 1

2

.

�  ]  �

% T H Ge I T BK H H C(Ω)I KI ^ V A D G C D^ C, c, C1, c1, · · · D X D J O BR B M C O H? DUC D AQ H V DK DYI C H Ke O Q H ? D O G C BO CQ ^ J BPI GN� I H C DKe ? D D C D XK B G CI Ω^? DO ? A H C O DH J O BR H OI H ? D C D AQ S T K N O BZ I S WH K H [ O H G F� H G C P H O O D ] , J

O H A BP H O G C P B > AI T AI S G B GK H T FH C^ R C D O BV A D G C A BO G C P H H1
0(Ω) E DY O D

P P H G CI G? BK N A O DH V A DI J P H T H OI H

(u, v)1 :=

∫

Ω

∇u(x) · ∇v(x) dx,

V AI R H E O D A E Q ‖ · ‖H1

I ‖ · ‖1

X FT F C �? PI P BK H O C O Q 
 ]

> ? BR H G C P H V A D G C D L DV AI E H A B A B G GE D C AI E P O BR BK H DT O DE H A O D H

F A BP O H OI H TI \ \ F JI I $

−(k(x)u′)′ = f O B (0, 1),

�  ] � �

u(0) = u(1) = 0.

�  ]� �

A FT H E V A H TV DK BL B Ce ^ R C D k(x) 0? F G DR O DU O HV A H AQ P O BN O B (0, 1)

\ FO ? UWI N^ I 1 ≤ k(x) ≤ K.

*E O DYI E �  ] � � O BV A DI J P DKe O F M \ F O ? WI M

v(x) ∈ H1
0(0, 1)I V A DI O C H L AI A FH E V DK FR H O O D H A BP H O G C P DV D R B G C N E

& � � � � *� � ‖ · ‖a

� ‖ · ‖b

� �, � � � �� ' ' �� � �� � �� �� � � � � H! �� �� �� � ��� �� ��

� � � �/ � � � �� �� � ' � ��� � �� � c� C! � � '� � $� �

c ‖v‖a ≤ ‖v‖b ≤ C ‖v‖a

 � + � � . �# � ' � �� � �� �

v� * � �� * � � �� � � H (



�� �� �! " � � $ � $ � $% & $� � "# % $%& �  

D C � T D  ] A K BL DT B A N O FK H P Q E L A BOI R O Q E F GK DPI N E T K N v(x)^ V AI S DUTI E ? G D D C O DZ H OI M $

∫ 1

0

k(x)u′v′ dx =

∫ 1

0

fv dx ∀ v(x) ∈ H1
0(0, 1).

�  ] � �

> F O ? WI N uI J H1
0(0, 1)^ FT DP K H C P D A N M� BN �  ] � �^ O B JQ P BH C GN 5 �� �9 1

A HZ H OI H E �  ] � �g �  ] � � ] # GKI I O C H L A BK P V A BP D [ R B G CI �  ] � � J BT BH C KI UO H [ O Q [ D L A BOI R H O O Q [ \ F O ? WI DO BK O B H1
0(0, 1)^ C D A HZ H OI H �  ] � � G FU� H G C P FH CI H TI O G C P H O O D 	 ] A DK H H C D L D^ H GKI A HZ H OI H �  ] � �

u(x)I ? DU� \ \I WI H O C k(x) G F Ce L K BT ? I H \ FO ? WI I � O BV AI E H A^ u ∈ C2(0, 1), k ∈
C1(0, 1)

�^ C D E DY O DV A DP H AI Ce ^ R C D u(x) N P K N H C GN C B? Y H A HZ H OI H E

�  ] � �g �  ] � � P GI Ke O DE � D XQ R O DE � GE Q GK H ]� B G GE D C AI E F A BP O H OI H �  ] � � G T A F LI EI ? A BH P Q EI F GK DPI N EI ^ O BUV AI E H A^

u(0) = 0,
∂u

∂x
(1) = a.

�  ] � �

hK N J B T BOI N V A BPI Ke O D [ GK B X D [ \ D A E FKI A DP ? I P E H G C D H1
0(0, 1) P ? BUR H G C P H D G O DP O D L DV A D G C A BO G C P B �V A D G C A BO G C P B^ L T HI � H C GN A HZ H OI H �

O B T D PQ X A BCe V DTV A D G C A BO G C P D H̄1 \ F O ? WI [I J H1(0, 1)^ FT DP K H C P DUA N M� I S F GK DPI M hI AI SK H 7 3 �
 �3 O B K H P DE ? A B M D C A H J? B$ u(0) = 0 ]� D GK HI O C H L AI A DP BOI N V D R B G C N E ^ ? B? P V A H T Q T F� H E V AI E H A H^ V DK FURI E A BP H O G C P D

∫ 1

0

k(x)u′v′ dx =

∫ 1

0

fv dx+ a v(1) ∀ v(x) ∈ H̄1.

�  ] � �

> F O ? WI N uI J H̄1^ FT DP K H C P D A N M� BN A BP H O G C P F �  ] � �^ N P K N H C GN GK BUXQ E A HZ H OI H E F A BP O H OI N �  ] � � G? A BH PQ EI F GK DPI N EI �  ] � � ] * GK DPI Nf H [ E BO B P C D R ? H x = 1 F R C H O Q PI O C H L A BKe O DE G D D C O DZ H OI I �  ] � � ] , J

K H E E Q � B? G BU �I Ke L A BE B G O DP B GK H T FH C G F� H G C P DP BOI HI H TI O G C P H O UO D G Ce GK B X D L D A HZ H OI N ] # GKI � C D A HZ H OI H D? B JQ P BH C GN T D G C BC DR O D

L K B T ? D [ \ F O ? WI H [^ C D DO D FT DP K H C P D A N H C F A BP O H OI M �  ] � �I ? A BH P Q E

F GK DPI N E �  ] � � P D XQ R O DE GE Q GK H ]f BV AI E H A H DT O DE H A O D L D F A BP O H OI N TI \ \ F JI I PI T O D^ R C D GK BUX D H A HZ H OI H H G Ce D X D X� H OI H V DO N CI N D XQ R O D L D A HZ H OI N TI \ \ H A H O UWI BKe O D L D F A BP O H OI N O B GK FR B [^ ? D L T B T BO O Q H J B T BRI O H T D G C BC DR O D

� � ,� �� � �� � � �  � �� � , � �� � � � � '� �� �� �� # * �� �� � � �� a(u, v) � .� �� � � & � � +

� �� * � *� � � � + � � *� � � � #� �� . � *� � � �� � * � �� * � � �� � � H! � � ' � + $� �

a(v, v) ≥ c‖v‖2

 � + � � . �# � ' � �� � �� �� , H! �

f(u) � �� � � & �� & �# * � �� $ � � �� & �� � '�� � � �� � � H!� � �� � ��� �� �� �  � � �� � � � � � � u ∈ H! �  � � � �� � � * + � � � � * � � � � �� ��
a(u, v) = f(v) ∀ v ∈ H.

 � �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

L K B T ? I H^ 0 J BE H CI E ^ V A BP D [ R B G Ce M P GK B X D [ \ D A E FKI A DP ? H E DY H C

GK F YI Ce V A DI J P DKe O Q [ KI O H [ O Q [ D L A BOI R H O O Q [ \ FO ? WI D O BK O B H1 ]

> X DK H H D X� H E GK F R BH ? A BH P BN J B T BRI T K N � K KI V CI R H G? D L D F A BP UO H OI N P R B G C O Q SV A DI J P DT O Q SI E H H C PI T

−
d∑

i,j=1

∂

∂xi
(ai,j(x)

∂u

∂xj
) +

d∑

i=1

bi(x)
∂u

∂xj
+ c(x)u = f,

u|Γ1 = 0,
∂u

∂n
|Γ2 = h,

�  ] � �

L T H Γ1 ∪ Γ2 = ∂Ω^ � �� Γ1 > 0^ ? D � \ \I WI H O CQ N P K N M C GN I J E H AI E Q UEI D L A BOI R H O O Q EI \ F O ? WI N EI I PQ V DK O H O D F GK DPI H � A BP O DE H A O D [ �

�K KI V CI R O D G CI $ 0 < c0 ≤ ∑d
i,j=1 ai,j(x)ξiξj ∀ ξi, ξj ∈ R

d ] � K B X BN

V D G C BO DP ? B G D G C DI C P O B S DY T H OI I A HZ H OI N u ∈ H̃0 $

a(u, v) = f(v), ∀ v ∈ H̃0.

�  ] � �

AI KI O H [ O B N \ D A E B^ \ F O ? WI D O BK P �  ] � �I V A D G C A BO G C P D H̃0 DV A H T HUK N M C GN OI Y H
a(u, v) =

∫

Ω

d∑

i,j=1

ai,j(x)
∂u

∂xj

∂v

∂xi
+

d∑

i=1

bi(x)
∂u

∂xj
v + c(x)uv dx,

f(v) =

∫

Ω

fv dx +

∫

Γ2

hv ds, H̃0 := {v ∈ H1(Ω) : v|Γ1 = 0}.
hK N GK B X D L D A HZ H OI N �K KI V CI R H G? D [ J BT BRI O H C A FT O DV DK F RI Ce

� �� �3 � 29 6 3 � 6 2 � �^ C ] H ] D WH O ? I O H? D C D AQ S O D A E A HZ H OI N^ O H C A H X F M U� I H O B S DY T H OI N G BE D L D A HZ H OI N ] f BV AI E H A^ H GKI P �  ] � �V DT G C BPI Ce

v = uI T K N D WH O ? I V A BP D [ R B G CI A BP H O G C P BV D GK H T DP B C H K e O D P D GV DKe UJ DP B Ce GN O H A BP H O G C P DE j DZ I $ |(f, u)| ≤ ‖f‖‖u‖^ L T H (·, ·) 0 G? BK N A O D H

V A DI J P H T H OI H P L2(0, 1)^ I O H A BP H O G C P DE > AI T AI S G B ‖u‖ ≤ c‖u′‖^ C D^F RI CQ P BN 1 ≤ k(x)^ V DK F RI E

(∫ 1

0

u2 dx

) 1
2

+

(∫ 1

0

(u′)2 dx

) 1
2

≤ c

(∫ 1

0

f2 dx

) 1
2

# GKI T DV DK OI C H Ke O DV A H TV DK DYI Ce ^ R C D k(x) ∈ C1(0, 1)^ C D E DY O D

V DK F RI Ce D WH O ? FI O B O D A E F P C D A D [V A DI J P DT O D [ � GE ]V DT A D X O H H P

?   @ � $

(∫ 1

0

(u′′)2 dx

) 1
2

≤ C

(∫ 1

0

f2 dx

) 1
2
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h BO O Q H O H A BP H O G C P B N P K N M C GN D GO DP O Q EI BV AI D A O Q EI D WH O ? BEI T K N

A HZ H OI N J B T BRI �  ] � �g �  ]� � ] % BE H CI E ^ R C D T K N V DK F R H OI N D WH O ? I O B

P C D A F M V A DI J P DT O F M V D O BT D XI K D Ge T DV DK OI C H Ke O DH V A H TV DK DY H OI H

O B BkL K BT ? D G Ce C T BO O Q S P J B T BR H $ k(x) ∈ C1(0, 1) ]

> D X� H E GK F R BH^ T K N DT O D J O BR O D [ A B J A HZ I E D G CI �  ] � � T D G C BC DR O D

V D C A H X DP BCe ? D � A WH CI P O D G CI XI KI O H [ O D [ \ D A E Q a(·, ·)$

a(v, v) ≥ c‖v‖2
1 ∀ v ∈ H̃0, c > 0.

h BO O DH F GK DPI H X FT H C PQ V DK O H O D^ H GKI ^ O BV AI E H A^ T DV DK OI C H Ke O D

V A H TV DK DYI Ce V DK DYI C H K e O D G Ce c(x)I E BK D G Ce O D A E ? D � \ \I WI H O UC DP bi(x)

� GE ] ?� @ � ] > � C DE GK F R BH T K N GK B X D L D A HZ H OI N �  ] � � BV AI UD A O Q H D WH O ? I C B? Y H I E H M C E H G C D ] + B? ^ V AI DT O D A DT O Q S ? A BH PQ S

F GK DPI N S GV A BP H T KI P B D WH O ? B

‖u‖H1 ≤ C1‖f‖L2 .

�  ] � �

� DK DYI C H Ke O BN ? D O G C BO C B C1

E DY H C J BPI G H Ce D C Ω^ Γ1

I ? D � \ \I WI UH O C DP F A BP O H OI N ] � D WH O ? D [ O B O D A E F P C D AQ SV A DI J P DT O Q S P D X� H E

GK FR BH T H K D D X G C DI C O H E O D L D GK DY O H H ] > E O D L DE H A O DE GK F R BH V DUEI E D T DV DK OI C H Ke O Q S F GK DPI [ O B L K B T ? D G Ce ? D � \ \I WI H O C DP F A BP UO H OI N O H D X S DTI E Q D L A BOI R H OI N O B \ D A E F D XK B G CI ] + B? ^ H GKI Ω PQ UV F? K B N^ I KI ∂Ω 0? F G D R O DU L K B T ? BN X�H J P S DT N� I S F L K DP^ B? D � \ \I UWI H O CQ F A BP O H OI N G F Ce L K B T ? I H \ F O ? WI I ^ C DI E H H C E H G C D D WH O ? B

‖u‖H2 ≤ C2‖f‖L2 ,

�  ] � �

C D H G Ce A HZ H OI H P O F C AI D XK B G CI X FT H C L K B T ? I E ] # GKI Y H D XK B G Ce ΩI E H H C^ O BV AI E H A^ P S DT N� I [ F L DK ^ C D P D? A H G C O D G CI � C D L D F L K B P C D AQ H

V A DI J P DT O Q H A HZ H OI N E D L F C XQ G C A D A B G CI I I O C H L A BK D CI S? P BT A B C BX FT H C A B G S DTI Ce GN^ C ] H ] O D A E B ‖u‖H2

O H X FT H C D L A BOI R H O O D [ ] � DT A D XUO H H D J BPI GI E D G CI L K B T ? D G CI A HZ H OI N D C L K BT ? D G CI ? D � \ \I WI H O C DP

I L A BOI WQ E DY O DV A D R H G Ce P ?� @^ B DV DP H T H OI I A HZ H OI N P D? A H G C O DUG C N S F L K DP Q S C D R H? L A BOI WQ �I A H X�H A P C A H SE H A O DE GK F R BH � P ? �^ �  @ ]

��� � �0 % ,3 & ,. 0 1 . 2� �7 0 -0 . % ,�

� H C DT ? D O H R O Q S � K H E H O C DP GK F YI C T K N V AI XKI Y H O O D L D A HZ H OI N TI \U\ H A H O WI BKe O Q S F A BP O H OI [ ] l X=< N GOI E H L DV AI O WI V Q O BV AI E H A H F A BP UO H OI N �  ] � �g �  ] � � ] l G O DP D [ T K N E H C DT B? DO H R O Q S �K H E H O C DP N P K N H C GN

GK B X B N V D G C BO DP ? B J BT BRI ]

 � �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

-

6 6

-]]]]
]]]]

]]]]
]]]]

]]]]
]]]]

]]]]
]

]]]]
]]]]

]]]]
]]]]

]]]]
]]]]

]]]]
] 

� �

h 2h

� (i− 1)h ih (i+ 1)h �
ψ1

h ψi
h

�I G ]  ]  $ A B JI GO Q H \ F O ? WI I T K N ? F G DR O DU KI O H [ O Q S �K H E H O C DP ]

>Q X�H A H E V A D G C A BO G C P D
Uh

�3 2 68 2 3 : A B J E H A O D G CI ^ BV V A D? GI EI A FUM� H H V A D G C A BO G C P D H1
0(0, 1)I C B? D H^ R C D

Uh ⊂ H1
0(0, 1) ] � C DV D OI UE BH C GN V DT GK DP BEI B

Uh

BV V A D? GI EI A FH C H1
0(0, 1)

C^ G C BO H C V DO N C O H H

V D J Y H ] � BE Q [V A D G C D [V AI E H A

Uh

0? F G DR O DU KI O H [ O Q H O HV A H AQ P O Q H\ F O ? WI I O B [0, 1] D C O D GI C H Ke O D A B J XI H OI N [0, 1] O B N A BP O Q S D C A H JU? DP T KI O Q h ] hK N \ FO ? WI [I J

Uh

V D C A H X FH E C B? Y H P Q V DK O H OI N L A BUOI R O Q S F GK DPI [
vh(0) = vh(1) = 0 ] j D O H R O DU �K H E H O C O Q E A HZ H OI H E

J B T BRI �  ] � �g �  ]� � O B JQ P BH C GN \ F O ? WI N uh

I J

Uh^ FT DP K H C P D A N M� BN

A BP H O G C P F
∫ 1

0

k(x)u′hv
′
h dx =

∫ 1

0

fvh dx ∀ vh(x) ∈ Uh.

�  ]   �

+ B? ? B?

Uh

0V A D G C A BO G C P D? DO H R O D [ A B J E H A O D G CI ^ C DV DI G? A HZ HUOI N �  ]   � E DY H C XQ Ce GP H T H O ? A HZ H OI M GI G C H E Q BK L H X A BI R H G? I S

F A BP O H OI [ ] f BV A B? CI ? H � C D E DY O D GT H K B Ce ^ PQ X A BP P

Uh

? B? D [U KI X DX B JI G ] f BV AI E H A^ V F G Ce {ψi
h}, i = 1, . . . , N −1 0 X B JI G P

Uh

I J \ F O ? UWI [ PI T B^ I J D X A BY H O O D L D O B AI G ]  ] 

ψi
h(x) =







x
h − (i− 1), x ∈ [(i− 1)h, ih],
−x

h + i+ 1, x ∈ [ih, (i+ 1)h],
0, I O BR H .

> GI K F KI O H [ O D G CI �  ]   � D C O D GI C H Ke O D vh

T D G C BC DR O DV D C A H X DUP B Ce PQ V DK O H OI H �

N − 1

�U D L D F A BP O H OI N PI T B

∫ 1

0

k(x)u′h(ψi
h)′ dx =

∫ 1

0

fψi
h dx i = 1, . . . , N − 1

�  ]  � �



�� �� � $� ��� � % $� % � !! $ " $% � � #  �

# GKI �  ]  � � PQ V DK O N H C GN^ C D �  ]   � C B? Y HI E H H C E H G C D ]

� HZ H OI H uh

X FT H E I G? B Ce P PI T H A B JK DY H OI N V D X B JI G O Q E \ F O ? UWI N E ] � F G Ce zh

0 P H? C D A? D � \ \I WI H O C DP {zi} A B J K DY H OI N uh

V D X BUJI G F {ψi
h} $ zh ∈ R

N−1

uh =

N−1∑

i=1

ziψ
i
h.

�  ] � �

� DT G C BPI E A B J K DY H OI H �  ] � � P �  ]  � � ] � D D C O DZ H OI H �  ]  � � GP DTI C UGN ? GI G C H E H KI O H [ O Q S BK L H X A BI R H G? I S F A BP O H OI [^ L T H O HI J P H G C O Q E

N P K N H C GN P H? C D A? D � \ \I WI H O C DP zh ∈ R
N−1 $

Ahzh = fh.

�  ]  � �

� B C AI W B Ah

O B JQ P BH C GN 1 � 7 � � � 6 :� 65 7 �35 7 � ]� K H E H O CQ E B C AI WQ

Y H G C ? D G CI I V A BP BN R B G Ce PQ RI GK N M C GN V D \ D A E FK BE

Ah = {aij}i,j=1,...,N−1, fh = {fi}i=1,...,N−1,

aij =
1

h

∫ 1

0

k(x)(ψj
h)′ (ψi

h)′dx, fi =
1

h

∫ 1

0

f ψi
h dx.

�  ]  � �

� DN P K H OI H E B GZ C B XI A F M� I S E O DYI C H K H [ 1
h

V H A H T G? BK N A O Q EI V A DUI J P H T H OI N EI V DN G OI E R F Ce V D J Y H ]� B G GE D C AI E P

R
N−1 G? BK N A O DH V A DI J P H T H OI HI O D A E F $

〈y, z〉 :=

N−1∑

i=1

h yizi, ‖y‖ := 〈y, y〉1/2.

�  ]  � �

f DP DH V A D G C A BO G C P D X FT H E D X D J O BR BCe R H A H J

Rh ] l O D D C KI R BH C GN D C

R
N−1 DV A H T H K H OI H E G? BK N A O D L DV A DI J P H T H OI N ] � BP H O G C P D �  ] � � J BUT BH CI J DE D A \I J E Ph : Rh → Uh

E H Y T FV A D G C A BO G C P DE \ F O ? WI [

UhI

Rh^ V A D G C A BO G C P DE ? D � \ \I WI H O C DP P A B JK DY H OI I \ F O ? WI [V D X BUJI G F ] � AI � C DE ^ G O H? D C D AQ EI ? DO G C BO C BEI cI C^ 2 6� �� �5 � � � 1 � 3 7
h^ PQ V DK O H O D

c‖z‖ ≤ ‖Phz‖0 ≤ C‖z‖, �  ]  � �

L T H ‖ · ‖0

D X D J O BR BH C L2

U O D A E F ] � DN P K H OI H E O DYI C H K N h P DV A H T HUK H OI I G? BK N A O D L DV A DI J P H T H OI N �  ]  � � O H D X S DTI E D T K N PQ V DK O H OI N

O H A BP H O G C P �  ]  � ��� ? DO G C BO C BEI �? PI P BK H O C O D G CI ^ O H J BPI GN� I EI

D C h ] > GP D M DR H A H Te ^ V DN P K H OI H E O DYI C H K H [ 1
h

V H A H T G? BK N A O Q EI

V A DI J P H T H OI N EI P DV A H T H K H OI I �K H E H O C DP E BC AI WQ Ah
I V A BP D [ R BUG CI fh

O H D X S DTI E D T K N F G C BO DP K H OI N P H Ge E BV DK H J O D L D G D D C O DZ H OI N

 � �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

�  ]  � � ] , J �  ]  � �I �  ]  � � GK H T FH C^ R C D T K N V A DI J P DK e O Q S z, y ∈ Rh

I
uh = Phz, vh = Phy PQ V DK O N H C GN G D D C O DZ H OI H

〈Ahz, y〉 =

∫ 1

0

k(x)u′hv
′
h dx,

�  ]  � �

? D C D A DH GK F YI C BKe C H A O B CI P D [ �  ]  � � T K N DV A H T H K H OI N E B C AI WQ Y H G C U? D G CI Ah ] , E H O O D DV A H T H K H OI H �  ]  � � X FT H C FT D X O DI GV DKe J DP BCe V AI

BO BKI J H E O D L D GH C DR O Q S E H C DT DP ]+ B? ? B? O D GI C H Ke X B JI GO D [ \ F O ? WI [

ψi
h

P E H C DT H ? DO H R O Q S � K HUE H O C DP D XQ R O DI E H M C O HV F G C D H V H A H GH R H OI H C DKe ? D G O D GI C H K N EI

O H G? DKe ? I S G D GH T OI S X B JI GO Q S \ FO ? WI [^ C D X DKe Z I O G C P D � K H E H O C DP

E BC AI WQ Y H G C ? D G CI A BP O Q O FK M ] >V A D G CQ S GK F R BN S E BC AI W F AhK H L? D O B [ CI N P O D ] f BV AI E H A^ T K N k(x) = 1 E B C AI W B Ah

A B J E H A O D G CI

(n− 1) × (n− 1)I J �  ]  � �I E H H C PI T $

Ah =
1

h2










2 −1 0

−1 2 −1] ] ] ] ] ] ] ] ]

−1 2 −1
0 −1 2










.

> GK F R BH ? A BH P Q S F GK DPI [ �  ] � � P ? BR H G C P H

Uh

PQ XI A BH E V A D G C A BO UG C P D? F G D R O DU KI O H [ O Q S \ F O ? WI [ O B [0, 1]^ A BP O Q S O FK M P C D R ? H x = 0 ]f BV A BP DE ? D O WH OI ? B? I S F GK DPI [ O H O B? K BT Q P BH C GN^ R C D G D D C P H C UG C P FH C T D X BP K H OI M H� H DT O D [ X B JI GO D [ \ FO ? WI I 0 BV DK U V I A BEI T ? I C

P C DR ? H x = 1 ] > � C DE GK F R BH E B C AI W B Y H G C ? D G CI A B J E H A O D G CI n× nI E H H C PI T

Ah =
1

h2










2 −1 0

−1 2 −1] ] ] ] ] ] ] ] ]

−1 2 −1
0 −1 1










.

> ? BR H G C P H H� H DT O D L DV AI E H A B A B G GE D C AI E T P FE H A O F M J B T BR F� F B G G DO B$ O B [ CI \ F O ? WI M u(x, y)^ FT DP K H C P D A N M� F M F A BP O H OI M

−∂
2u

∂x2
− ∂2u

∂y2
= f P Ω = (0, 1) × (0, 1), u|∂Ω = 0.

�  ]  � �

*E O DY BN �  ]  � � O BV A DI J P DK e O F M \ F O ? WI M v(x, y)I J H1
0(Ω)II O C H L AI A FN V D R B G C N E ^ V DK FR BH E GK B X F M V D G C BO DP ? F J B T BRI $ O B [ CI



�� �� � $� ��� � % $� % � !! $ " $% � � #  �

 � �

� � �

� � � � ��� �� �� � � �

Uh	
 � � �� � �� � � � � �� � � � �� �

� �� � � � � �� � � � �

� � �� � � � � � � � � � �

� � � � � � � � �

Uh� � � �� �� � �







︸ ︷︷ ︸

h

h

�I G ]  ] � $ � B J XI H OI H D XK B G CI I O FE H A B WI N P H AZ I O T K N ? F G D R O DUKI O H [ O Q S �K H E H O C DP ]

u ∈ H1
0(Ω)^ FT DP K H C P D A N M� F M A BP H O G C P F

∫ 1

0

∫ 1

0

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y

)

dx dy =

∫ 1

0

∫ 1

0

f v dx dy ∀ v ∈ H1
0(Ω).

�  ] �� �� O BK D LI R O D J BT BR H TI \ \ F JI I ^ E H C DT ? DO H R O Q S � K H E H O C DP G D G C DUI C P J BE H O H LI Ke X H A C DP BV A D G C A BO G C P B H1
0(Ω) P �  ] �� � O B? D O H R O DUE H A O DH V A D G C A BO G C P D

Uh ] hK N V D G C A D H OI N

Uh

A B J D X< H E D XK B G Ce O B�K H E H O C B A O Q H C A H F L DKe OI ? I ^ ? B? � C DV D? B J BO D O B AI G F O ? H  ] � ] � F G Ce

Uh

0V A D G C A BO G C P D P GH S? F G DR O DU KI O H [ O Q S � C ] H ] KI O H [ O Q S O B? BY T DE

C A H F L DK e OI ? H � \ F O ? WI [^ O HV A H AQ P O Q S P D P G H [ D XK B G CI ΩI J BO FK N UM� I S GN O B ∂Ω ] � GO D^ R C D K M X B N \ F O ? WI N I J

Uh

V DK O D G Ce M DV A HUT H K N H C GN GP DI EI J O BR H OI N EI P P H AZ I O B S C A H F L DK e OI ? DP A B J XI H OI N ]% BO FE H A FH E P GH P O F C A H O OI H^ C ] H ] K H Y B� I H P O F C AI D XK B G CI ^ P H AZ I O Q

? B? I E U KI X D D X A B J DE � O BV AI E H A^ ? B? � C D GT H K BO D O B AI G F O ? H  ] � ] >

? BR H G C P H iU D [ X B JI G O D [ \ F O ? WI I P D Je E H E \ F O ? WI M I J

Uh^ V AI OI E BUM� F M J O BR H OI H 1 P iU D [ P H AZ I O HI 0 P D P G H S D G C BKe O Q S P H AZ I O B S ]� B C AI W B Ah^ DV A H T H K N H E BN G D D C O DZ H OI H E �  ]  � �^ V D? B J BO B OI Y H

Ah =
1

h2








T1 −I 0

−I T2 −I] ] ] ] ] ] ] ] ]
0 −I Tn







.

�  ] �  �

 � �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

A K D? T N P K N H C GN E B C AI WH [

n× nI I E H H C PI T $

Tk =








4 −1 0

−1 4 −1] ] ] ] ] ] ] ] ]

0 −1 4







,

B I D X D J O BR BH C H TI OI R O F M E BC AI W FV D A N T ? B n ]+HV H Ae A B GZ I \ A FH E ^ R C D D J O BR BH C PQ G? B JQ P BOI H BV A D G C A BO G C P D

Uh

� � �� 3 �5 � 1 �� � 67 V A D G C A BO G C P D H1(Ω)

C ] hK N � C D L D P H A O H E GN O B

P A H E N ? DT O DE H A O DE F GK F R B M ] � A H TV DK DYI E ^ R C D v 0 O H? D C D A BN\ F O ? WI N I J H1(0, 1)^ C D L T B T K N K M X D L D J B T BO O D L D ε > 0 G F� H G C P FUH C h > 0^ C ] H ] T D G C BC DR O D E H K ? DH A B J XI H OI H D C A H J? B (0, 1)^ C B? D H^ R C D

‖v − vh‖H1 < ε‖v‖H1

T K N O H? D C D A D [
vh ∈ Uh ] l T O B? D T B Y H V AI \I ? UGI A DP BO O DE ε O H D X S DTI E Q [V B A BE H C A A B J XI H OI N h E DY H C XQ Ce G? DK e

F L DT O D E BK ^ P J BPI GI E D G CI D C BV DP H T H OI N C? D O ? A H C O D [ \ FO ? WI I v ] + BU? BN GI C F B WI N O H N P K N H C GN FT DP K H C P D AI C H Ke O D [^ V D � C DE F BV V A D? GI E BUWI D O O Q H GP D [ G C P BV A D G C A BO G C P B
Uh

V AI O N C D \ D A E FKI A DP B Ce T K N C H S�K H E H O C DP H1(Ω)^ ? D C D AQ HI E H M C T DV DK OI C H Ke O F M L K B T ? D G Ce ^ O BV AI UE H A^ V AI O BT K H Y BC H2(Ω) ] > DT O DE H A O DE GK F R BH V AI E H A DE BV V A D? GI UE B WI DO O Q S GP D [ G C P GK F YI C D WH O ? B � GE ] ?   @ �

inf
vh∈Uh

∫ 1

0

(v′ − v′h)2 dx ≤ h2

∫ 1

0

(v′′)2 dx ∀ v ∈ H2(0, 1).

> E O D L DE H A O DE GK F R BH GI C F B WI N O H G? DKe ? D GK DY O H H ] � B J XI H OI H D XUK B G CI � O B C A H F L DKe OI ? I ^ C H C A B � T AQ I C ]V ] � T DK Y O D FT DP K H C P D A N Ce

O H? D C D AQ E F GK DPI N E A H L FK N A O D G CI ] lV F G? B N T H C BKI ^ ? D C D AQ H E DY O D

V A D R H G Ce P ?  � @^ X FT H E V A H TV DK BL B Ce ^ R C DI E H H C E H G C D GP D [ G C P D

inf
vh∈Uh

‖v − vh‖H1 ≤ c h‖v‖H2 ∀ v ∈ H2(Ω) ∩ H̃0,

�  ] � � �

L T H H̃0, 0V A D G C A BO G C P DI J GK B X D [V D G C BO DP ? I J BT BRI �  ] � �^ h 0 S BUA B? C H A O Q [ TI BE H C A �K H E H O C DP A B J XI H OI N ]l? B JQ P BH C GN^ R C D D WH O ? B �  ] � � � O B A B J O D G Ce E H Y T F \ F O ? WI H [I J

H2(Ω) ∩ H̃0I H H O BI K F R Z I E V AI XKI Y H OI H E I J

Uh

V H A H O D GI C GN O B

DZ I X? F E H C DT B? D O H R O Q S � K H E H O C DP^ C ] H ] O B A B J O D G Ce E H Y T F A HZ H OI UH E �  ] � �I H L D? DO H R O DU � K H E H O C O Q E BO BK D L DE uh^ P GK H T F M� H E GE Q GUK H $

‖u− uh‖H1 ≤ c inf
vh∈Uh

‖u− vh‖H1 .

l C ? FT B GK H T FH C^ H GKI A HZ H OI H u J BT BRI �  ] � �V AI O B T K H YI C H2(Ω)^ C D

‖u− uh‖H1 ≤ c h ‖u‖H2 .



�� �� � �& � " $�& � $�� " � � ! �� % � � �� � $ � $%& � �& � � $" � � " # % $ %& �  �

A DK H H C D L D^ H GKI T BO O Q H J B T BRI C B? I H^ R C DV AI V A DI J P DKe O D [

f ∈
L2(Ω) T K N A HZ H OI N PQ V DK O N H C GN D WH O ? B �  ] � �^ C D P L2

U O D A E H E DY O D

T D? B J B Ce G S DTI E D G Ce O B DTI O V D A N T D? P Q Z H^ R H E P H1U O D A E H $

‖u− uh‖L2 ≤ c h ‖u− uh‖H1 .

hP BV D GK H T OI S O H A BP H O G C P B P E H G C H G �  ] � �V AI P DT N C ? D WH O ? H O B A B JUO D G Ce A HZ H OI N TI \ \ H A H O WI BKe O D [ J B T BRI I A HZ H OI N E H C DT DE ? DO H R UO Q S �K H E H O C DP PI T B

‖u− uh‖L2 ≤ c h2 ‖f‖L2 .

�  ] �� �

��� � �" ' 	 -0 % ' 1 0 * & $� *7 ,
 . , * %� " 0� 0 . ' �

* ' * % 0 - ) " $� . 0 . ' (

� B G GE D C AI E J BT BR F �  ] � �g �  ] � � G k(x) = 1 ] hK N H H BV V A D? GI E B WI I

V AI E H OI E E H C DT ? D O H R O Q S �K H E H O C DP^ PQ X A BP P ? BR H G C P H

Uh

? F G D R O DUKI O H [ O Q H �K H E H O CQ ] � DK F RI E GI G C H E F KI O H [ O Q S BK L H X A BI R H G? I S F A BUP O H OI [

Ahz = fh

�  ] � � �

G E BC AI WH [

Ah =
1

h2








2 −1 0

−1 2 −1] ] ] ] ] ] ] ] ]

0 −1 2







.

hK N A HZ H OI N T BO O D [ GI G C H E Q E DY O D � \ \ H? CI P O DV AI E H OI Ce V A N UE Q H � B C DR O Q H C � E H C DT Q ^ C B? I H^ ? B? E H C DT V A D L DO ? I � E H C DT 	 B F G G B

T K N C A H S TI BL DO BKe O Q S E BC AI W � ] � AI \ E H CI R H G? B N GK DY O D G Ce E H C DT B

V A D L D O ? I G D G C BP K N H C O(N) T H [ G C PI [^ R C D D J O BR BH C B GI EV C D CI R H G? I

DV CI E BK e O F M GK DY O D G Ce E H C DT B ] l T O B? D^ E Q I GV DKe J FH E � C D C V AI UE H A T K N I K K M G C A B WI I V DT S DT B^ V AI E H OI E D L D? X DK H H GK DY O Q E J BUT BR BE ^ T K N ? D C D AQ S E H C DT 	 B F G G B G C BO DPI C GN O H � \ \ H? CI P O Q E ] hH [UG C PI C H Ke O D^ O H GK DY O DV A DP H AI Ce ^ R C D PQ RI GKI C H Ke O BN GK DY O D G Ce E HUC DT B 	 B F G G B T K N A HZ H OI N GI G C H E Q G E B C AI WH [I J �  ] �  � F Y H A BP O B
O(N

3
2 ) B AI \ E H CI R H G? I S DV H A B WI [^ L T H N 0 RI GK D O HI J P H G C O Q S P GI UG C H E H � � ]  � � ]� AI A HZ H OI I C A H SE H A O Q S J BT BR P Q RI GKI C H K e O B N GK DY O D G Ce E HUC DT B 	 B F G G B T K N A HZ H OI N GI G C H E Q G? DO H R O DU �K H E H O C O D [ E BC AI WH [

V D A N T ? B N T D G CI L BH C O(N2) T H [ G C PI [ � O BV A B? CI ? H V D? B J BC H Ke G C HUV H OI D? B JQ P BH C GN P Q Z H � � ]� C D D J O BR BH C^ R C D FE H Oe Z H OI H Z BL B G H C ? I

�� �! "# " ��� � $� ��� � % $� %� !! $" $ % � � #

P T P B A B J BV AI P DTI C ? FP H KI R H OI M N P � A B JI FP H KI R H OI M B AI \UE H CI R H G? D [ A B X D CQ X DK H H R H E P � � A B J B � f BV AI E H A^ O BI K F R Z BN I J

I J P H G C O Q S O BE A H BKI J B WI [ E H C DT B 	 B F G G B C A H X FH C � G H? F O T T K N A HUZ H OI N C A H SE H A O D [ GH C DR O D [ J B T BRI G h = 25−1^ I  � � G H? F O T T K N

A HZ H OI N C B? D [ Y H J B T BRI O B GH C ? H h = 50−1

� PQ RI GK H OI N V A DP DUTI KI Ge O B c � c � � �� � � `^ � ] � 	 L W � ] l T O B? D C A FT O D G Ce C A H SE H A O Q S

J B T BR T K N E H C DT B 	 B F G G B J B? K M R BH C GN O H C DKe ? D P D X< �E HI P A H E HUOI P Q RI GK H OI [^ O DI P D X< �E HI GV DKe J FH E D [? DEV e M C H A O D [V BE N CI $

T K N A HZ H OI N J BT BRI O B A B G GE D C A H O O D [ L A F X D [ G H C ? H V D C A H X FH C GN V D
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Ahψ
k = λkψ
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ψk = sin(πk jh), λk = 4h−2 sin2(πk
h

2
), k = 1, . . . , N − 1.
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I ? E H C DT BE 	 B F G G BU % H [ T H K N^ G DV A N Y H O O Q S L A B TI H O C DP � T K N T BO O DUL D E H C DT B GK DY O D G Ce X FT H C O(h−2 ln ε−1)
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2 < 4 sin2 π

4
≤ h2λk ≤ 4.

>Q X�H A H E P � � ] � �
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2 Ah

I E H H E $

|λk(Sh)| = |1 − h2

4
λk(Ah)| ≤ 1

2
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O B S DY T H OI N A HZ H OI N �  ]  � � G J BT BO O D [ C D R O D G Ce M $
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0 L K BT ? BN \ F O ? WI N^ C D DO B

E DY H C XQ Ce S D A DZ D BV V A D? GI EI A DP BO B O B GH C ? H G E H Oe Z I E ? DKI R HUG C P DE F JK DP 
 � S D C N E Q E DY H E O H J O B Ce P N P O DE PI T H eh^ O BE P BY H O
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O B [ CI �� � � � �� 6 2 � 6 e2h

� eh

2 � 4 � � �3 :5 67 � 6 	 � GZ BL DE 2h

�^ A HZ B N

J B T BR F � � ] � � O B L A F X D [ GH C ? H $

A2he2h = d2h.
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# GKI p : R2h → Rh

0 DV H A BC D A �� 3 ;3 �� 6 2 � �^ C D O DP DH V AI XKI Y H OI H

zi+1
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? A HZ H OI M zh

X FT H C

zi+1
h = zi

h − p e2h.
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Uh!  � + ' �� � * � &! � � � � � � $ � * �  � ! � � � +� � � �� � * � '�� � ��
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 ] j B? PQ X A BCe DV H A BC D A �� 3 6 �7 �� 3� � 2 � � r : Rh → R2h^ O H D X S DTI UE Q [ T K N DV A H T H K H OI N O H P N J? I O B L A F X D [ GH C ? H d2h = r dh

�
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> O DP Q S D X D J O BR H OI N S G D D C O DZ H OI H � � ] � � E DY H C XQ Ce V H A HV I G BO D

? B?

zi+1
h = zi

h − pA−1
2h r(Ahzi

h − fh).
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j D L T B GI G C H E BV DK F R H O B P A H J FKe C BC H V AI E H O H OI N E H C DT B? DO H R O Q S�K H E H O C DP^ DV H A BC D AQ V A DT DK Y H OI N I V A DH? CI A DP BOI N H G C H G C P H O O D

PQ XI A B Ce GK H T F M � I E �� 23 2 �8 65 � � 1 D X A B J DE ]hK N E H C DT B ? D O H R O Q S �K H E H O C DP CI V I R O D [ N P K N H C GN GI C F B WI N^? D L T B

U2h ⊂ Uh^ L T H

U2h
0? DO H R O DU �K H E H O C O DH V A D G C A BO G C P D^ G D D C UP H C G C P F M� H H L A F X D [ GH C ? H ]
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� A H TV DK DYI E ^ R C D
U2h

P K DY H O D P

Uh^ C D L T B? D O H R O DU �K H E H O C O DH V A DUT DK Y H OI H p̄^ PQ A B Y H O O DH P V A D G C A BO G C P B S? D � \ \I WI H O C DP p : R2h →
Rh^ DV A H T H K N H C GN GV DE D� e M I J DE D A \I J E DP � GE ] �  ] � �

Ph : Rh → UhI P2h : R2h → U2h

$

p : R2h
P2h→ U2h ⊂ Uh

P−1
h→ Rh.+ B? I E D X A B J DE ^

p := P−1
h P2h.
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pV D? B J BO D O B AI G FO ? H � ] ^ L T H ? B Y T DE F iU DE F F J K F GH C ? H G D D C P H C UG C P FH C iU Q [? D � \ \I WI H O C P H? C D A BI J

Rh ]> D X� H E GK FR BH p N P K N H C GN A B J A H Y H O O D [ E BC AI WH [^ ? D C D A F M E DY UO D PQ RI GKI Ce ^ J O BN Ph

I P2h ]
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Uh → U2h ] � D DV A H T H K H OI M r̄ J BT BH C GN A BP H O G C P DE

(r̄vh, u2h)L2 = (vh, u2h)L2 ∀ vh ∈ Uh, u2h ∈ U2h.
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GK HUT F M� I E D X A B J DE ] � H A HV I Z H E � � ] � � P V A D G C A BO G C P B S? D � \ \I WI H O UC DP $

〈rP−1
h vh, P

−1
2h u2h〉R2h

= 〈P−1
h vh, P

−1
h u2h〉Rh ∀ vh ∈ Uh, u2h ∈ U2h.

h BO O DH G D D C O DZ H OI H J B T BH C r∗ = P−1
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=
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2h dx,
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J B T BO O DE FV AI XKI Y H OI M zk
h

GK H T F M� H H V AI XKI Y H OI H zk+1
h
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Sh = I− wh2

2 Ah ] > DU P C D AQ S^ zk+1
h

O B S DTI C GN ? B? A H J FKe C BC ? D A A H? WI I

z̃k G L A F X D [ GH C ? I ^ R C D P GI K F � � ] � � E DY H C XQ Ce J BV I G BO D? B?

zk+1
h = z̃k − pA−1

2h r(Ahz̃k − fh).� FV H AV D JI WI N G � � ]  � � T BH C

zk+1
h = M̄hzk

h + M̄hg
ν − pA−1

2h r fh = M̄hzk
h + ḡν ,
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L T H M̄h

0 E B C AI W BI C H A B WI [ T P F S GH C DR O D L D E H C DT B$

M̄h = (I − pA−1
2h rAh)Sν

h .

� � ] � �

j B? GK H T FH CI J DV A H T H K H OI N M̄h^ V H A H S DT F? ? D A A H? WI I G L A F X D [ GH C U? I ^ V A H T Z H G C P F M C ν G L K BYI P BM� I SI C H A B WI [ ], J D X� H [ C H D AI I I C H A B WI DO O Q S E H C DT DP GK H T FH C^ R C D T K N G S DUTI E D G CI T P F S G H C D R O D L D E H C DT B O H D X S DTI E D P Q V DK O H OI H O H A BP H O G C P B

|λ(M̄h)| < 1 ] h D G C BC DR O Q E F GK DPI H E N P K N H C GN D WH O ? B ‖M̄h‖ < 1 P

O H? D C D A D [ DV H A BC D A O D [ O D A E H ]

��� � � � � � � � � �� ��  � � � � �� � � � � � � �� �

hK N A B G GE BC AI P BH E D L D E DT H Ke O D L DV AI E H A BI DV H A BC D A DP rI p^ V DU? B J BO O Q S O B AI G ] � ] I � ] �^ G S DTI E D G Ce T P F S G H C D R O D L D E H C DT B E DY UO DV A DP H AI Ce V A N E Q EI P Q RI GK H OI N EI GV DE D� e M BO BKI J B > F Ae H ]� DY O DV A DP H AI Ce � GE ] ?   @^ �  ] � ] � �^ R C D G D X G C P H O O Q H P H? C D AQ ψkI

ψN−kI J � � ] � � D X A B J F M C I O P B AI BO C O DH V A D G C A BO G C P D D C O D GI C H Ke O D

FE O DY H OI N O B M̄h ] � K H T DP B C H Ke O D^ M̄h

V AI P DTI C GN P X B JI GHI J G D XUG C P H O O Q S P H? C D A DP ? XK DR O DU TI BL DO BKe O DE F PI T F^ L T H XK D? I I E H M C

A B J E H A O D G Ce 2×2 ] l X D J O BRI E � CI XK D? I R H A H J M̄ (k)
h , k = 1, . . . , N

2 −1 ]h BO O Q H XK D? I I E H M C PI T $

M̄
(k)
h =

[
s2k c2k
s2k c2k

] [
c2ν
k 0
0 s2ν

k

]

, M̄
(N

2 )

h = 2−ν ,

� � ]  � �

L T H s2k = sin2 πk h
2 , c

2
k = cos2 πk h

2

] > KI N OI H G L K B YI P BM � I SI C H A BUWI [I ? D A A H? WI I G L A F X D [ G H C ? I O B OI J? DU I P Q G D? D R B G C D C O Q H R B G CI

GV H? C A B S D A DZ D PI T O Q I J G C A DH OI N M̄ (k)
h

] + B? ^ K H PQ [ XK D? A B JK DY HUOI N � � ]  � � G D D C P H C G C P FH C ? D A A H? WI I G L A F X D [ G H C ? I ] > � C DE XK D? H O B

E BK Q [? D � \ \I WI H O C s2k

FE O DY BM C GN BkL K BT ? I H C G D X G C P H O O Q H P H? C DUA B^ C ] H ] C H ψk^ T K N ? D C D AQ S k ≤ N
2

] h A F L D [ E H S BOI J E A H BKI J FH C GN

T K N V A BP D L D XK D? B A B J K DY H OI N � � ]  � � ] l O G D D C P H C G C P FH C G L K B YI P BUM� I E I C H A B WI N E ] f B E BK Q [? D � \ \I WI H O C s2ν
k

C HV H Ae FE O DY BM C GN

B XQ G C A DU D G WI K KI A F M� I H C G D X G C P H O O Q H P H? C D A B^ C ] H ] C H ψk^ T K N ? D C DUAQ S k ≥ N
2

]� DY O DV DK F RI Ce I C DR O Q H D WH O ? I ] f HV D G A H T G C P H O O Q H P Q RI GK HUOI N T B M C $

λ(M̄
(k)
h ) ∈ {0, s2kc2ν

k + c2ks
2ν
k }, k = 1, . . . ,

N

2
− 1, λ(M̄

( N
2 )

h ) = 2−ν .
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% BE H CI E ^ R C D s2k ∈ [0, 0.5] T K N k = 1, . . . , N
2 − 1 ] � D � C DE F

|λ(M̄h)| ≤ max
x∈[0,0.5]

(x(1 − x)ν + (1 − x)xν) ≤

≤ max
x∈[0,0.5]

(x(1 − x)ν) + max
x∈[0,0.5]

((1 − x)xν ) =

=
1

ν + 1

(

1 − 1

ν + 1

)ν

+

(
1

2

)ν+1

.

� K H T DP BC H Ke O D^

|λ(M̄h)| ≤ 1

2

I |λ(M̄h)| ∼ 1

e

1

ν
V AI ν → ∞.

hK N D WH O ? I GV H? C A BKe O D [ O D A E Q E BC AI WQ I C H A B WI [ FT D XkO D P D GV DKe UJ DP B Ce GN O H A BP H O G C P DE 	H Ke T H A B$
‖M̄h‖2 ≤ ‖M̄h‖∞‖M̄h‖1 ≤ max

k

(
(s2kc

2ν
k + c2ks

2ν
k )·2 max{s2kc2ν

k ; c2ks
2ν
k }
)
.

� O BK D LI R O D D WH O ? H G D X G C P H O O Q S J O BR H OI [V DK F R BH E

‖M̄h‖ ≤ 1

2

I ‖M̄h‖ ∼
√

2

e

1

ν

V AI ν → ∞.

+ B? I E D X A B J DE ^ T K N T BO O D L D E DT H K e O D L DV AI E H A B O D A E B E B C AI WQ

I C H A B WI [ T P F S G H C D R O D L D E H C DT B^ P D C KI RI H D C O D A E Q E B C AI WQ I C HUA B WI [ �? D XI ^ D WH OI P BH C GN O H J BPI GI E D D C h ] % BPI GI E D G Ce D C RI GK B

G L K BYI P BOI [ PI T B O(ν−1) S B A B? C H A O B T K N E O D L D GH C DR O Q S E H C DT DP ]

�� � �. , / , *0 % ,1 . 2 ( -0 % ,3

f BZ H [ WH K e M V DU V A H Y O H E F N P K N H C GN A HZ H OI H GI G C H E Q KI O H [ O Q S BK UL H X A BI R H G? I S F A BP O H OI [

Ah zh = fh,

� � ]  � �

V DK F R H O O D [ P A H J FK e C B C H TI G? A H CI J B WI I TI \ \ H A H O WI BK e O D [ J BT BRI

E H C DT DE ? DO H R O Q S �K H E H O C DP ]� C D E DY H C XQ Ce J B T BR B TI \ \ F JI I I KI

F A BP O H OI H � F B G G DO BI JV A H T Q T F� H [ L K BPQ ] h A F LI H V AI E H AQ P G C A HUC N C GN P ? OI L H V D J Y H ]>V A H T Q T F� H E A B J T H K H XQ K A B G GE D C A H O T P F S G H C D R O Q [ E H C DT ^ G F Ce

? D C D A D L D G D G C DN K B P C DE ^ R C DV D GK H O H G? DKe ? I S X B J DPQ SI C H A B WI [ T K N

GI G C H E Q � � ]  � �^ G C A DI K B Ge J B T BR B T K N O HI J P H G C O D [ DZ I X? I O B L A F X D [

GH C ? H �

A2he2h = d2h

� ] � C B J B T BR B A HZ BK B Ge C D R O D ] � D GK H � C D L D PQ URI GK N K D Ge V AI XKI Y H OI H ẽh = p e2h

? DZ I X? H eh

O B R B G C D [ GH C ? H I
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V A DI G S DTI K B? D A A H? WI N V AI XKI Y H OI N ? A HZ H OI M O B R B G C D [ GH C ? H ]f BI X DK H H C A FT D H E ? I [ P PQ RI GKI C H Ke O DE V K BO H � C BV T P F S G H C D R O D L D

E H C DT B 0 � C D A HZ H OI H J BT BRI O B L A F X D [ GH C ? H ] % BE H CI E ^ R C DV DK FR BHUE DH ẽh

0 C DKe ? DV AI XKI Y H OI H ? eh^ B GK H T DP B C H Ke O D O H C A HZ I C H Ke O Q S

V AI RI O O B S DTI Ce e2h

C DR O D ] �Q E DY H E D L A BOI RI Ce GN O B S DY T H OI H E

KI Z e V AI XKI Y H OI N ẽ2h

? e2h ] hK N V AI XKI Y H O O D L D A HZ H OI N GI G C H E Q

O B L A F X D [ GH C ? H V AI E H OI E O H G? DK e ? D � D X� I E RI GK DE γ

�I C H A B WI [

T P F S GH C DR O D L D E H C DT B^ V H A H S DT N P O H E O B GH C ? F H� H X DK H H L A F X F M ]� 234 35 6 7 38 29 : 1 67 3 ; G D G C DI C P V DP C D A H OI I T BO O D [V A D WH T F AQ A HU? F A GI P O D^ V D? B O H X FT H C T D G CI L O F C B GH C ? B G E BK Q E ? DKI R H G C P DE F JUK DP � B G BE BN L A F X B N C �^ O B? D C D A D [ GI G C H E B F A BP O H OI [ E DY H C XQ Ce A HUZ H O B C DR O D^ O BV AI E H A GV DE D� e M E H C DT B 	 B F G G B ]> D A E BKI J FH E I T H M E O D L D GH C DR O D L D E H C DT B ] � F G Ce J BT BO BI H A B AUSI N ? D O H R O DU �K H E H O C O Q SV A D G C A BO G C P $

U0 ⊂ U1 ⊂ · · · ⊂ Uk ⊂ · · · ⊂ Ul = Uh.

� � ]  � �

� A D G C A BO G C P D

U0

G D D C P H C G C P FH C G BE D [ L A F X D [ GH C ? H ] � D D C P H C G C P F M U� I H V A D G C A BO G C P B? D � \ \I WI H O C DP GP N J BO Q DV H A BC D A BEI V A D H? CI A DUP BOI NI V A DT DK Y H OI N $

R0

p→
←
r

R1

p→
←
r
. . .

p→
←
r

Rk

p→
←
r
. . .

p→
←
r

Rl = Rh.

� A H TV DK DYI E ^ R C D DV H A BC D AQ Al = Ah

I Ak, k = 0, . . . , l − 1 J B T BO Q

� P Q RI GK H O Q V DV A BPI K BE I J � � ]  ]� � ]% B T BTI E O BC F A BKe O DH ν^ RI GK D G L K BYI P B M� I SI C H A B WI [ O B? BY UT DE F A DP O H^ I O B C F A BKe O DH γ^ RI GK D A H? F A GI P O Q S PQ J DP DP E H C DT B

O B? B Y T DE F A DP O H P I H A B A SI I � � ]  � � ] l T O BI C H A B WI N E O D L D G H C D R O DUL D E H C DT B A HZ H OI N GI G C H E Q Ahzh = fh

DV A H T H K N H C GN A H? F A GI P O D [

V A D WH T F A D [

znew = MGM(l, zold, fh) ] % T H Ge zold 0 O BR BKe O D [V AI XKI UY H OI H ? zh^ znew 0V DK F R H O O D H O DP DH V AI XKI Y H OI H ] � BE BV A D WH T F A B

DV I G BO B OI Y H ]

z̄ = MGM(k, z, b)
{���� k = 0 � � 	

��� z̄ = A−1
0 b
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� � � � 	 
 � �� � �  �  �� � � � � � 	 � �


 � 	 � � � � ��

��� �� 	

k > 0



� � z0 = z � zi+1 = zi−W−1
k (Akzi−b) � i = 0, . . . , ν−1

	

ν

� � � 	 � � � � � � � � �� 


� �� � �� � � � � � 
 �

� � d = r(Akzν − b)

	 
 � 	 � � � � � 	 � � � � � � � � � � � � � �� � � �� � � �� � � �
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��� e0 = 0

	 � �� ��� � 	 � 
 � � � � � � � � � � � 	� � � � � �

�� � � 
 	 � � � �� ei+1 = MGM(k−1, ei, d)  � � i = 0, . . . , γ−1

	

γ � � � � � �� 


� � 	� 	 � �� 	 � � 	� 	 � �� 	 � � �� � � � 	 
 � �� � � �

� � z̄ = zν − p eγ

	 � 	 � � � � �� � 
 � � ��� � � � � � � zν �� � � � 	 
 � �� � � 
} l T O D PQ V DK O H OI H V A D WH T F AQ znew = MGM(l, zold, fh) N P K N H C GN

DT O D [I C H A B WI H [ E O D L D GH C DR O D L D E H C DT B ] > GH L D PQ V DK O N M C J BT BO O D H

? DKI R H G C P DI C H A B WI [I KI V D? B O D A E B O H P N J? I ‖Ahznew−fh‖ O H G C BO H C

E H Oe Z H J BT BO O D L D ε ]� AI E H AI C H A B WI [ $ ] zold = 0 �� ] � D? B ‖Ahzold − fh‖ ≥ ε P Q V DK O N Ce $ znew = MGM(l, zold, fh)^ zold =
znew ]

h BK H H E Q V D? B Y H E ^ R C D P D E O D LI S GK F R BN S PQ RI GKI C H Ke O BN GK DY UO D G Ce DT O D L D PQ J DP B \ F O ? WI I MGM(l, zold, fh) G D G C BP K N H C O(Nl)

� K HUE H O C B A O Q S B AI \ E H CI R H G? I S DV H A B WI [^ L T H Nl

0 ? DKI R H G C P D O HI JUP H G C O Q S O B G BE D [ E H K ? D [ G H C ? H^ B E O DYI C H K e V H A H T Nl

J BPI GI C D C

RI GK B G L K B YI P BOI [ ] + B? Y H E Q V D? BY H E ^ R C D E O D L D GH C DR O Q [ E H C DT

T K N Z I A D? D L D? A F L B J B T BR D XK BT BH C J BE H R BC H Ke O Q E GP D [ G C P DE G D? A BU� H OI N DZ I X? I ^ F G C BO DP K H O O Q E O BEI P ? DO WH V A H T Q T F� H L D A B J T H K B

T K N T P F S GH C DR O D L D E H C DT BI E DT H Ke O D [ J BT BRI $

‖zh − znew‖ ≤ q ‖zh − zold‖

G O H? D C D AQ E q < 1^ O H J BPI GN� I E D C Z BL B GH C ? I hl

I KI ^ R C D C D Y H

G BE DH^ D C ? DKI R H G C P B O HI J P H G C O Q S O B G BE D [ E H K ? D [ G H C ? H ] A DK H H C DUL D^ T H K BN O H DT O D^ B O H G? DKe ? D G L K B YI P BOI [ O B? BY T DE F A DP O H E DUY H E V DK DYI Ce ^ ? V AI E H A F^ q ≤ 0.1 ] + B? I E D X A B J DE ^ A HZ H OI H GI G C H E Q

� � ]  � � G D C O D GI C H Ke O D [ C DR O D G Ce M ε C A H X FH C P GH L D O(Nl| ln ε|) � K H E H O UC B A O Q S B AI \ E H CI R H G? I S T H [ G C PI [^ R C D N P K N H C GN DV CI E BKe O D [ GK DY UO D G Ce M T K N I C H A B WI DO O D L D E H C DT B ] > D E O D LI S GK F R BN S E O D L D GH C DR UO Q [ E H C DT 0 H TI O G C P H O O Q [I J P H G C O Q [V DT S DT V AI RI GK H O O DE A HZ HUOI I F A BP O H OI [ P R B G C O Q SV A DI J P DT O Q S^ V AI P DT N� I [? DV CI E BK e O D [

C A FT D H E ? D G CI ]

��� � � � �� � �� � � � � �

� A B? CI ? BV D? B J BK B^ R C D A B J FE O D P Q XI A BCe γ = 1I KI γ = 2 A H? F A GI P UO Q SI C H A B WI [ ] � AI γ = 1 DT O BI C H A B WI N E H C DT BV DK FRI K B O B J P BOI H`U WI ? K ^ BV AI γ = 2 0 aU WI ? K ] �I G F O ? I � ]� I � ] �I K K M G C AI A F M C
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� CI O B J P BOI N ] � C A H K DR ? I V D? B JQ P BM C V H A H T BR F T BO O Q S G DT O D L D G HUC D R O D L D F A DP O N O B T A F L D [ ] 	 D AI J D O C BKe O BN G C A H K DR ? B D J O BR BH C^ R C D

PQ RI GK H OI N^ P T BO O DE GK F R BH 0 G L K BYI P BOI N^ V A DI G S DT N C O B DT O DE

F A DP O H ]
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U -

U -
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�

�

�
zold zν znew
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�

�
�

�

�
�

�

�
�


�

*

R

7

^

G H C D R O Q HF A DP OI
�U G L K B YI P BOI N �U C D R O DH A HZ H OI H

�U V A D H? WI N �U V A DT DK Y H OI H

�I G ] � ]� $ `U WI ? K ]
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�
� zold zν

�

� �

�

�

�

�

W
�

�

�

�I G ] � ] � $ aU WI ? K ]

+ A FT DH E ? D G Ce �I KI P Q RI GKI C H Ke O B N GK DY O D G Ce �I C H A B WI DO O D L D

BK L D AI C E B A HZ H OI N J BT BRI N P K N H C GN DV CI E BKe O D [^ H GKI RI GK D B AI \UE H CI R H G? I S DV H A B WI [ T K N T D G CI Y H OI N J B T BO O D [ C D R O D G CI J BPI GI C

KI O H [ O D D C RI GK B O HI J P H G C O Q S ] , J F RI E P DV A D G C A FT D H E ? D G CI DT O D L D

WI ? K B E O D L D G H C D R O D L D E H C DT B ]� F G Ce Nk

0 RI GK D O HI J P H G C O Q S O B kU DE GH C DR O DE F A DP O H ] l X D J O BURI E

Cn := inf
k=1,...,l

Nk/Nk−1.

� � ]  � �
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� A H TV DK DYI E ^ R C D DT O BI C H A B WI N G L K BYI P BOI N^ B C B? Y H PQ V DK O HUOI H V A DH? CI A DP BOI N I V A DT DK Y H OI N O B kU DE F A DP O H C A H X F M C CNkDV H A B WI [ ] h BO O D H F GK DPI H P Q V DK O N H C GN T K N GI G C H E ^ P D J OI ? BM � I S P

E H C DT H ? D O H R O Q S � K H E H O C DP T K N F A BP O H OI [ P R B G C O Q SV A DI J P DT O Q SI

T K N D X� HV AI O N CQ S G L K BYI P B M� I SI C H A B WI [ C B? I S^ ? B? E H C DT �? D XI

I KI % H [ T H K N ] l X D J O BRI E R H A H J Nmg

C A FT D H E ? D G Ce DT O D L D WI ? K B E O DUL D GH C DR O D L D E H C DT B ] f H C A FT O DV A DP H AI Ce GK H T F M� H H F C P H A Y T H OI H ]� F G Ce κ = γC−1
n

^ C D L T B P D J E DY O Q C AI GK F R BN $

� ] H GKI κ < 1^ C D Nmg = O(Nl),� � ] H GKI κ = 1^ C D Nmg = O(l Nl),� � � ] H GKI κ > 1^ C D Nmg = O(κlNl).hK N V AI E H A B DT O DE H A O D L D F A BP O H OI N TI \ \ F JI I I JV A H T Q T F� H [

L K BPQ Cn = 2^ I `U WI ? K G D D C P H C G C P FH C V H A P DE F^ � aU WI ? K 0 P C D A DE F

GK FR BM ]
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E DY O D P Q V DK O N Ce I V D GK H ? D A A H? WI I G L A F X D [ GH C ? I ^ C D L T B D OI O B JQ UP B M C GN � 35 7 5 4 �� � �� � 2 � 6 1 � � �� � � � � � � � �  � � ] � B G C D P E O D L D GH C DR O DE

E H C DT H PQ V DK O N H C GN ? B? V A H T G L K B YI P BOI H^ C B? I V D G C G L K B YI P BOI H ]> � C DE GK F R BH V A D WH T F A B G C BO DPI C GN X DK H H � GI E E H C AI R O D [ � ] f BV AI UE H A^ `U WI ? K E O D L D G H C D R O D L D E H C DT B G DT OI E V A H T G L K BYI P BOI H E I

DT OI E V D G C G L K BYI P BOI H E znew = MGMV (l, zold, fh) J B T BH C GN P Q J DUP DE A H? F A GI P O D [V A D WH T F AQ $

z̄ = MGMV (k, z, b)
{���� k = 0 � � 	

��� z̄ = A−1
0 b �  �� � � � � � 	 � � 
 � 	 � � � � ��

��� �� 	

k > 0




� � z0 = z � z1 = z0 − W−1
k (Akz0 − b)

	 	 � 	 
 � � �� � � � � � � � � � �

� � d = r(Akz1 − b)

	 
 � 	 � � � � � 	 � � � � � � � � � � � � � �� � � ��� � � �� � � �

��� e0 = 0

	 � �� ��� � 	 � 
 � � � � � � � � � � � 	� � � � � �

�� e1 = MGMV (k − 1, e0, d)

	 � � � � � � � � �� 
 �� � 	 � � �� 	 � � �� � � � 	 
 � ���

� � �
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� � z2 = z1 − p e1 	 � 	 � � � � �� � �� �� � 	 
 � �� � � �

��� z̄ = z2 − W−1
k (Akz2 − b)

	 	 � 	 
 	 �� � � � � � � � � � �  �

} � F G Ce O B? BY T DE GH C DR O DE F A DP O H PQ V DK O N H C GN ν1

V A H T G L K BYI UP BOI [I ν2

V D G C G L K B YI P BOI [ ] � B C AI W FI C H A B WI [ E O D L D G H C D R O D L D E HUC DT B Ml(ν1, ν2)

E DY O D DV A H T H KI Ce A H? F A GI P O D $

M0(ν1, ν2) = 0,

� � ]  � �

Mk(ν1, ν2) = Sν2

k (I − p(I −Mγ
k−1(ν1, ν2))A

−1
k−1rAk)Sν1

k .

� � ]  � �

� A DP H AI E G D D C O DZ H OI N � � ]  � �g � � ]  � � GV DE D� e M I O T F? WI I V D k ] f BUV DE OI E ^ R C D E BC AI W BI C H A B WI [ 0 � C D E BC AI W B^ D C P H C G C P H O O B N J B

I J E H O H OI H P H? C D A B DZ I X? I O B? BY T D [I C H A B WI I ] hK N k = 0

� � ]  � �

GV A BP H T KI P D^ C B? ? B? O B G BE D [ L A F X D [ G H C ? H GI G C H E B A HZ BH C GN C DR O D^C ] H ] DZ I X? B J B DT O F BI C H A B WI M C D X A B� BH C GN P O DK e ] � A DP H AI E � � ]  � �

T K N V A DI J P DKe O D L D k > 0 ] Sk

0 E BC AI W B G L K B YI P B M� I SI C H A B WI [^ IE O DYI C H KI Sν1

k

I Sν2

k

G D D C P H C G C P F M C PQ V DK O H OI M ν1

G L K BYI P BM � I S

I C H A B WI [ T D? D A A H? WI I G L A F X D [ G H C ? I I ν2

G L K B YI P BM � I SI C H A B WI [

V D GK H ]f B [ T H E E BC AI W FI C H A B WI [ T K N ? D A A H? WI I G L A F X D [ GH C ? I ] � F G Ce

dk−1 = r(Akzν1

k − bk) 0V A DH? WI N O H P N J? I G kU D L D O B �

k − 1

�U Q [ F A DUP H Oe ^ L T H zν1

k

0V AI XKI Y H OI H ? A HZ H OI M GI G C H E Q Akzk = bk

V D GK H ν1V A H T G L K BYI P BOI [ ] f B k− 1U DE F A DP O H A HZ BH E V AI XKI Y H O O D GI G C H E F

Ak−1ek−1 = dk−1.

� � ] �� �

� F G Ce ek−1 = A−1
k−1dk−1

0 C D R O DH A HZ H OI H � � ] �� �^ I E Q T H K BH E γI C H A B WI [ � WI ? K DP � E O D L D GH C DR O D L D E H C DT B O B �

k − 1

�U DE F A DP O H T K N

A HZ H OI N � � ] �� �^ V AI R H E Mk−1

0 E BC AI W B � CI SI C H A B WI [ ] f B [ T H O O D H

C B? I E D X A B J DE V AI XKI Y H OI H D X D J O BRI E R H A H J zγ
k−1

] + D L T B T K N DZ I XU? I GV A BP H T KI P D

ek−1 − zγ
k−1 = Mγ

k−1(ek−1 − z0
k−1),

B C B? ? B? z0
k−1 = 0

� GE ]Z BL � P DV A H T H K H OI I V A D WH T F AQ MGM(k, z, f)

�^C D

ek−1 − zγ
k−1 = Mγ

k−1ek−1,

L T H ek−1 = A−1
k−1dk−1.� K H T DP BC H Ke O D^

zγ
k−1 = A−1

k−1dk−1 −Mγ
k−1A

−1
k−1dk−1 = (I −Mγ

k−1)A
−1
k−1dk−1.

� � �! " # " �� �% �� � � $� �� %� � " $� ��

f B [ T H O O DH V AI XKI Y H OI H zγ
k−1

V A DT DK Y BH C GN O B kU Q [ F A DP H Oe I PQ U

RI GK N H C GN O DP D H V AI XKI Y H OI H zν1+1
k

$

zν1+1
k = zν1

k − p zγ
k−1.� DT G C BP K N N V DK F R H O O D H P Q A BY H OI H T K N zγ

k−1

^ I E H H E
zν1+1
k = zν1

k − p (I −Mγ
k−1)A

−1
k−1r(Akzν1

k − bk),

R C D E DY O DV H A HV I G B Ce ? B?

zν1+1
k = (I − p (I −Mγ

k−1)A
−1
k−1r Ak)zν1

k + gk,

L T H P H? C D A gk

O H J BPI GI C D C zν
1

] + B? I E D X A B J DE ^ E BC AI W BI C H A B WI [

? D A A H? WI I G L A F X D [ GH C ? I I E H H C PI T
I − p (I −Mγ

k−1)A
−1
k−1r Ak.� FV H AV D JI WI N G E BC AI W BEI V A H T U I V D G C G L K BYI P BOI [ T BH C � � ]  � � ]j B? I J P H G C O D^ T K N T D? B J BC H Ke G C P B G S DTI E D G CI I C H A B WI DO O D L D E HUC DT B O H D X S DTI E D D WH OI Ce O D A E FI KI P GI E E H C AI R O DE GK F R BH GV H? UC A BKe O Q [ A BTI F G E BC AI WQ I C H A B WI [ ] hK N E O D L D GH C DR O D L D E H C DT B � C F

J B T BR F GI Ke O D FV A D G CI C V D? B J BO O B N OI Y H GP N Je E H Y T F H L D E BC AI WH [

I C H A B WI [I E B C AI WH [I C H A B WI [ T P F S G H C D R O D L D E H C DT B ]� F G Ce M̄k(ν1, ν2) 0 E B C AI W BI C H A B WI [ T P F S GH C DR O D L D E H C DT B^ C DUL T B
M1(ν1, ν2) = M̄1(ν1, ν2),

� � ] �  �

Mk(ν1, ν2) = M̄k(ν1, ν2) + Sν2

k pMγ
k−1(ν1, ν2)A

−1
k−1r AkS

ν1

k

� � ] � � �

T K N k > 1 ]� D D C O DZ H OI N � � ] �  �g � � ] � � � O HV D G A H T G C P H O O D GK H T F M C I J � � ]  � �I

V A H T G C BP K H OI N � � ] � � T K N E B C AI WQ T P F S GH C DR O D L D E H C DT B$

M̄k(ν1, ν2) = Sν2

k (I − pA−1
k−1r Ak)Sν1

k .

�� � � � ,3 ' - , * %� -. ,/ , *0 % , 1 . ,/ , -0 % ,3 $

> � C DE A B J T H K H X FT F C T D? B J BO Q D WH O ? I O BV D? B J BC H Ke G S DTI E D G CI

E O D L D G H C D R O D L D E H C DT B ] l C O D GI C H Ke O D G DP A H E H O O D [ C H D AI I G S DTI E DUG CI E O D L D G H C D R O Q S E H C DT DP GK H T FH C G? B J BCe GK H T F M � H H ] # GKI E B C UAI W B Y H G C ? D G CI E H C DT B? DO H R O Q S � K H E H O C DP GI E E H C AI R O B N I V DK DUYI C H Ke O D DV A H T H K H O O BN^ C D T K N A HZ H OI N GI G C H E Q BK L H X A BI R H G? I S
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F A BP O H OI [ E DY O D^ ? B? V A BPI K D^ T D? B J BCe G S DTI E D G Ce `U I aU WI ? K DP

F Y H G DT O D [ G L K BYI P BM� H [I C H A B WI H [ O B? BY T DE F A DP O H ] > GK F R BH

V A DI J P DKe O D [^ O H D XkN J B C H Ke O D GI E E H C AI R O D [I V DK DYI C H K e O D DV A H T HUK H O O D [^ E BC AI WQ FT BH C GN T D? B JQ P BCe G S DTI E D G Ce aU WI ? K BV AI D L A BUOI R H OI I G OI J F O B RI GK D G L K B YI P BOI [ O B G H C D R O Q S F A DP O N S ] > D X� H E

GK FR BH T BO O D H D L A BOI R H OI H D? B JQ P BH C GN O H D X S DTI E Q E ] �Q T H C BKe O D

A B J X�H A H E C H D AI M ^ V AI E H OI E F M P D X� H E GK F R BH^ B � X DK H H GI Ke O Q H � A HUJ FKe C B CQ T K N G BE D G DV A N Y H O O Q S J B T BR V AI P H T H E X�H JV DT A D X O Q S T DU? B J BC H Ke G C P I C DKe ? D T K N `U WI ? K B ] + B? D [V DT S DT PQ X A BO O BEI O H

C DKe ? DV D C DE F^ R C D D O V D J P DK N H C D SP BCI Ce J O BRI C H Ke O D X DK H H Z I A DU? I [? A F L V A D XK H E ^ O DI V D C DE F^ R C D D X� BN C H D AI N^ V D G C A D H O O B N O B

GP D [ G C P B S G L K BYI P BOI N I BV V A D? GI E B WI I ^ N G O D D C A BY BH C G F� H G C P D

E O D L D G H C D R O D L D E H C DT B ]

��� � � � � � � � � �� �� �� � � � � �

� A H TV DK DYI E PQ V DK O H OI H GK H T F M� I S F GK DPI [ O B DV H A BC D AV A DT DK UY H OI N pI O B G L K BYI P BOI N Sν
k

$ T K N P GH S k = 1, . . . , l^ x ∈ Rk−1

I P G H S

ν

X DKe Z H O H? D C D A D L D ν̄ > 0

cp‖x‖k−1 ≤ ‖p x‖k ≤ Cp‖x‖k−1,

� � ] �� �

‖Sν
k‖ ≤ Cs.

� � ] � � �

G O H? D C D AQ EI ? DO G C BO C BEI cp, Cp

I Cs^ O H J BPI GN� I EI D C k ] >V A H T UV DK DY H OI I ^ R C D Pk : Rk → Uk

0I J DE D A \I J E G? DO G C BO C BEI �? PI UP BK H O C O D G CI ^ O H J BPI GN� I EI D C k

� GE ] �  ]  � � P �  ] � �^ O H A BP H O G C P B

� � ] �� � PQ V DK O N M C GN BP C DE BCI R H G? I ] * GK DPI H � � ] � � � P Q V DK O N M C GN^ ?

V AI E H A F^ T K N P G H S G S DT N� I S GN G L K B YI P B M� I SI C H A B WI [ ]� F Ce T D? B J BO O D [ OI Y H C H D A H E Q P C DE ^ R C D5 � 3 ; � 135 7 � ;� � � 5 6�

7 38 2 34 3 1 67 3 ;� ;35 7 � 7 38 2 3 ; � �5 � 3 ; � 1 35 7 � �� � � � �� � hH C BKe O D

A B G GE D C AI E GK FR B [ D C G F C G C PI N V D G C G L K B YI P BOI [ �

ν2 = 0

� ]

� �� � � �� 9 � 	 � � �5 7 
 � 9 �3 � 2 6 2 9 �5 �3� � � � � ] �� � � � � ] � � ��
� � 23 � 1 �

1� 7 � � �9 �7 6 � � � � : ;� � � 5 67 38 234 3 1 6 7 3 ;� � ;3� � 6 7 � 3 � � 67 3 � 6 2 � 6
‖M̄k(ν, 0)‖ ≤ η(ν)

5 2 6 �3 7 3 � 3 : � � 2 � � � 6 :

η(ν)� 2 6� �� �5 � � 6 : 3 7 k � 7 � �3 :
� 8 7 3 η(ν) →

0 �� � ν → ∞� 7 34 ;� ; � �� 5 6 � ν ≥ ν̄ 1 234 35 6 7 38 2 9 : 1 6 7 3 ;5 � 3 ; �7 5 �

�� � γ ≥ 2 �

‖Mk(ν, 0)‖ ≤ γ

γ − 1
η(ν).

� � ] � � �

� � �! " # " �� �% �� � � $� �� %� � " $� ��

�3 �� � � 7 6 �
 5 7 � 3 � h D? BY H E C H D A H E F T K N GK F R B N γ = 2

� aU WI ? K � ]h D? B J BC H Ke G C P D X FT H C X B JI A DP B Ce GN O B A H? F A GI P O DE V A H T G C BP K H OI I

� � ] � � � ] � O BR BK B J BE H CI E GV A BP H T KI P D G Ce G D D C O DZ H OI [ $
Sν2

k = I, C ]? ] ν2 = 0,

� � ] � � �

‖p‖Rk−1→Rk ≤ Cp

P GI K F � � ] �� �

,

� � ] � � �

pA−1
k−1r AkS

ν
k = Sν

k − (I − pA−1
k−1r Ak)Sν

k = Sν
k − M̄k(ν, 0).

� � ] � � �

, J � � ] �� �^ � � ] � � �I � � ] �� � GK H T FH C

‖A−1
k−1r AkS

ν
k‖ ≤ c−1

p ‖pA−1
k−1r AkS

ν
k‖ =

= c−1
p ‖Sν

k − M̄k(ν, 0)‖ ≤ c−1
p (‖Sν

k‖ + ‖M̄k(ν, 0)‖) ≤ c−1
p (Cs + 1).� � ] � � �

>V D GK H T O H E O H A BP H O G C P H E Q I GV DKe J DP BKI C D^ R C D ‖M̄k(ν, 0)‖ ≤ 1T K N T D G C BC D R O D X DKe Z I S ν ]l X D J O BRI E ξk := ‖Mk(ν, 0)‖ ] �H Ke T D? B J BC H Ke G C P B 0V DK FRI Ce

D WH O ? F � � ] � � �^ C D H G Ce ξk < 2η(ν) T K N P GH S k ] � A DP H AI E H H GV DE D� e M

I O T F? WI I V D k ] > D GO DP BOI I I O T F? WI I X FT H C GK F R B [

k = 1 ] hH [ G C PI UC H Ke O D^ A BP H O G C P D � � ] �  �I V A H TV DK DY H OI H C H D A H E Q T K N E BC AI W M̄kT B M C

ξ1 ≤ η(ν).+HV H Ae I J � � ] � � � J B? K M R BH E T K N k > 1

ξk ≤ ‖M̄k(ν, 0)‖+ ‖pM2
k−1(ν, 0)A−1

k−1r AkS
ν
k‖ ≤

≤ η(ν) + ‖p‖ ‖M2
k−1(ν, 0)‖ ‖A−1

k−1r AkS
ν
k‖., GV DKe J FH E C HV H Ae D WH O ? I � � ] � � �^ � � ] � � �I � � ] � � � ] � DK F R BH E

ξk ≤ η(ν) + Cp ξ
2
k−1 c

−1
p (Cs + 1).

�Q V DK FRI KI A H? F A GI P O DH G D D C O DZ H OI H

ξk ≤ η(ν) + C∗ξ2k−1, k = 2, 3, . . . , l.

� � ]� � �

� A H TV DK DYI E ^ R C D D WH O ? B ξk−1 ≤ 2η(ν) F Y H T D? B J BO B ] > D Je E H E ν̄C B? DH^ R C D η(ν) ≤ 1
4C∗

T K N ν ≥ ν̄^ C D L T BV DK F RI E Y H K BH E DH ξk ≤
2η(ν) ] � D GK H T O H H O H A BP H O G C P D GK H T FH CI J � � ] �� �I O H A BP H O G C P B η(ν) +
C∗4η

2(ν) ≤ 2η(ν)^ GV A BP H T KI P D L D T K N η(ν) ≤ 1
4C∗

]� O BK D LI R O D E DY O D T D? B J BCe G S DTI E D G Ce T K N Mk(ν1, ν2)

V AI ν1 6=
0^ ν2 6= 0 ]
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��� � � � � � � �� �� �� 	� � �� �� � � � � � �� � �� � � �� � �

 ] �� 3 :5 7 � 3 5 4 �� � �� � 2 � �� G F� H G C P FH C \ F O ? WI N η(ν) : R+ → R+^ O H

J BPI GN� BN D C k^ C B? BN^ R C D η(ν) → 0V AI ν → ∞I

‖AkS
ν
k‖ ≤ η(ν)‖Ak‖ ∀ k ≥ 0.

� � ]�  �

� ] �� 3 :5 7 � 3 � � �� 3 �5 � 1� � � �$ G F� H G C P FH C ? D O G C BO C B CA > 0^ O H J BPI UGN� B N D C k^ C B? BN^ R C D

‖A−1
k − pA−1

k−1r‖ ≤ CA‖Ak‖−1 ∀ k ≥ 1.

� � ]� � �

, E H H C E H G C D C H D A H E B D G S DTI E D G CI T P F S GH C DR O D L D E H C DT B ]

� �� � � �� 9 � 9 � � �5 7 
 5 � 3 :5 7 � � 5 4 �� � �� � 2 � � � � � �� 3 �5 � 1� � � �� 9 �

�3 � 2 6 29 � 7 34 ;� 5 � � 65 7 � � 67 ν̄ > 0� 7 � �3 68 7 3 ; � �� 5 6 � ν ≥ ν̄

;� � � �

5 6 7 38 2 9 : 1 67 3 ;5 � 3 ; �7 5 � �

‖M̄k(ν, 0)‖ ≤ CAη(ν).

� � ]� � �

�3 �� � � 7 6 �
 5 7 � 3 � h D? B J BC H Ke G C P D GK H T FH CI J A BP H O G C P

M̄k(ν, 0) = (I − pA−1
k−1r Ak)Sν

k =
(
A−1

k − pA−1
k−1r

)
(AkS

ν
k ) .

f D A E FV A BP D [ R B G CI D WH OI P BH E R H A H JV A DI J P H T H OI H O D A E PQ A B Y HUOI [V DT G? D X? BEI ] h BK H H V AI E H O N H E � � ] �  �^ � � ] � � �I V DK F R BH E � � ] � � � ]A K BL DT B A N GP D [ G C P F G L K B YI P BOI N^ V A BP BN R B G Ce � � ] � � � E DY H C XQ Ce

GT H K BO B? B? F L DT O D E BK B^ P R B G C O D G CI ^ E H Oe Z H ^ J B G R H C PQ X D A B T DUG C B C DR O D X DKe Z D L D ν ] � C B D WH O ? B N P K N H C GN T D G C BC D R O Q E F GK DPI H E

G S DTI E D G CI T P F S G H C D R O D L D E H C DT B ]

� � 6 ;5 7 � � 6 � � P D [ G C P B G L K B YI P BOI N^ BV V A D? GI E B WI I I F GK DPI N � � ] �� �^� � ] � � � L B A BO CI A F M C D WH O ? F G S DTI E D G CI aU WI ? K B^ O H J BPI GN� F M D C

RI GK B GH C DR O Q S F A DP O H [ ] � C D D J O BR BH C^ R C D H GKI GK DY O D G Ce DT O D [

I C H A B WI I � DT O D L D WI ? K B � E H C DT B DV CI E BKe O B^ C ] H ]V A DV D A WI DO BKe O B

? DKI R H G C P F O HI J P H G C O Q S O B G BE D [ E H K ? D [ G H C ? H^ I κ < 1^ L T H κ DV A HUT H K H O D O B G C A BOI WH � �^ C D D X� BN GK DY O D G Ce E H C DT B^ O H D X S DTI E BN T K N

T D G CI Y H OI N K M X D [ 2� � 6� 6 ;� � ;� 2 23 : 7 38 235 7 � T K N A HZ H OI N GI G C HUE Q ^ C B? Y H DV CI E BKe O B ]

�� 1 68 � 2 � 6 � � AI G F C G C PI H E O DYI C H K H [ ‖Ak‖I ‖Ak‖−1 P V A BPQ S R BUG C N S � � ]�  �I � � ] � � � O H D XkN J BC H Ke O D^ O D N P K N H C GN B C A B TI WI H [ C P C H D AI I

E O D L D G H C D R O Q S E H C DT DPI O H GH C E H C DT DK D LI R H G? I [ GE Q GK ]

� � �! " # " �� �% �� � � $� �� %� � " $� ��

f H \ D A E BK e O D H D X=< N GO H OI H O B J P BOI [ GP D [ G C P G L K BYI P BOI N I BV UV A D? GI E B WI I E DY H C XQ Ce GK H T F M� I E $ Ak^ ? B? V A BPI K D^ N P K N H C GN

E BC AI WH [ TI G? A H CI J B WI I TI \ \ H A H O WI BKe O D L D DV H A B C D A B �U D L DV DUA N T ? B ] � D � C DE FV AI E H O H OI H Ak

? P H? C D A F x T DK Y O D BP Q T H K N Ce C P

x PQ G D? I H L B A E DOI ? I 0 C B? Y H ? B? P J N CI H P C D A D [V A DI J P DT O D [ D C

f(x) =
∑∞

m=0{am sin(mx) + bm cos(mx)} FP H KI RI C B X G DK M C O DH J O BUR H OI H ? D � \ \I WI H O C DP V AI mU Q S L B A E D OI ? B S P m2 A B J ] l WH O ? B O B

AkS
ν
kx D J O BR BH C^ R C DV D GK H V AI E H O H OI N ν G L K BYI P B M� I SI C H A B WI [

P ? K BT PQ G D? I S L B A E DOI ? P Sν
kx E BK ] l C O D GI C H Ke O D \ FO ? WI I η(ν) P

G L B YI P B M� H E GP D [ G C P H � � ]�  � D C E H CI E ^ R C D CI V I R O Q E PI T DE η(ν) N P UK N H C GN

η(ν) = O

(
1

ν

) I KI η(ν) = O

(
1√
ν

)

.

� � ] � � �

l WH O ? B T K N O D A E Q A B J O D G CI A−1
k − pA−1

k−1r

D J O BR BH C^ R C D DV H A BC D AQ

O B T P F S G D GH T OI S GH C DR O Q S F A DP O N S kI k − 1

XKI J? I ^ C ] H ] J B T BR B O B

L A F X D [ G H C ? H B

k− 1

C S D A DZ D BV V A D? GI EI A FH C J BT BR F O B X DK H H R B G C D [

GH C ? H B

k

C ]

��� � � � �� � � � �� � � �� � � � �  �� � � � � � �� �

� A H TV DK DYI E ^ R C D E B C AI W B Ah

I J � � ]  � � N P K N H C GN GI E E H C AI R O D [I

V DK DYI C H K e O D DV A H T H K H O O D [ 0 CI V I R O B N GI C F B WI N V AI V AI E H O H OI I

E H C DT B? DO H R O Q S � K H E H O C DP T K N TI G? A H CI J B WI I G BE D G DV A N Y H O O Q S

TI \ \ H A H O WI BK e O Q S J BT BR ] + B? I EI J BT BR BEI N P K N M C GN^ O BV AI E H A^P G C A H R BP Z I H GN A BO H H F A BP O H OI N TI \ \ F JI I I KI J BT BR B � F B G G D O BI J

GK H T F M� H L DV B A BL A B \ B ] hK N GI G C H E G GI E E H C AI R O Q EI E BC AI W BEI

C A H X DP BOI H D T D G C BC D R O D X DKe Z DE ? DKI R H G C P H G L K BYI P BM� I SI C HUA B WI [ E DY O DI G? K M RI Ce I J C H D A H E D G S DTI E D G CI ] � AI P H T H E OI Y H

G D D C P H C P F M� I H F C P H A Y T H OI N T K N `U WI ? K B ], C B? T K N E BC AI WQ O B G BE D [ R B G C D [ GH C ? H Al := Ah

E Q V A H T UV DK BL BH E Al = AT
l > 0 ] % BV I Ge A > 0I GV DKe J FH C GN T K N D X D J O BR H OI N

V DK DYI C H K e O D DV A H T H K H O O D [ E BC AI WQ ^ C ] H ] (Ax, x) > 0 T K N P GH S x 6= 0 ]� O BKI J G S DTI E D G CI `U WI ? K B PQ V DK O N H C GN P O D A E H^ J BT BP BH E D [ DV HUA B C D A DE Al

‖ · ‖Al
:= 〈Al·, ·〉

1
2 .% B T BTI E DV H A BC D AQ V A DT DK Y H OI N^ V A DH? CI A DP BOI NI DV H A BC D A O B

L A F X D [ GH C ? H ? BO DOI R H G? I E D X A B J DE $

r = p∗, Ak−1 = r Ak p.

� � ] � � �

� P D [ G C P B G L K B YI P BOI NI BV V A D? GI E B WI I FT D XkO DV D C A H X DP B Ce P O H E O DUL DI J E H O H O O DE PI T H ] � P D [ G C P D G L K BYI P BOI N $V F G Ce E BC AI W B X B J DPQ S



�� �� � % "! & � " % �� � � $� �� % �� � " $� �� " % " � �& " $ � $ � "� "� & �� "� � � % " � �

I C H A B WI [ O B �U DE G H C D R O DE F A DP O H I E H H C PI T Sk = I − W−1
k Ak

G

V H A H D X F GK BP KI P BC H K H E Wk^ T K N ? D C D A D L D PQ V DK O N H C GN

Wk = W T
k ≥ Ak.

� � ] � � �

� P D [ G C P D BV V A D? GI E B WI I V D C A H X FH E P PI T H � G A BP OI C H G � � ] � � � �

‖A−1
k − pA−1

k−1r‖ ≤ CA‖Wk‖−1.

� � ] � � �

f BV AI E H A^ P E H C DT H �? D XI GV B A BE H C A DE wI E H H E Wk = 1
w

� � � � (Ak) ]* GK DPI M � � ]� � � E DY O D P GH L T B FT DP K H C P D AI Ce P Q XI A B N V B A BE H C A wT D G C BC D R O D E BK Q E ] j D O G C BO C B CA

I J � � ] � � � X FT H C^ P D D X� H L DP D A N^ J BUPI GH Ce D C w ]� AI P H T H E X�H J T D? B J B C H K e G C P B D GO DP O F M C H D A H E F D G S DTI E D G CI `UWI ? K B ]
� �� � � �� 9 � ' � �� � � 6� 68 �5 � 6 2 2 9 � � 9 � 6 �5 �3� � � � � � ] � � ��� � � ] � � � 	�

� � � �5 � 3 ; �7 5 � �� � �� 3 �� � 3 �
 23 1 2 6 2 � � 6� 3 18 �5 � 6 �� 6 ;� � � � �35 7 �

5 4 �� � �� � 2 � :
� �� �8 6 1

‖Ml(ν1, ν2)‖Al
≤ CA
√

(CA + ν1)(CA + ν2)
,

� � ] � � �

4 ; 6 CA


 �3 25 7 � 27 � �� � � ] � � � �

#� H A B J D X A BCI E P OI E BOI H^ R C D C H D A H E B � ] � L B A BO CI A FH C G S DTI UE D G Ce `U WI ? K B F Y H V AI DT O DE V A H T U I V D G C U G L K BYI P BOI I ] > D X� H E

GK FR BH O BEI XQ K B F G C BO DP K H O B G S DTI E D G Ce aU WI ? K B T K N T D G C BC DR UO D X DKe Z D L D RI GK B G L K B YI P BM � I SI C H A B WI [ ] hK N G BE D G DV A N Y H O O Q S

J B T BR G S DTI E D G Ce aU WI ? K B E DY O D T D? B J BCe C B? Y H V AI DT O D [ G L K BUYI P B M� H [I C H A B WI I O B? BY T DE GH C DR O DE F A DP O H^ DT O B? DI J P H G C O Q H

BP C D A BE D WH O ? I O D A E Q E BC AI WQ I C H A B WI [ P H Ge E B L A DE D J T ? I ^ I V AI UP DTI Ce GN O H X FT F C ]

�� � �. $7 ' 4 -. , / , *0 % ,1 . ,/ , -0 % ,3 $ . $+ " ' �

-0 " 0 4 $ 3 $1 '  ) $ * * ,. $

� AI E H OI E V DK F R H O O Q H A H J FKe C BCQ T K N T D? B J B C H Ke G C P B G S DTI E D G CI`U I aU WI ? K DP E O D L D GH C DR O D L D E H C DT B T K N O B S DY T H OI N V AI XKI Y H O UO D L D? DO H R O DU �K H E H O C O D L D A HZ H OI N J BT BRI � F B G G DO B$
−∆u = f P Ω, u|∂Ω = 0, Ω ∈ R

2,

� � ] � � �

�� �! " # " �� �% �� � � $� �� %� � " $� ��

L T H ∆ :=
∑2

i=1
∂2

∂x2
i

^ Ω 0 D L A BOI R H O O BN D XK B G Ce ] A DK H H C D L D^ R C D XQ

I J X�H Y BCe L A DE D J T ? I S C H SOI R H G? I S T H C BK H [^ X FT H E G RI C BCe ^ R C D Ω 0E O D L D F L DKe OI ? ]� K B X BN V D G C BO DP ? B J BT BRI G D G C DI C P O B S DY T H OI I u ∈ H1
0(Ω)^ FT DUP K H C P D A N M� H [ A BP H O G C P F

a(u, v) = (f, v) ∀ v ∈ H1
0(Ω),

� � ] �� �

L T H

a(u, v) :=

∫

Ω

2∑

i=1

∂u

∂xi

∂v

∂xi
dx, (f, v) :=

∫

Ω

f v dx ∀u, v ∈ H1
0(Ω).

� A H TV DK DYI E ^ R C D O BV D GK H T DP BC H Ke O D G CI A BP O DE H A O DI J E H Ke UR H O O Q S G H C D? Tk

J BT BO B GI G C H E B P K DY H O O Q S? D O H R O DU �K H E H O C O Q SV A DUG C A BO G C P

U0 ⊂ U1 ⊂ · · · ⊂ Uk ⊂ · · · ⊂ Ul ⊂ H1
0(Ω),

V AI R H E G BE B N L A F X B N G H C ? B N P K N H C GN ? DO \ D A E O D [ A H L FK N A O D [ C AI UBO L FK N WI H [ � ] � A D G C A BO G C P B

Uk

G D G C DN CI J? F G DR O DU V DKI O DEI BKe O Q S\ F O ? WI [ G C HV H OI O H PQ Z H d ] � A H TV DK DYI E ^ R C D G D D C P H C G C P F M� I [

V B A BE H C A TI G? A H CI J B WI I FT DP K H C P D A N H C F GK DPI M $

c02
−k ≤ hk

h0
≤ c12

−k,

� � ] �  �

c0, c1

O H J BPI GN C D C k^ B D XK B G Ce Ω C B? BN^ R C D T K N f ∈ L2(Ω) A HZ H OI H

uV AI O BT K H YI C H2(Ω)I PQ V DK O H O B D WH O ? B �  ] � � ] � D GK H T O H H F GK DPI H

O D GI C O B J P BOI H H2U A H L FK N A O D G CI I D X G F Y T BK D Ge O B G C A ]  � ]� T H K BO O Q H PQ Z H V A H TV DK DY H OI N T BK H? D O H P GH L T B PQ V DK O N M C GN

O BV A B? CI ? H ] + B? ^ P K DY H OI H

Uk−1 ⊂ Uk

O HI E H H C E H G C DV AI I GV DKe J DUP BOI I O H? D O \ D A E O Q S? DO H R O Q S �K H E H O C DP ] # GKI D XK B G Ce Ω N P K N H C GN

E O D L D F L DKe OI ? DE ^ C D F GK DPI H H2U A H L FK N A O D G CI PQ V DK O N H C GN KI Z e P

GK FR BH D C G F C G C PI N P S DT N� I S F L K DP ] * GK DPI H � � ] �  � E DY H C O B A FZ B Ce UGN V AI G L F� H OI I GH C ? I P ? B? D [U C D R B G CI D XK B G CI ] > D P G H S � CI S GK F R BUN S E O D L D GH C DR O Q [ E H C DT E DY H C^ C H E O H E H O H H^ F GV HZ O DV AI E H O N Ce GN^DT O B? D H L D BO BKI J F GK DY O N H C GN ] �Q O H X FT H E A B G GE BC AI P B Ce P O BZ H E

? F A G H V DT D X O Q H B GK DY O Q H GK F R BI C ] , S D X J D A E DY O D O B [ CI P ?   @ ]

�� ' � � � � *� � � &� *� � �#� � + �� � � � .� �  � �� * �� # � �� �� ' � �� . � � �� � � �� � . �� -

� � $ � '! �� . �� � � �� � . �� � � � �� � �� � * � �� ! �� . � � . �� � � � *% � �� ( � * �#� � + * � � &

� *� � �#� � + �� � � � � � ' � � �� ,� � � � �� � � �� % � &� # � � � � �- ' � �� � �� � �� *� � �#� � + �� �

+ � � + �� � + * � � � �� � * � � & �� � � �� � � �� � � $� � � � ' � �� � �� � � (
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A FT H E GRI C B Ce ^ R C DV A D G C A BO G C P B

Uk

BV V A D? GI EI A F M C H1
0

P GE Q GUK H^ A B GZ I \ A DP BO O DE O BEI P �  ] � ] �I E H O O D^ T K N V A DI J P DKe O D [

v ∈
H1

0 ∩ H2(Ω) O B [ T H C GN vk ∈ Uk^ C B? BN R C D

‖v − vk‖1 ≤ c hk‖v‖H2 .

� � ] � � �

� F G Ce f ∈ L2(Ω)^ I uk ∈ Uk

0 A HZ H OI H ? DO H R O DU � K H E H O C O D [ J B T BURI ^ ? D C D A BN BV V A D? GI EI A FH C � � ]� � � P V A D G C A BO G C P H

Uk

$

a(uk, vk) = (f, vk) ∀ vk ∈ Uk.

� � ] �� �

� S DTI E D G Ce E H C DT B? DO H R O Q S �K H E H O C DP P L2

U I H1U O D A E H D J O BR BH C

PQ V DK O H OI H D WH O D?

‖u− uk‖0 ≤ c h2
k‖u‖H2 , ‖u− uk‖1 ≤ c hk‖u‖H2 .

� � ] � � �

A K BL DT B A N �  ] � �V DK F R BH E

‖u− uk‖0 + hk‖u− uk‖1 ≤ c h2
k‖f‖0,

� � ] � � �

L T H u 0 A HZ H OI H J B T BRI � � ] � � � ]� B C AI W B Al

O B E H K ? D [ GH C ? H DV A H T H K N H C GNI J G D D C O DZ H OI N

〈Alz, y〉Rl
= a(Plz, Ply) ∀ z, y ∈ Rl,

� � ] �� �

BV A BP BN R B G Ce fl

I J G D D C O DZ H OI N

〈fl, y〉Rl
= (f, Ply) ∀ y ∈ Rl,

� � ] � � �

L T H 〈z, y〉Rk
= h2

k

∑nk

i=0 ziyi ] f BV DE OI E ^ R C D Pk : Rk → Uk

0 H G C HUG C P H O O Q [I J DE D A \I J E E H Y T FV A D G C A BO G C P DE ? D � \ \I WI H O C DP

Rk

I

V A D G C A BO G C P DE ? D O H R O DU �K H E H O C O Q S \ F O ? WI [

Uk^ BV A DT DK Y H OI HI

V A D H? CI A DP BOI H J BT B M C GN A BP H O G C P BEI

p = P−1
k Pk−1, r = p∗.

� � ] �� �

lV H A BC D A r G DV A N Y H O ? p D C O D GI C H Ke O D G? BK N A O D L DV A DI J P H T H OI N P

Rk^ C ] H ] 〈p x, y〉Rk
= 〈x, r y〉Rk−1

∀ x ∈ Rk−1, y ∈ Rk ] + B? ^ P GK F R BH

? F G DR O DU KI O H [ O Q S � K H E H O C DP T K N PQ RI GK H OI N J O BR H OI N r uh

P D P O FUC A H O O H E F JK H L A F X D [ G H C ? I C A H X FH C GN V A D G FE EI A DP B Ce J O BR H OI N uh^P J N CQ H P T BO O DE F J K HI G D G H T OI S G OI E G P H G BEI ^ V D? B J BO O Q EI O B

AI G F O ? H � ] � ] % T H Ge I GV DKe J DP BO D A BP O DE H A O DH A B J XI H OI H GZ BL DE hkT K N E H K ? D [ GH C ? I I hk−1 = 2hk

T K N L A F X D [ ] % O BR H OI N p u2h
P GI K F

KI O H [ O D G CI �K H E H O C DP P Q RI GK N M C GN GK H T F M � I E D X A B J DE $ H GKI F J H K

V AI O BT K H YI C L A F X D [ G H C ? H^ C D J O BR H OI H P O H E G D S A BO N H C GN � H GKI O H

V AI O BT K H YI C^ C D X�H A H C GN KI O H [ O BNI O C H AV DK N WI N V D T P FE J O BR H OI N E

P F JK B S L A F X D [ GH C ? I ^ A B GV DK DY H O O Q S O B C DE Y H A H X A H C A H F L DKe OI ? B

A B J XI H OI N B

2h

C ]

� � �! " # " �� �% �� � � $� �� %� � " $� ��

hk−1

1
4

1
8

1
8

1
8

1
8

1
8

1
8

0

0

g P H AZ I O Q ^ V AI O B T UK H Y B� I H ? B? L A F X D [^C B? I E H K ? D [ G H C ? H

g P H AZ I O Q ^ V AI O B T UK H Y B� I H C DKe ? DE H K ? D [ G H C ? H

hk













�I G ] � ] � $ i B XK DO T K N DV H A BC D A BV A D H? CI A DP BOI N r G E H K ? D [ G H C ? I

O B L A F X F M P GK F R BH ? F G DR O DU KI O H [ O Q S � K H E H O C DP ]

��� �� � � � � � �� � �� � � �� �� � � � �� � �� � � �� � �

f BZ V K BO V A DP H A? I GP D [ G C P B BV V A D? GI E B WI I GK H T F M� I [ ] � O BR BK B

V H A H [ T H E I JV A D G C A BO G C P B? D � \ \I WI H O C DP

Rk

P V A D G C A BO G C P D? DO H R O DU�K H E H O C O Q S \ F O ? WI [

Uh^ L T H P D GV DKe J FH E GN GP D [ G C P DE ? DO H R O DU � K HUE H O C O D L D A HZ H OI N BV V A D? GI EI A DP BCe A HZ H OI H TI \ \ H A H O WI BKe O D [

J B T BRI ] � D GK H � C D L D G DP H AZ I E D X A BC O Q [V H A H S DT P

Rk ]� DK e J F N Ge DV A H T H K H OI H E O D A E Q E BC AI WQ ? B? DV H A BC D A B^ GP D [UG C P D BV V A D? GI E B WI I � � ]� � �V H A HV I Z H E P PI T H

‖(A−1
k − pA−1

k−1r)fk‖
‖fk‖

≤ CA‖Ak‖−1

I KI

‖zk − p zk−1‖ ≤ CA‖Ak‖−1‖fk‖,

� � ] � � �

L T H Akzk = fk^ Ak−1zk−1 = r fk^ fk 0V A DI J P DKe O Q [ �K H E H O C I J

Rk ]� D G? DKe ? F J B T BO H G C H G C P H O O Q [I J DE D A \I J E E H Y T F

Rk

I V A D G C A BO UG C P DE ? D O H R O Q S �K H E H O C DP

Uk^ C DV A DP H A? F � � ] � � � FT D X O D GP H G CI ?

D WH O ? H O D A E Q A B J O D G CI ? D O H R O DU �K H E H O C O Q S A HZ H OI [ O B B G D GH T OI S C

GH C DR O Q S F A DP O N S ] � H A H J P ∗k D X D J O BRI E DV H A BC D A G DV A N Y H O O Q [ ?

H G C H G C P H O O DE FI JI E D A \I J E F Pk : Rk → Uk ] � F G Ce Fk = (P ∗k )−1fk,
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Fk ∈ Uk^ B uk ∈ Uk

I uk−1 ∈ Uk−1

0 A HZ H OI N J BT BR

a(uk, φ) = (Fk, φ) ∀φ ∈ Uk

a(uk−1, φ) = (Fk, φ) ∀φ ∈ Uk−1.�V A BP H T KI P Q A BP H O G C P B

zk = P−1
k uk, p zk−1 = P−1

k uk−1.� K H T DP BC H Ke O D^ T K N T D? B J B C H K e G C P B � � ] � � � T D G C BC D R O DV A DP H AI Ce

D WH O ? F A B J O D G CI ? D O H R O DU �K H E H O C O Q S A HZ H OI [ O B G D GH T OI S G H C D R O Q S

F A DP O N S

C ‖uk − uk−1‖0 ≤ cCA‖Ak‖−1‖Fk‖0.

� � ] �� �

j DO G C BO CQ cI CV DN PI KI Ge I J D WH O D? �  ]  � � O B O D A E Q I J DE D A \I JUE DP Pk

I P−1
k

] f H J BPI GI E D G Ce � CI S? DO G C BO C D C k GK H T FH CI J O BZ I S

V A H TV DK DY H OI [ O B GH C ? FI H HI J E H Ke R H OI H ]f D A E B A B J O D G CI uk−uk−1

D WH OI P BH C GN R H A H J B XKI J D G Ce C

uk

I uk−1? A HZ H OI M TI \ \ H A H O WI BKe O D [ J BT BRI $

‖uk − uk−1‖0 ≤ ‖u− uk‖0 + ‖u− uk−1‖0,

L T H u 0 A HZ H OI H J B T BRI

a(u, φ) = (Fk, φ) ∀φ ∈ H1
0(Ω).

+HV H Ae P D GV DK e J FH E GN D WH O ? D [ � � ] � � �^ ? B? P

Uk^ C B? I P

Uk−1

$

‖u− uk‖0 ≤ c h2
k‖Fk‖0,

‖u− uk−1‖0 ≤ c h2
k−1‖Fk‖0,

B C B? ? B? hk−1 ≤ c hk^ C D

‖uk − uk−1‖0 ≤ c h2
k‖Fk‖0.

� � ] �  �

l G C BK D Ge V D? B J BCe ^ R C D h2
k ≤ c ‖Ak‖−1 ] hK N � C D L D P D GV DK e J FH E GN

B D X A BC O Q E C O H A BP H O G C P DE T K N ? D O H R O DU �K H E H O C O Q S \ F O ? WI [ $
‖vk‖1 ≤ c h−1

k ‖vk‖0 ∀ vk ∈ Uk.
� � ] � � �

j DO G C BO C B c P � � ] � � � J BPI GI C D C PI T B? D O H R O Q S �K H E H O C DP � D C G C HV H OI

V DKI O DE DP �^ O D O H J BPI GI C D C k ] � DK F R BH E T K N V A DI J P DKe O D L D y ∈ Rk

$

〈Aky, y〉Rk
= a(Pky, Pky) = ‖Pky‖2

1 ≤ ch−2
k ‖Pky‖2

0 ≤ c0h
−2
k ‖y‖2

Rk
.

� � �! " # " �� �% �� � � $� �� %� � " $� ��

+ B? ? B? E B C AI W B Ak

GI E E H C AI R O B^ C D O H A BP H O G C P D

〈Aky, y〉Rk

‖y‖2
Rk

≤ c0h
−2
k

P K H R H C D WH O ? F O B λmax(Ak)^ B GK H T DP B C H K e O DI O B GV H? C A BKe O F M O D AUE F � P G H λ(Ak)V DK DYI C H Ke O Q � $

‖Ak‖ ≤ c h−2
k .

� � ] �� �

+HV H Ae O H A BP H O G C P D � � ] �  � E DY O DV H A HV I G B Ce ^ ? B?

‖uk − uk−1‖0 ≤ c ‖Ak‖−1‖Fk‖0.� P D [ G C P D BV V A D? GI E B WI I T K N J BT BRI � F B G G DO B T D? B J BO D ]hK N T D? B J BC H Ke G C P B G S DTI E D G CI `U WI ? K B GP D [ G C P D BV V A D? GI E BUWI I C A H X FH C GN P PI T H � � ] � � � ] # GKI P ? BR H G C P H G L K BYI P BM� I SI C H A BUWI [ PQ X A BO E H C DT �? D XI GV B A BE H C A DE ^ C D Wk = 1
wDk ] hK N V A DP H A? I

� � ]� � � T D G C B C DR O DV A DP H AI Ce ^ R C D ‖Wk‖ ≤ c‖Ak‖I KI ‖Dk‖ ≤ c‖Ak‖^H GKI V B A BE H C A A H K B? G B WI I w O H J BPI GI C D C k ] f D Dk =

� � � � (Ak)^V D � C DE F P GH L T B GV A BP H T KI P D ‖Dk‖ ≤ ‖Ak‖ ] � A DP H A? B D WH O ? I ‖Wk‖ ≤
c‖Ak‖ T K N G L K BYI P BOI [ GI E E H C AI R O Q E E H C DT DE 	 B F G G Bg % H [ T H K N X FUT H C V A DP H T H O B P ? D O WH GK H T F M� H L DV B A BL A B \ B ]

��� �� � � � � �� �� �� 	� � �� �� ��

> GI E E H C AI R O DE GK F R BH G C BO T B A C O Q E I O G C A FE H O C DE T K N V A DP H A? I

GP D [ G C P B G L K BYI P BOI N N P K N H C GN

� � � �� 9 � 	 � � �5 7 
 1 � 7 � � � � B 7 � �� �� 8 7 3 0 ≤ B = BT ≤ I, 7 34 ;�

‖B(I −B)ν‖ ≤ 1

1 + ν
, ν ≥ 0.

� � ] � � �

�3 �� � � 7 6 �
 5 7 � 3 � + B? ? B? B = BT , C D

‖B(I −B)ν‖ = max
λ

{|λ(1 − λ)ν | : λ ∈ � � (B)}.

� D F GK DPI M λ(B) ∈ [0, 1]^ V DK FR BH E

‖B(I −B)ν‖ = max
x∈[0,1]

x(1 − x)ν .

> F O ? WI N f(x) = x(1 − x)ν T D G CI L BH C O BI X DKe Z H L D J O BR H OI N P x0 =
1

1+ν .

� H L? D F X H TI Ce GN^ R C D f(x0) ≤ 1
1+ν .



�� �� � % "! & � " % �� � � $� �� % �� � " $� �� " % " � �& " $ � $ � "� "� & �� "� � � % " � �

� A DP H AI E G L K BYI P BM� H H GP D [ G C P D T K N E H C DT B �? D XI GV B A BE H C UA DE I GI E E H C AI R O D L D E H C DT B 	 B F G G Bg % H [ T H K N ] � F G Ce φk
i

0 iU B N K DU? BKe O BN X B JI G O BN \ F O ? WI NI J

Uk^ C D L T B TI BL D O BKe O Q H �K H E H O CQ E B C UAI WQ Ak

E DY O D D WH OI Ce ^ I G S DT NI J DV A H T H K H OI N

(Dk)ii = (Ak)ii = h−2
k a(φk

i , φ
k
i ) = h−2

k ‖φk
i ‖1 ≥ c1h

−2
k .

� � ] � � �

, GV DKe J FN ‖D−1
k ‖ = maxi(Dk)−1

ii ≤ c−1
1 h2

k

I � � ] �� �^ V DK F R BH E T K N

c2 = c0c
−1
1

‖Ak‖ ≤ c2‖D−1
k ‖−1.� DK DYI E P E H C DT H �? D XI w = 1

c2

^ C D L T B T K N Wk = 1
wDk

K H L? DV A DP HUAI Ce

0 ≤W−1
k Ak ≤ I.

� � ] � � �

hK N GI E E H C AI R O D L D E H C DT B 	 B F G G Bg % H [ T H K N P ? BR H G C P H G L K B YI P BOI [

I E H H E

Wk = (Lk +Dk)D−1
k (Dk + LT

k ) = Ak + LkD
−1
k LT

k ≥ Ak,

R C D T D? B JQ P BH C � � ] �� � T K N GI E E H C AI R O D L D 	 B F G G Bg % H [ T H K N ]% BE H CI E ^ R C D D WH O ? B � � ] � � � N P K N H C GN G L K BYI P BM � I E GP D [ G C P DE I

T K N T D? B J B C H Ke G C P B G S DTI E D G CI `U WI ? K BI J � � ]� ]� ]� A DP H AI E ^ R C D

‖Wk‖ ≤ c ‖Ak‖.

� � ] � � �

hK N E H C DT B �? D XI � � ] � � � XQ K D F G C BO DP K H O D P ? DO WH V A H T Q T F� H L DV BUA BL A B \ B ] hK N GI E E H C AI R O D L D E H C DT B 	 B F G G Bg % H [ T H K N � � ] � � � GK H T FH C

I J GK H T F M� I S A B G G F Y T H OI [ ] j BY T B N X B JI GO BN \ FO ? WI N P

Uk

I E HUH C O H O FK H P D H V H A H G H R H OI H O D GI C H K H [ G? D O H R O Q E I O H J BPI GN� I E D C

k RI GK DE T A F LI S X B JI GO Q S \ F O ? WI [ ] � C D RI GK D G DPV BT BH C ? DKI R HUG C P DE O H O FK H PQ S �K H E H O C DP P G D D C P H C G C P F M� H [ G C A D? H E BC AI WQ Ak ]� D � C DE F^

‖Lk‖2 ≤ ‖Lk‖1‖Lk‖∞ =
(

max
j

nk∑

i=j+1

|(Ak)ij |
)(

max
i

i−1∑

j=1

|(Ak)ij |
)

≤

≤ cmax
i,j

(Ak)2ij ≤ c‖Ak‖2.
� � ] �� �

� K H T DP BC H Ke O D^

‖Wk‖ = ‖Ak + LkD
−1
k LT

k ‖ ≤ ‖Ak‖ + ‖Lk‖2‖Dk‖−1 ≤ c‖Ak‖.

�� �! " # " �� �% �� � � $� �� %� � " $� ��

� D? B Y H E ^ R C D P Q V DK O N H C GN G L K BYI P BM � H H GP D [ G C P D^ ? D C D A D H C A HUX FH C GN T K N BO BKI J B aU WI ? K B ] �I E H O O D^ T D? BY H E ^ R C D

‖AkS
ν
k‖ ≤ c

ν + 1
‖Ak‖.

� � ] � � �

l X D J O BRI E B = W
− 1

2

k AkW
− 1

2

k

^ C D L T B � � (B) = � � (W−1
k Ak) ⊂ [0, 1] ]+ B? ? B? Sk = I −W−1

k Ak^ C D

‖AkS
ν
k‖ = ‖W

1
2

k B(I −B)νW
1
2

k ‖ ≤ ‖Wk‖‖B(I −B)ν‖ ≤

≤ 1

1 + ν
‖Wk‖ ≤ c

1 + ν
‖Ak‖.

� � ] �� �

+ B? I E D X A B J DE ^ V A DP H A H O Q O H D X S DTI E Q H F GK DPI N T K N C H D A H E � ] I� ] � ] � K H T DP B C H Ke O D^ G S DTI E D G Ce `U WI ? K B� DTI O B? DP Q E RI GK DE V A H T UI V D G C G L K B YI P BOI [I G S DTI E D G Ce aU WI ? K B G RI GK DE V A H T U I KI V D G C UG L K BYI P BOI [ X DKe Z I E O H? D C D A D L D ν̄ > 0 T K N ? D O H R O DU �K H E H O C O D [

BV V A D? GI E B WI I J BT BRI � F B G G DO B T D? B J BO Q ]> GK F R BH^ H GKI Ak

I KI Wk

0 O H GI E E H C AI R O Q H E BC AI WQ ^ C D K H E UE B � ]  O H V DT S DTI C T K N V A DP H A? I GK B YI P BM � H L D GP D [ G C P B X B J DPQ S

I C H A B WI [ ] + B? D X G C DN C T H K B^ H GKI T K N G L K BYI P BOI [I GV DKe J FH C GN E HUC DT 	 B F G G Bg % H [ T H K N � O H GI E E H C AI J DP BO O Q [ �I KI E H C DT �� �^ B C B? Y H

H GKI I G S DT O B N J B T BR B O H G BE D G DV A N Y H O O BN^ ? B? ^ O BV AI E H A^ F A BP O H OI H

? DO P H? WI I U TI \ \ F JI I ] j A DE H C D L D^ I GV DKe J DP BOI H K H E E Q � ]  XQ P BH C

J B C A FT OI C H Ke O D^ H GKI GP D [ G C P D G L K BYI P BOI N C A H X FH C GN V A DP H AI Ce P

O D A E H^ D C KI R O D [ D C GV H? C A BKe O D [ ]> O H GI E E H C AI R O DE GK F R BH V DT S DT N� I E I O G C A FE H O C DE E DY H C GK FUYI Ce GK H T F M� BN K H E E B �I J P H G C O BN ? B? K H E E B � � G? I O B � � �� � � � � �I

GK H T G C PI HI J O H H ]

� � � �� 9 � 9 � � �5 7 
 ; � � 1� 7 � � �9 B ∈ R
n×n� 9 � 3 � 2 6 23 ‖B‖ ≤ 1�2 6 �3 7 3 � 3 : 3 � 6 � � 7 3 � 2 3 : 23 � 1 6 � �34 ;� � 7 3 : � 6 23 � 1 65 �� �� 6 ; � �� 3

‖(I −B)(I +B)ν‖ ≤ 2ν+1

√

2

πν
, ν = 1, 2, 3, . . . .

� � ] �  �

h D? B J BC H Ke G C P D K H E E Q E DY O DV A DR H G Ce ^ O BV AI E H A^ P ? �� @ ] � K H T UG C PI H E K H E E Q N P K N H C GN C H D A H E B^ F G C BO BP KI P BM � B N G L K B YI P BM � H H

GP D [ G C P D T K N I C H A B WI DO O Q S E H C DT DP G E BC AI WH [I C H A B WI [

Sk = I −W−1
k Ak.



�� �� �% �� � � $� � � %� � " $� ��� "� � $ � $ � �� � ! "# ! & # "� $! � � �

� DK BL BN P K H E E H � ] �

B = I − 2W−1
k Ak

I V A DP H A N N^ R C DV AI C B? DE

PQ X D A H

‖AkS
ν
k‖ =

(
1

2

)ν+1

‖Wk(I −B)(I +B)ν‖,

V DK F R BH E GK H T F M� F M C H D A H E F ]

� �� � � �� 9 � �� �� 6 ; � 3 �3 � � 1� 8 7 3 � 2 6 �3 7 3 � 3 : 2 3 � 1 6� 9 � 3 � 2 6 23

‖I − 2W−1
k Ak‖ ≤ 1

� � ] � � �

‖Wk‖ ≤ C‖Ak‖,

� � ] � � �

7 34 ;� 5 �� �� 6 ; � �� 3 5 4 �� � �� � � � 6 65 � 3 :5 7 � 3

‖AkS
ν
k‖ ≤ C

√

2

πν
‖Ak‖.

� � ] � � �

� AI E H O H OI H � C D [ C H D A H E Q T K N T D? B J B C H K e G C P B G L K BYI P BM � H L D

GP D [ G C P B E H C DT B E H C DT B �� � T K N BV V A D? GI E B WI [ F A BP O H OI N � F B GUG D O B KI O H [ O Q EI ? DO H R O Q EI �K H E H O C BEI E DY O DV D GE D C A H Ce P ?   @ ]

�� � �. , / , *0 % ,1 . 2 ( -0 % ,3 & $ &+ 0 " 0 , 6 ) *7 $� �

7 ' � $% 0 7 �

j B? I P V A H T Q T F� H E A B J T H K H^ O B GI O C H A H G FH C J B T BR B O B S DY T H OI N

A HZ H OI N GI G C H E Q KI O H [ O Q S BK L H X A BI R H G? I S F A BP O H OI [

A z = b.

� � ] � � �

� A H TV DK DYI E A = AT > 0 ] � H A H J η D X D J O BRI E GV H? C A BK e O D H RI GK D

D X F GK DP K H O O D G CI E BC AI WQ A$

η =� �  �

(A) := ‖A‖‖A−1‖ =
λmax(A)

λmin(A)
.

f BV AI E H A^ T K N E B C AI WQ ^ V DK F R H O O D [ T K N DT O DE H A O D L D F A BP O H OI N

TI \ \ F JI I � G C A ]  � �^ G D X G C P H O O Q H J O BR H OI NI J P H G C O Q ^ I E Q J B? K M R BUH E I J � � ] � �

η =
cos2( 1

2 π h)

sin2( 1
2 π h)

= O(h−2) V AI h→ 0.

� � ] � � �

� AI D C G F C G C PI I T DV DK OI C H Ke O D [I O \ D A E B WI I D G C A F? C F A HI GV H? C A H

E BC AI WQ A DT OI E I J K F R Z I SI C H A B WI D O O Q S E H C DT DP N P K N H C GN E H C DT

�� �! " # " �� �% �� � � $� �� %� � " $� ��

G DV A N Y H O O Q S L A BTI H O C DP ] � H C DT C A H X FH C O B? BY T D [I C H A B WI I DT O D L D

I KI T P F S � P J BPI GI E D G CI D C A H BKI J B WI I �V AI E H O H OI [ DV H A BC D A B A?O H? D C D A DE F P H? C D A F $

zi+1 = zi + αi(z
i − zi−1) + βi(Azi − b),

� � ] � � �

V B A BE H C AQ αiI βi P Q RI GK N M C GN P V A D WH G GH I C H A B WI [ � � ] � � � ] hK N

DZ I X? I GV A BP H T KI P D $

‖z − zk‖ ≤ 2

(√
η − 1

√
η + 1

)k

‖z − z0‖, k = 1, 2, . . . .

� � ] � � �

# GKI η � 1^ ? B? V A DI G S DTI C P � � ] � � �V AI E BK Q S h^ C D O D A E B DZ I X? I

F XQ P BH C E H T K H O O D ]� A H TV DK DYI E ^ R C D P O BZ H E A B GV D A N Y H OI I I E H H C GN DV H A BC D A B =
BT > 0 C B? D [^ R C D� �  �

(BA) = η̄ � η

� O BV DE OI E ^ R C D� � �

(AB) =� �  �

(BA)

�^ I T K N V A DI J P DKe O D L D P H? C D A B x E DY O D � \ \ H? CI P O D � PQ URI GKI Ce Bx ] + D L T B P E H G C D � � ] � � � A HZ BH E GI G C H E F

BAz = b̄, b̄ = Bb I KI AB z̄ = b, z = B z̄.

� � ] � � �

lV H A BC D A AB G BE D G DV A N Y H O P G? BK N A O DE V A DI J P H T H OI I (B·, ·)^ �

DV H A B C D A BA P (B−1·, ·)I KI (A·, ·) ] lV H A BC D A B O B JQ P BH C GN V H A H UD X F GK BP KI P B C H K H E ] � H C DT G DV A N Y H O O Q S L A B TI H O C DP^ V AI E H O H O O Q [?

� � ] � � �^ X FT H C D X H GV H RI P BCe G S DTI E D G Ce P O D A E H ‖·‖B

�I KI ‖·‖B−1

� G

K F R Z I E V D? B J BC H K H E G S DTI E D G CI V D G A BP O H OI M G � � ] � � �

‖z− zk‖B ≤ 2

(√
η̄ − 1√
η̄ + 1

)k

‖z − z0‖B , k = 1, 2, . . . .

� � ] �� �

� F G Ce T K N A HZ H OI N GI G C H E Q � � ] � � � J BT BO Q I C H A B WI I PI T B$

zi+1 = Mzi +Nb,

� � ] �  �

L T H M 0 E BC AI W BI C H A B WI [ ] � B J FE O Q E C A H X DP BOI H E ^ ? D C D A DH^ P R B G C UO D G CI ^ PQ V DK O N H C GN T K N P G H S X B J DPQ SI C H A B WI D O O Q S E H C DT DP^ N P K N UH C GN C D^ R C D A HZ H OI H GI G C H E Q z = A−1b N P K N H C GN O HV DT PI Y O D [ C DR U? D [ T K N � � ] �  � $

z = Mz +Nb.

� C D E DY O DV H A HV I G BCe ? B?

A−1b = MA−1b +Nb.

�� � � �� � + � ��  � ! $� � �� � * ��� + Bx� � � *� �� �� � $ �� ' � & � � �/ � � �� � � �� � �� � �� � �

� �� $� � � � �� �� Ax (



�� �� �% �� � � $� � � %� � " $� ��� "� � $ � $ � �� � ! "# ! & # "� $! � � �

> GI K FV A DI J P DKe O D G CI bV D GK H T O H H P K H R H C

A−1 = MA−1 +N

I KI

N = (I −M)A−1.

� � ] � � �

� F G Ce M = Ml

0 E BC AI W BI C H A B WI I � DT O D L D WI ? K B � E O D L D GH C DR UO D L D E H C DT B T K N A HZ H OI N � � ] � � � ] � A H TV DK DYI E ^ R C D E O D L D GH C DR O Q [

E H C DT G S DTI C GN I ‖M‖ ≤ ξ < 1 ] � D G C A DI E V H A H D X F GK BP KI P BC H Ke BT K N E BC AI WQ A GK H T F M � I E D X A B J DE $ T K N V A DI J P DK e O D L D x ∈ Rl

J BUT B TI E V A BPI K D T K N P Q RI GK H OI N y = Bx ] �I E H O O D^ P H? C D A y N P K N UH C GN V AI XKI Y H OI H E ? A HZ H OI M GI G C H E Q Aȳ = x^ V DK F R H O O Q E V D GK H

PQ V DK O H OI N kI C H A B WI [ � WI ? K DP � E O D L D GH C DR O D L D E H C DT B G 2 � � 6� 9 1

O BR BKe O Q E V AI XKI Y H OI H E y0 = 0 :

y = Mky0 +Nx = Nx.

� DK e J F N Ge V A H T G C BP K H OI H E � � ] � � �^ V DK F R BH E $

B = N = (I −Mk)A−1, k = 1, 2, . . . .

� � ] �� �

l C E H CI E ^ R C D A BP H O G C P D � � ] �� � GK F YI C T K N BO BKI CI R H G? I SI G GK HUT DP BOI [ OI Y H^ B O H T K N \ B? CI R H G? D L D PQ RI GK H OI N B ] � AI RI GK H O UO D [ A H BKI J B WI I E BC AI W B B N P O D O H P Q RI GK N H C GN^ B J BT BH C GN V A BPI K D

FE O DY H OI N B O BV A DI J P DK e O Q [ P H? C D A x^ ? D C D A DH G D G C DI C P PQ V DK UO H OI I k WI ? K DP E O D L D GH C DR O D L D E H C DT B ]hK N V A H T K DY H O O D L DV H A H D X F GK BP KI P BC H K N BI J � � ] �� � GK H T FH C A BUP H O G C P D BA = (I −Mk)I D WH O ? B

� �  �

(BA) = ‖I −Mk‖‖(I −Mk)−1‖ ≤ (1 + ξk)

(1 − ξk)
.

� D GK H T O H H O H A BP H O G C P D GK H T FH CI J

‖I −Mk‖ ≤ ‖I‖+ ‖Mk‖ ≤ ‖I‖ + ‖M‖k ≤ (1 + ξk)

I

‖(I −Mk)−1‖ = sup
x6=0

‖(I −Mk)−1x‖
‖x‖ = sup

y 6=0

‖y‖
‖(I −Mk)y‖ ≤

≤ sup
y 6=0

‖y‖
‖y‖ − ‖Mky‖ ≤ sup

y 6=0

‖y‖
(1 − ‖Mk‖)‖y‖ ≤ (1 − ξk)−1.
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� K H T DP BC H Ke O D^ G? D A D G Ce G S DTI E D G CI E H C DT B G DV A N Y H O O Q S L A BTI H O UC DP G E O D L D GH C DR O Q E V H A H D X F GK BP KI P BC H K H E E DY O D D WH OI Ce ? B? � GE ]� � ] �� � �

√
η̄ − 1√
η̄ + 1

=

√
1+ξk

1−ξk − 1
√

1+ξk

1−ξk + 1
=

1 −
√

1 − ξ2k

ξk
< ξk.

� D � C DE FI GV DKe J DP BOI H E O D L D G H C D R O D L D E H C DT B T K N J BT BOI N V H A HUD X F GK BP KI P B C H K N E DY H C XQ Ce P Q L DT O H H^ BI O D L T BI FT D XkO H H^ R H E P

? BR H G C P H G BE D G C DN C H K e O Q SI C H A B WI [ ] > � C DE GK F R BH E H C DT G DV A N Y H O UO Q S L A B TI H O C DP O B JQ P B M C � 2 6 � 2 � 1 �I C H A B WI N EI ^ B E O D L D GH C DR O Q [

E H C DT � 2 �7 � 6 2 2 � 1 �I C H A B WI N EI ] hK N B T TI CI P O D L D E O D L D GH C DR O D L D

E H C DT B^ A B G GE D C A H O O D L D P � C DE A B J T H K H^ E H C DT G DV A N Y H O O Q S L A BTI H O UC DP P ? BR H G C P H P O HZ OI SI C H A B WI [ P X DKe Z I O G C P H GK F R BH P O H D X S DTI E ]

��� � � � �   � � � � � � � �� �	 �� � � � � � � � � � � � 

� O D L D GH C DR O Q [ E H C DT I JV A H T Q T F� H L D A B J T H K BI O D L T B O B JQ P BM C

1 � �
 7 � � � � �� 7 �� 29 1 E O D L D G H C D R O Q E E H C DT DE ] hK N X DKe Z I O G C P B BH GUC H G C P H O O Q S C BV V A D? GI E B WI [ G BE D G DV A N Y H O O Q S � K KI V CI R H G? I S J B T BR

DO D X�H GV H RI P BH C O H J BPI GN� F M D C RI GK B G H C D R O Q S F A DP O H [ G? D A D G Ce

G S DTI E D G CI ] l T O B? D E FK e CI V KI ? B CI P O Q [ E H C DT ^ D G D X H O O D aU WI ? K ^ O H

DR H Oe � \ \ H? CI P O Q T K N A B GV B A BK K H KI P BOI N O B E O D L DV A D WH G G D A O Q S

? DEV e M C H A B S^ C B? ? B? A B G R H CQ O B G H C D R O Q S F A DP O N SV A DI J P DT N C GN

V D GK H T DP BC H Ke O D ] hK N P Q RI GK H OI [ O B E O D L DV A D WH G G D A O Q S? DEV e M C HUA B S R B G C D D? B JQ P BH C GN X DK H H � \ \ H? CI P O Q E � ; ; �7 �� 2 9 : E O D L D GH C DR UO Q [ E H C DT ] A DK H H C D L D^ B T TI CI P O Q H E H C DT Q E D L F C XQ Ce X DK H H FT D X O Q

� G C DR ? I J A H OI N A H BKI J B WI I �^ R H E E FK e CI V KI ? B CI P O Q H^ T K N J B T BR ^ I GUV DKe J F M � I S K D? BKe O D G L F� B M� I H GN �I J E H Ke R BH E Q H � GH C ? I ] > DV A D G

D K D? BKe O D G L F� BM � I S GN GH C ? B S X FT H C D X G F Y T BCe GN P ? D O WH A B J T H K B ], GV DKe J FN V A H TV DK DY H OI N I D X D J O BR H OI N I JV B A BL A B \ B � ] �^ J BUT B TI E DT O FI C H A B WI M BT TI CI P O D L D E H C DT B T K N A HZ H OI N GI G C H E Q

Alzl = fl

P PI T H V A D WH T F AQ znew = AMGM(l, zold, fl)^ L T H zold 0 O BUR BKe O D H V AI XKI Y H OI H ? zl

$

z̄ = AMGM(k, z, f)
{���� k = 0 � � 	

��� z̄ = A−1
0 f

	 � 	 � � 	 � � �� � � � � � � � �� 	 
 � � � � 	 
 � �� � �  �  �� � � � � � 	 � �


 � 	 � � � � ��

��� ��
� � d = r(Akz − f)

	 
 � 	 � � � � 	 � � � � � � � � � � � � � �� � � �� � � �� � � �
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zold znew

�
�

� �
�

� �U G L K B YI P BOI N

�U C DR O DH A HZ H OI H

�U V A D H? WI N

�U V A DT DK Y H OI H

�I G ] � ] � $ �I ? K BT TI CI P O D L D E H C DT B ]

� � z0 = z � zi+1 = zi−W−1
k (Akzi− f) � i = 0, . . . , ν−1

	

ν

� � � 	 �� � � � � � � � � 


	 �� � � � � � � � � 
  �

��� e = 0

	 � �� ��� � 	 � 
 � � ��� � � � � � � � 	� � � � � �

�� �� 
 	� � � �� ē = AMGM(k − 1, e, d)

	 � � 	� 	 � �� 	 � �� 
 � �� 	  � � � �� ��

� � � � � �� � � �� �� � 	 
 � �� � � �

� � z̄ = zν − θp ē

	 � 	 � � � � � � � 
 � � � � � � � � � � zν �� � � � 	 
 � �� � �  �

} % BE H CI E ^ R C DZ BL � O H J BPI GI C D C Z BL B �I E DY H C PQ V DK O N Ce GN

V B A BK K H Ke O D ] + B? I E D X A B J DE ^ G L K B YI P BM � I H I C H A B WI I O B P GH S G HUC D R O Q S F A DP O N S E D L F C P Q V DK O N Ce GN V B A BK K H Ke O D ] � T TI CI P O Q [ E HUC DT V A DI K K M G C AI A DP BO G SH E D [ O B AI G F O ? H � ] � ]� S DTI E D G Ce BT TI CI P O D L D E H C DT B C A H X FH C V A BPI Ke O D L D PQ X D A BV BUA BE H C A B θ O BV N C DE Z BL H^ O H D X S DTI E DH J O BR H OI H θ J B A BO H H E DY H CXQ Ce O H I J P H G C O D ] � D � C DE F BT TI CI P O Q [ E H C DT P B X G DK M C O DE X DKe UZ I O G C P H GK F R BH P I GV DKe J F M C ? B? V H A H D X F GK BP KI P BC H Ke P E H C DT H G DUV A N Y H O O Q S L A BTI H O C DP V AI θ = 1^ R C DV D J P DK N H C BP C DE B CI R H G? I PQ UXI A BCe A H K B? G B WI DO O Q H V B A BE H C AQ ] > KI C H A BC F A HI G GK H T DP BOI H G S DUTI E D G CI C B? I SI C H A B WI [V A DP DTI C GN P A BE ? B S X DK H H D X� H [ C H D AI I

I C H A B WI DO O Q S E H C DT DP ? D A A H? WI I O BV DTV A D G C A BO G C P B S ] fI Y H E Q

V D J O B? DEI E RI C BC H K N G D GO DP O Q EI E DE H O C BEI � C D [ C H D AI I ]f H C A FT O D F X�H TI Ce GN^ R C D E BC AI W BI C H A B WI [ T P F S G H C D R O D L D B T TI UCI P O D L D E H C DT BI E H H C PI T

Ma = I − (θ pA−1
2h r + (I − Sν

h)A−1
h )Ah,

� � ] � � �

L T H Sh

0 E B C AI W B G L K B YI P BM � I SI C H A B WI [ ] , JV A H T G C BP K H OI N � � ] � � �

PI T O D^ R C D BT TI CI P O Q [ E O D L D G H C D R O Q [ E H C DT P D C KI RI I D C E FK e CI UV KI ? B CI P O D L D O H N P K N H C GN C DR O Q E ^ H GKI ‖Sh‖ < 1I ν → ∞ ] *P H KI U
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R H OI H RI GK B G L K B YI P BOI [ O H D XkN J BC H Ke O D P H T H C ? FK FR Z H OI M G S DTI UE D G CI E H C DT B ] l O X FT H C C DR O Q E C DKe ? D P GK F R BH^ H GKI θ J BPI GI C D C
ν^ I θ(ν) → 0V AI ν → ∞.� T TI CI P O Q [ E O D L D G H C D R O Q [ E H C DTI GV DKe J FH C GN ? B? V H A H D X F GK BP UKI P BC H Ke ] � O BKI J H L D G C A DI C GN O H O B PQ P DT H D WH O D? T K N E B C AI WQ

I C H A B WI [

Ma^ B O B D WH O ? B S T K N GV H? C A BKe O D L D RI GK B D X F GK DP K H O O DUG CI V A DI J P H T H OI N BAh ] � C D T D G CI L BH C GN P A BE ? B S C H D AI I B T TI CI P UO D L D E H C DT B i P B A W B ? � @^ K H Y B� H [ P D GO DP H E H C DT DP ? D A A H? WI I O B

V DTV A D G C A BO G C P B S ]

��� � � � � � � � � �� �� � �� � � � � � � � � �� � � � � � � � �� ��

� � � �� � �� ��

� B G GE D C AI E O H? D C D A F M GI G C H E F KI O H [ O Q S BK L H X A BI R H G? I S F A BP O HUOI [

A z = b,

� � ] � � �

L T H bI zV AI O B T K H Y BC V A D G C A BO G C P F

V = R
n ] � F G Ce J B T BO D A B JK DY HUOI H

V

P G FE E FV DTV A D G C A BO G C P � O H D XkN J BC H Ke O DV A N E F M � � $

V =

l∑

i=0

Vi, Vi ⊂ V,

� � ] �� �

C ] H ] T K N K M X D L D v ∈ V

G F� H G C P FH C � E DY H C XQ Ce ^ O H H TI O G C P H O O D H �

A B JK DY H OI H v =
∑l

i=0 vi, vi ∈ Vi ] f BZ B WH K e 0 GP H G CI I C H A B WI DO UO Q [ E H C DT A HZ H OI N � � ] � � �? A HZ H OI M GI G C H E F A BP O H OI [ O BV DTV A DUG C A BO G C P B S ] l X� H [V K BO GK H T F M � I [ $ GI G C H E B � � ] � � �V A D H WI A FH C GN O B

V DTV A D G C A BO G C P B^ L T H �V AI XKI Y H O D � A HZ BM C GN GI G C H E Q E H Oe Z H [ A B JUE H A O D G CI ] � D GK H � C D L D B G D XI A BH C GN CI O \ D A E B WI N G D P G H S

Vi

T K N V DUK F R H OI N O DP D L DV AI XKI Y H OI N ? A HZ H OI M O B

V ]lV A H T H KI E DV H A B C D AQ V A DH? CI A DP BOI N Pi, Qi : V → Vi

I DV H A BUC D A O BV DTV A D G C A BO G C P H Ai : Vi → Vi

GK H T F M� I E D X A B J DE $

(Qiv, vi) = (v, vi), (Piv, vi)A = (v, vi)A ∀ v ∈ V, vi ∈ Vi,

(Aizi, vi) = (Azi, vi) ∀ zi, vi ∈ Vi.

lV H A BC D A Ai

E DY O D A B G GE BC AI P B Ce ? B? V A DH? WI M DV H A B C D A B A O B

V DTV A D G C A BO G C P D

Vi ] hH [ G C PI C H Ke O D^ I J DV A H T H K H OI N DV H A BC D A DP T K N

V A DI J P DKe O Q S v ∈ V

I vi ∈ Vi

GK H T FH C

(AiPiv, vi) = (APiv, vi) = (Piv, vi)A = (v, vi)A = (A v, vi) = (QiA v, vi).
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> GI K FV A DI J P DKe O D G CI vI vi

V DK F R BH E

AiPi = QiA.

� � ] � � �

� A N E Q E GK H T G C PI H E � � ] � � �I � � ] � � � N P K N H C GN A BP H O G C P D

Aizi = bi,

� � ] �� �

L T H zi = Piz^ bi = Qib ] * A BP O H OI H � � ] �� � O B JQ P BM C �� �� 2 6 2 � 6 1 2 �

�3 ; �� 35 7 � � 25 7 � 6 ]� A H TV DK DYI E ^ R C D GI G C H E B � � ] � � �V AI XKI Y H O D A HZ BH C GNI C H A B WI UDO O Q E E H C DT DE ^ P ? D C D A DE z0 0I J P H G C O D H V AI XKI Y H OI H ? A HZ H OI M

z^ r0 = A z0−b 0 O H P N J? B^ B e = z0−z 0 O HI J P H G C O BN DZ I X? B ] > H? C D A

DZ I X? I FT DP K H C P D A N H C F A BP O H OI M $

A e = r0.# GKI V A H TV DK DYI Ce ^ R C D e O B [ T H O D^ C D C DR O DH A HZ H OI H O B S DTI C GN ? B?

z = z0−e ] A FT H E I G? B Ce V AI XKI Y H OI H ? DZ I X? H GK H T F M� I E D X A B J DE ]� B G GE D C AI E F A BP O H OI H T K N DZ I X? I O BV DTV A D G C A BO G C P H

Vi

$

Ai ei = Qir
0, L T H ei = Pie.>V DK O H E DY H C GK F RI Ce GN C B? ^ R C D F A BP O H OI N O BV DTV A D G C A BO G C P B S J BUC A FT OI C H K e O D A HZ BCe C DR O D ] l T O B? D^ V A H TV DK DYI E ^ R C D E DY O D O B [UCI V AI XKI Y H OI H êi

? ei

? B?

êi = RiQir
0,

L T H Ri

0V AI XKI Y H OI H ? A−1
i

] > J O B? DE Q S C H A EI O B S E DY O D G? B J B Ce ^R C D Ri

0V H A H D X F GK BP KI P BC H Ke ? Ai ] + D L T B^ B G D XI A BN CV AI XKI Y H OI N

? DZ I X? H O BV DTV A D G C A BO G C P B S^ O DP DH V AI XKI Y H OI H ? A HZ H OI M O BUS DTI E P PI T H

z1 = z0 −
l∑

i=0

êi,

R C D E DY H C XQ Ce V H A HV I G BO D? B? V H A H D X F GK DP K H O O Q [I C H A B WI DO O Q [

E H C DT $

z1 = z0 −B(A z0 − b)

� � ] � � �

GV H A H D X F GK BP KI P BC H K H E

B =
l∑

i=0

RiQi.

� � ] �� �

f HV D G A H T G C P H O O D [V A DP H A? D [ F X�H Y T BH E GN P GV A BP H T KI P D G CI GK HUT F M� H [ K H E E Q ]

� � �! " # " �� �% �� � � $� �� %� � " $� ��

� � � �� 9 � ' � �5 � �� 5 6 Ri

5 � 135 3 �� �� 6 2 2 9 6 � � 3 �3 � �7 6 �
 23 3 �� 6�; 6 � 6 2 29 6 3 � 6� � 7 3 � 9 � 7 3 3 � 6 � � 7 3 � B �� � � ] �� � �� � � 67 5 � � 3 �3 � ��

7 6 �
 23 3 �� 6 ; 6 � 6 2 29 1 �5 � 135 3 �� �� 6 2 2 9 1 �+ B? I E D X A B J DE ^ H GKI A = AT > 0I Ri = RT
i > 0^ C D T K N A HUZ H OI N GI G C H E Q � � ] � � �V A H T G C BP K N H C GN A B J FE O Q E V AI E H O N Ce 1 67 3 ;

5 3 �� �� 6 2 2 9 � 4 � � ; � 6 27 3� � � 6 � 6 3 � �5 ��� � �� � 7 6 � 6 1 B �

>? BR H G C P H C AI PI BKe O D L DV AI E H A B E H C DT B^ V DV BT B M� H L D P ? K B G G

E H C DT DP ? D A A H? WI I O BV DTV A D G C A BO G C P B S^ A B G GE D C AI E E H C DT �? D XI ]hK N � C D L DV DK DYI E

V = R
nI P D J E H E A B JK DY H OI H

R
n P G FE E F DT O DUE H A O Q S D A C D L D O BKe O Q SV DTV A D G C A BO G C P

R
n =

∑n
i=1 span{ēi}^ J T H Ge

ēi

0 H TI OI R O Q [ X B JI GO Q [ P H? C D A^ C D L T B
Qiv = viēi,

L T H vi

0 iU BN ? DEV D O H O C B P H? C D A B v ] hK N E BC AI WQ AV DK FR BH E (Aēi, ēj) =
aij(ēi, ēj) = aijδ

i
j

^ V D � C DE F
Ai = aii.# GKI V DK DYI Ce Ri = A−1

i = a−1
ii

^ C D E H C DT ? D A A H? WI I O BV DTV A DUG C A BO G C P B S � � ] � � � X FT H C G DPV BT BCe E H C DT DE �? D XI ]

��� � � � �� � � �� � � � �� � �� � �� � � �� �

� F G Ce J BT BO B GI G C H E B P K DY H O O Q S? D O H R O DU �K H E H O C O Q SV A D G C A BO G C P

U0 ⊂ · · · ⊂ Ul^ V F G Ce

V = Rl^ Vi = Ri^ L T H

Ri

0V A D G C A BO G C P B? DU� \ \I WI H O C DP ? D O H R O DU �K H E H O C O Q S \ F O ? WI [I J

Ui

O B iU DE GH C DR O DE

F A DP O H � GE ] � � ] � � ] > K DY H OI H

Vi ⊂ V

X FT H E V D OI E B Ce P GE Q GK H P K DUY H OI [? DO H R O DU � K H E H O C O Q SV A D G C A BO G C P $

Vi = Ri ∼ Ui ⊂ Ul ∼ R = V,

�K H E H O C vi ∈ Vi

X FT H E A B G GE B C AI P BCe P

V

? B? �K H E H O C plpl−1 . . . pi+1 vi ]% T H Ge pi

0? BO D OI R H G? I [ DV H A BC D AV A DT DK Y H OI NI J

Ri−1

P

Ri

� A BO H H

I O T H? G i DV F G? BK GN �^ ? BO DOI R H G? I [ DV H A BC D AV A DH? CI A DP BOI N X FT H E ^G D D C P H C G C P H O O D^ D X D J O BR BCe R H A H J ri ] � D DV A H T H K H OI M Qi

V DK F R BH E

(Qiv, vi)Vi
= (v, plpl−1 . . . pi+1 vi)V = (p∗i+1 . . . p

∗
l−1p

∗
l v, vi)Vi

=

= (ri+1 . . . rl−1rl v, vi)Vi
.

� K H T DP BC H Ke O D^

Qi = ri+1 . . . rl−1rl, Ql = I.
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l XkN J B C H K e O Q E �K H E H O C DE E O D L D G H C D R O D L D E H C DT B N P K N M C GN G L K BUYI P BOI N ] � F G Ce Si

0 E B C AI W B G L K B YI P B M� I SI C H A B WI [ O B iU DE F A DP UO H ] f BV AI E H A

Si = I − wD−1
i Ai

T K N G L K BYI P BOI [ �? D XI ] > O DP Q S D X D J O BR H OI N S Si

T H [ G C P FH C O B P H? UC D A B SI J

Vi ] j B? GK H T FH C I JV A H T G C BP K H OI N � � ] �� �^ V AI E H O H OI H νI C H A B WI [ T K N A HZ H OI N GI G C H E Q G E BC AI WH [

Ai

E DY H C XQ Ce \ D AUE BK e O D J BV I G BO D^ ? B? FE O DY H OI H V A BP D [ R B G CI GI G C H E Q O B E BC AI W F

(I−Sν
i )A−1

i

] +HV H Ae K H L? D PI T H Ce ^ R C D E H C DT V B A BK K H Ke O D [? D A A H? WI I

� � ] � � � X FT H C �? PI P BK H O C H O E H C DT FV A D G C D [I C H A B WI I G DT OI E WI ? K DE

� ; ; �7 �� 2 34 3 E O D L D GH C DR O D L D E H C DT B P ? BR H G C P HV H A H D X F GK BP KI P BC H K N

� G O FK H PQ E O BR BKe O Q E V AI XKI Y H OI H E I θ = 1

� ] � AI � C DE GV A BP H T UKI P D \ D A E BKe O D H A BP H O G C P D

Ri = (I − Sν
i )A−1

i .
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� �^ c ��� � � �^ d� ] # L D D XQ R O DI GUV DKe J F M C^ ? B? V H A H D X F GK BP KI P B C H K e P E H C DT H G DV A N Y H O O Q S L A BTI H O UC DP ] *T D X O BN A H BKI J B WI N � C D L D E H C DT B^ P C DE RI GK H O B BT BV CI P O Q S

GH C ? B S^ X FT H C A B G GE D C A H O B P A B J T H K H � ] � ]+H D AI N E H C DT DP V B A BK K H Ke O D [ ? D A A H? WI I O BV DTV A D G C A BO G C P B S

I GV DKe J FH C GN T K N T D? B J B C H K e G C P B G S DTI E D G CI E H C DT B G DV A N Y H O O Q S

L A BTI H O C DP G BT TI CI P O Q E E O D L D G H C D R O Q E E H C DT DE P ? BR H G C P H V H A HUD X F GK BP KI P B C H K N ]

��� � � � � � � � � �� �� � � � � � � �� �� � �� � � � � � � � � �� � � �

� � � � �� �� �� �� � �� ��

l WH O ? B G? D A D G CI G S DTI E D G CI E H C DT B G DV A N Y H O O Q S L A BTI H O C DP GV HUA H D X F GK BP KI P BC H K H E B E DY H C XQ Ce DV A H T H K H O B D WH O ? D [ RI GK B D X FUGK DP K H O O D G CI E B C AI WQ BA ] hK N E H C DT BV B A BK K H Ke O D [? D A A H? WI I O B

V DTV A D G C A BO G C P B SV DT S DT N� I E I O G C A FE H O C DE T K N D WH O ? I � �  �

(BA)N P K N H C GN GK H T F M� B N C H D A H E B ]

� �� � � �� 9 � � � �� 6 ; � 3 �3 � � 1� 8 7 3 1 � 7 � � � 9 A � Ri


 5 � 1 1 6 7 �

� �8 29 6 � �3 �3 � �7 6 �
 23 3 �� 6 ; 6 � 6 2 2 9 6 � � �5 7 
 ; � � � � �34 3 � 6 �7 3 � �

v ∈ V

5 � � 65 7 � � 6 7 � � � �3 � 6 2 � 6 v =
∑

i vi, vi ∈ Vi,

7 � �3 6� 8 7 3 5

2 6 �3 7 3 � 3 : �3 25 7 � 27 3 :

K0

� 9 �3 � 2 6 2 3

l∑

i=0

(R−1
i vi, vi) ≤ K0(Av, v).

� � ] � � �

�� �! " # " �� �% �� � � $� �� %� � " $� ��

� �5 7 
 Ti = RiQiA = RiAiPi�

� ; � � � � �9 � � 6 �7 3 � 3� y, v ∈ V

5

2 6 �3 7 3 � 3 : �3 25 7 � 27 3 :

K1

� 9 �3 � 2 � 67 5 �

l∑

i,j=0

(Tiy, Tjv)A ≤ K1

(
l∑

i=0

(Tiy, y)A

)1/2




l∑

j=0

(Tiv, v)A





1/2
� � ] � � �

�34 ;� �� � �

(BA) := λmax(BA)
λmin(BA) ≤ K0K1 �

h D? B J BC H Ke G C P D C H D A H E Q � ] � O H GK DY O DI V AI P H T H O D^ O BV AI E H A^ P

?� �^   @ ] l C E H CI E ^ R C DV A D D X A B J DE C H D A H E Q � ] � N P K N H C GN C H D A H E B D X

BT TI CI P O DE E H C DT H i@P B A W B ? � @^ A B G GE D C A H O O B N P A B J T H K H � ] � ]#� H DT OI E FT D XkO Q E I O G C A FE H O C DE ^ V AI E H O N H E Q E P C H D AI I B T TI UCI P O Q S E O D L D G H C D R O Q S E H C DT DP^ N P K N H C GN V A DP H A? B F GI K H O O D L D O H A BUP H O G C P B i P B A W B T K N ? D O H R O DU �K H E H O C O Q SV DTV A D G C A BO G C P^ G D D C P H C UG C P F M� I E A B J KI R O Q E E B GZ C B X BE ] � DN G OI E OI Y H^ ? B? � C DV A DI G S DUTI C ] 	 DP D A N C^ R C D T K N V DTV A D G C A BO G C P

U1 ⊂ U

I

U2 ⊂ U^ L T H

U 0 LI K e UX�H A C DP DI KI H P ? KI T DP DV A D G C A BO G C P D^ PQ V DK O H O D F GI K H O O DH O H A BP H O UG C P D j DZ I U i P B A W B^ H GKI

|(u1, u2)U| ≤ γ‖u1‖U‖u2‖U ∀u1 ∈ U1, u2 ∈ U2

� � ] � � �

G O H? D C D A D [? DO G C BO C D [

γ ∈ [0, 1) ] % BE H CI E ^ R C D D XQ R O DH O H A BP H O UG C P D j DZ I P GH L T B L B A BO CI A FH C PQ V DK O H OI H � � ] � � � G γ = 1 ] l T O B? D

P P D J E DY O B GI C F B WI N^ ? D L T B γ < 1 ] f BV AI E H A^ T K N D A C D L D O BKe O Q S

V DTV A D G C A BO G C P γ = 0 ] > H KI RI O F arccosγ O B JQ P BM C H� H F L K DE E H Y UT FV DTV A D G C A BO G C P BEI ]l WH O ? F T K N K1

I J � � ] � � � E DY O DV DK F RI Ce ^ T D? B JQ P B N O H A BP H O G C P B

CI V B F GI K H O O Q S O H A BP H O G C P j DZ I U i@P B A W B T K N V DTV A D G C A BO G C P

Vi

I

Vj

I J A B JK DY H OI N � � ] �� � ] hK N � C D L DV A H D X A B J FH E GK BL BH E Q H P V A BP D [

R B G CI � � ] � � �^ V DKe J FN Ge DV A H T H K H OI N EI E B C AI W � DV H A B C D A DP �

Ti

I Qi

$

(Tiy, y)A = (ATiy, y) = (ARiQiAy, y) = (RiQiAy, Ay) =

= (RiQiAy, QiAy) = (R−1
i RiQiAy, RiQiAy) = (R−1

i Tiy, Tiy).

+ B? ? B? Tiy ⊂ Vi,

C D � � ] � � � X FT H C GK H T DP BCe I J D WH O ? I

l∑

i,j=0

(vi, vj)A ≤ K1

(
l∑

i=0

(R−1
i vi, vi)

)1/2




l∑

j=0

(R−1
j vj , vj)





1/2

� � ] � � �



�� �� � � $ %� " � ! � �� ��� � $ � $ � �� � ! "# ! & # "� $! � % " � �& " $ � $ � "� "� & �� "� � � % " � �

T K N V A DI J P DKe O D L D O B X D A B P H? C D A DP vi ∈ Vi, vj ∈ Vj^ i, j = 0, . . . , l ]+HV H Ae V A H TV DK DYI E ^ R C D T K N V A DI J P DK e O Q S vi ∈ Vi

I vj ∈ VjPQ V DK O H O D

(vi, vj)A ≤ γij(R
−1
i vi, vi)

1/2(R−1
j vj , vj)

1/2 � � ] � � �

L T H ? D O G C BO CQ γij

O H J BPI GN C D C PQ X D A B \ F O ? WI [I J

Vi

I

Vj ] , J? DO UG C BO C γij

G D G C BPI E GI E E H C AI R O F M E BC AI W F G = {γij} A B J E H A O D G CI

(l+ 1)× (l+ 1).

� F G Ce ρ(G) 0 GV H? C A BKe O Q [ A B TI F G G ] hK N GI E E H C UAI R O D [ E BC AI WQ I GV H? C A BKe O D [ O D A E Q GV A BP H T KI P D ‖G‖ = ρ(G) ]f H A BP H O G C P D � � ] � � � PQ V DK O H O D G K1 = ρ(G) ] hH [ G C PI C H K e O D^ T K N V A DUI J P DK e O Q S x, y ∈ R
l+1 PQ V DK O N H C GN

l∑

i,j=0

γijxiyj = (Gx, y) ≤ ‖G‖‖x‖‖y‖ = ρ(G)‖x‖‖y‖ =

= ρ(G)

(
l∑

i=0

x2
i

)1/2




l∑

j=0

y2
j





1/2

.

� � ] � � �

l WH O ? B � � ] � � �V DK F R BH C GN G FE EI A DP BOI H E � � ] � � �V D P GH E i, jI V AI E HUO H OI H E � � ] � � �� xi = (R−1
i vi, vi)

1/2I yj = (R−1
i vj , vj)

1/2 ]hK N V DK F R H OI N D WH O ? I O B K1

O BE T D G C B C DR O D T D? B J B Ce � � ] � � � G

? DO G C BO C BEI γij^ C B? I EI ^ R C D ρ(G) O H J BPI GI C D C hl

I D C RI GK B GH C DR UO Q S F A DP O H [

l ]

�� � � 50 . & $ 3 7 � 	
 �
�+ 0 " 0 , 6 ) *7 $� 7 ' � $ % 0 7 �

. $+ " ' -0 " 0 4 $3 $1 '  ) $ * * ,. $

f BV AI E H A H J BT BRI � F B G G DO B T D? B Y H E G S DTI E D G Ce E H C DT B G DV A N Y H O UO Q S L A BTI H O C DP G BT TI CI P O Q E E O D L D G H C D R O Q E E H C DT DE P ? BR H G C P H

V H A H D X F GK BP KI P BC H K N � bc dU V H A H D X F GK BP KI P BC H Ke � ] � B G GE D C AI E G L K BUYI P BOI N �? D XI ] l WH O ? BV D? B J BC H K N G S DTI E D G CI O H X FT H C J BPI G H Ce D C
hl

I l ] * GK DPI N O B GH C ? F X FT H E V A H TV DK BL BCe C B? I H Y H^ ? B? P A B J T HUK H � ] � ] � A H TV DK DYI E ^ R C D? D O H R O DU �K H E H O C O Q H V A D G C A BO G C P B
Uk

G DUG C DN C I J? F G D R O DU KI O H [ O Q S? DO H R O Q S �K H E H O C DP D C O D GI C H K e O D A B JUXI H OI N Tk

D XK B G CI Ω O B C A H F L DKe OI ? I ]h BK H H E Q X FT H E DV F G? BCe OI Y OI [I O T H? G 0 P D X D J O BR H OI I L2

UO D A E Q ] , J? D O C H? G C B X FT H C N GO D^ ? D L T B R H A H J ‖ · ‖ D X D J O BR BH C GN L2

UO D A E B \ FO ? WI I ^ B? D L T B 0U H P ? KI T DP B O D A E B P H? C D A B ]

�� �! " # " �� �% �� � � $� �� %� � " $� ��

h D? B Y H E P O BR BK H D WH O ? F O B K1 ] hK N E H C DT B �? D XI Rk = D−1
k ,

Dk

0 TI BL DO BKe Ak^ GK H T DP B C H Ke O D^ GV A BP H T KI P D � GE ] A B J T H K � ] � � $
c1h
−2
k ‖vk‖2 ≤ (R−1

k vk, vk) ≤ c2h
−2
k ‖vk‖2,

� � ] � � �

c3‖vk‖2
A ≤ (R−1

k vk, vk)

� � ] � � �

T K N V A DI J P DKe O Q S vk ∈ Vk, k = 0, . . . , lI G? DO G C BO C BEI c0, c1, c2^ O H

J BPI GN� I EI D C kI vk ]f BE V D O BT D XI C GN GK H T F M� BN P GV DE D L BC H Ke O BN K H E E B^ T D? B J BO UO B N^ O BV AI E H A^ P ?� �^   @ ]

� � � �� 9 � �� � �5 7 
 0 ≤ k ≤ m ≤ l� 7 34 ;� ; � � �� 3 �� � 3 �
 29 � u ∈
Uk, v ∈ Um

� 9 � 3 � 2 � 6 7 5 � 2 6� �� 6 25 7 � 3

|(∇u,∇v)| ≤ c

√

hm

hk
‖∇u‖h−1

m ‖v‖. � � ] �� �

A K BL DT B A N I J DE D A \I J E BE E H Y T F

Uk

I

Rk = Vk

I DV A H T H K H OI M

E BC AI WQ A^ D WH O ? B � � ] �� � P K H R H C G D D C P H C G C P F M � F M D WH O ? F P V A DUG C A BO G C P H ? D � \ \I WI H O C DP ? DO H R O DU � K H E H O C O Q S \ FO ? WI [^ BI E H O O D

(vk, vm)A ≤ c

√

hm

hk
‖vk‖A h

−1
m ‖vm‖ ∀ vk ∈ Vk, vm ∈ Vm, k ≤ m.

� � ] �  �

j DE XI OI A FN � � ] �  � G � � ] � � �I � � ] � � �^ V DK F R BH E

(vk, vm)A ≤
√

hm

hk
(R−1

k vk, vk)1/2(R−1
m vm, vm)1/2, k ≤ m.

� K H T DP BC H Ke O D^ O BEI T D? B J BO D F GI K H O O DH O H A BP H O G C P D i P B A W B � � ] � � �

T K N V DTV A D G C A BO G C P

Vk

I

Vm

G? D O G C BO C D [

γij = cmin

{√

hi

hj
,

√

hj

hi

}

.

, J GP D [ G C P C AI BO L FK N WI [

Ti^ Tj

I E H H E $ hi

hj
≤ c( 1

2 )i−j ]�V H? C A BKe O Q [ A BTI F G |ρ(G)| E B C AI WQ G E DY O D D WH OI Ce R H A H J H H

∞U O D A E F $

ρ(G) ≤ ‖G‖∞ = max
i

l∑

j=1

|γij | ≤ c
2
√

2√
2 − 1

.

+ B? ? B? K1 ≤ ρ(G), C D D WH O ? B K1^ O H J BPI GN� BN D C hl

I l^ T D? B J BO B ]



�� �� � � $ %� " � ! � �� ��� � $ � $ � �� � ! "# ! & # "� $! � % " � �& " $ � $ � "� "� & �� "� � � % " � �

� H A H [ T H E ? V DK F R H OI M D WH O ? I T K N ? DO G C BO CQ K0 ] hK N � C D L D A B GUGE D C AI E V A DI J P DK e O F M \ F O ? WI M v ∈ V := Rl ] hK N v C A H X FH C GN O B [UCI A B JK DY H OI H^ C B? DH^ R C D � � ] � � � P Q V DK O H O D ] � H A H [ T H E P V A D G C A BO UG C P D? D O H R O Q S � K H E H O C DP

Ul ⊂ H1
0(Ω)I A B G GE D C AI E G D D C P H C G C P F M U� F M u ∈ Ul^ u = Plv ] h BK H H^ O B [ T H E V DT S DT N� H H A B JK DY H OI H T K N

u^ BV D GK H P H A O H E GN D X A BC O D P V A D G C A BO G C P B? D � \ \I WI H O C DP ] � F G Ce

uk ∈ Uk

0 H1U D A C D L DO BKe O B N V A D H? WI N u P

Uk^ C ] H ]

(∇uk,∇ψ) = (∇u,∇ψ) ∀ψ ∈ Uk.

� � ] � � �

# GKI D XK B G Ce Ω C B? B N^ R C D P Q V DK O H O D F GK DPI H H2U A H L FK N A O D G CI �  ] � �^C DV AI T DV F� H O O Q SV A H TV DK DY H OI N S O B C AI BO L FK N WI M I E H H C E H G C D

D WH O ? B � GE ] �  ] � �

‖u− uk‖ ≤ chk‖u− uk‖1.

� � ] �� �

� B G GE D C AI E C HV H Ae GK H T F M� I [ O B X D A \ FO ? WI [

ūk ∈ Uk :

ū0 = u0, ūk = uk − uk−1, k = 1, . . . , l,

ul = u., E H H E A B JK DY H OI H

u =

l∑

k=0

ūk.

� � ] � � �

+ B? ? B?

Uk−1 ⊂ Uk,

C D � � ] � � � P K H R H C T K N P GH S k = 1, . . . , l

(∇uk−1,∇ψ) = (∇uk,∇ψ) ∀ψ ∈ Uk−1.

� � ] � � �

� K H T DP BC H Ke O D^ BO BK D LI R O D � � ] �� � E Q I E H H E

‖uk − uk−1‖ ≤ chk−1‖uk − uk−1‖1 ≤ c1hk‖uk − uk−1‖1.

� � ] �� �

A DK H H C D L D^ V DT G C BP K N N ψ = ūm

P � � ] � � �V AI m < k^ V DK F R BH E D A C DUL D O BK e O D G Ce

(∇ūk,∇ūm) = 0 ∀ k 6= m.

� � ] � � �

l WH O ? F � � ] �� � E DY O DV H A HV I G BCe ? B?

‖ūk‖ ≤ chk‖ūk‖1.� A H TV DK DYI E ^ R C D h0 ∼ O(1) ] + D L T B T K N ū0 ∈ U0

D WH O ? B ‖ū0‖ ≤
h0‖∇ū0‖ GK H T FH C O HV D G A H T G C P H O O DI J O H A BP H O G C P B > AI T AI S G B ] 
 > D JUP A B� B N Ge P V A D G C A BO G C P B? D � \ \I WI H O C DP �V DK BL BN vk = P−1

l ūk^ L T H

 )� �� � � � �� � � � / � � �� � �� � � � ! � �� * � . � � � � R0 = A−1
0

! � ( � ( � � � �� � & # *� . � &

� �� ' � , � � $ � * �% � �� � +� � $ � � (

�� �! " # " �� �% �� � � $� �� %� � " $� ��
Pl

0I J DE D A \I J E E H Y T F

V

I

Ul^ GE ] �  ] � �^ V DK F R BH E A B JK DY H OI H
v =

∑l
k=0 vi^ T K N ? D C D A D L D PQ V DK O N H C GN $

‖vk‖ ≤ chk‖vk‖A.
� � ] �� �

� K H T DP BC H Ke O D^ P GI K F GP D [ G C P B D A C D L DO BKe O D G CI � � ] � � �^ ? D C D A D H P

V A D G C A BO G C P B S

Vm

I

Vk

V AI OI E BH C PI T (vk, vm)A = 0^ k 6= m^ V DK FUR BH E

‖v‖2
A =

l∑

k=0

‖vk‖2
A.

h BK H H V AI E H O N H E � � ] �� �

‖v‖2
A =

l∑

k=0

‖vk‖2
A ≥ c

l∑

k=0

h−2
k ‖vk‖2.

� D GK H T O N N D WH O ? BI � � ] � � � P K H R H C

‖v‖2
A ≥ c

l∑

k=0

h−2
k ‖vk‖2 ≥ c

l∑

k=0

(R−1
k vk, vk).

l WH O ? B? D O G C BO CQ K0^ O H J BPI GN� BN D C hl

I l^ V DK FR H O B ]+ B? I E D X A B J DE ^ H GKI A 0 E BC AI W B? DO H R O DU � K H E H O C O D [ TI G? A H CI UJ B WI I F A BP O H OI N � F B G G DO B^ B 0V H A H D X F GK BP KI P BC H Ke ^ V DK F R H O O Q [

V AI E H O H OI H E B T TI CI P O D L D E O D L D G H C D R O D L D E H C DT B^ C D� �  �

(BA) ≤ CG O H? D C D A D [? D O G C BO C D [

C = K0K1^ O H J BPI GN� H [ D C Z BL B G H C ? I I ? DUKI R H G C P B G H C D R O Q S F A DP O H [ ]� C B D WH O ? B D X H GV H RI P BH C hU O H J BPI GI E F M

G? D A D G Ce G S DTI E D G CI E H C DT B G DV A N Y H O O Q S L A B TI H O C DP T K N A HZ H OI N

GI G C H E Q Az = b GV H A H D X F GK BP KI P BC H K H E B.h DV DK OI C H Ke O Q E V A HI E F� H G C P DE B T TI CI P O D L D E O D L D G H C D R O D L D E HUC DT B N P K N H C GN LI X? D G Ce V D D C O DZ H OI M ? V B A BK K H KI J B WI I $ A B GV B A BK UK H KI P BOI H PQ RI GK H OI [ P D J E DY O D? B? V D G H C D R O Q E F A DP O N E ^ C B? I V D

GH C DR O Q E V DT D XK B G C N E ]

�� � �0 " $� . , -0 " . ,0 ' 4 -0 7 � 1 0 . ' 0 ' -0 % ,3

' 0 " $" � ' 1 0 * &' � 6 $4 ' * ,�

f BE F Y HI J P H G C O D^ R C D DTI O WI ? K BT TI CI P O D L D E O D L D G H C D R O D L D E HUC DT B E DY O D J BV I G B Ce P C H A EI O B S E H C DT B? D A A H? WI I O BV DTV A D G C A BO UG C P B S $

unew = uold −Br = uold −
l∑

i=1

RiQir,

� � ] � � �



�� �� � $ � " # % � " $ � % � $& � " $! � � $% & $& " $� �� & $ � " � & � $�� & � " �& � � # � 

L T H r 0 O H P N J? B^ r = Auold − b ]# GKI E Q V AI E H O N H E bc dU V H A H D X F GK DP KI P B C H Ke G D G L K BYI P BOI N UEI �? D XI ^ B O B L A F X D [ GH C ? H A HZ BH E J BT BR F C D R O D^ C D �U DH GK BL BH E D H

P � � ] � � � E DY O DV H A HV I G BCe

Br = A−1
0 Q0r + P−1

l

(
l∑

k=1

nk∑

i=1

(rh, φ
(k)
i )

a(φ
(k)
i , φ

(k)
i )

φ
(k)
i

)

,

� � ] � � �

L T H rh = Plr 0 O H P N J? B P V A D G C A BO G C P H ? DO H R O DU � K H E H O C O Q S \ F O ? U

WI [^ nk

0 RI GK D X B JI G O Q S \ F O ? WI [ O B kU DE G H C D R O DE F A DP O H^ φ
(k)
i0 X B JI GO Q H \ F O ? WI I O B kU DE F A DP O H^ a(·, ·) 0 XI KI O H [ O B N \ D A E B

? DO H R O DU � K H E H O C O D [V D G C BO DP ? I J BT BRI ] hK N V AI E H A B J B T BRI � F B GUG D O B a(ψ, φ) = (∇ψ,∇φ).

f BV DE OI E ^ R C D P E H C DT H ? D O H R O Q S �K H E H O UC DP E BC AI W B Al

I P H? C D A P V A BP D [ R B G CI GI G C H E Q b O B S DT N C GN I J

G D D C O DZ H OI [

〈Al ēi, ēj〉Rl
= a(φ

(l)
j , φ

(l)
i ), 〈b, ēi〉Rl

= (f, φ
(l)
i ).� A H TV DK DYI E ^ R C D G H C ? B E DY H C I J E H Ke R B Ce GN O H A BP O DE H A O D $ O B

kU DE F A DP O H T D X BP K N M C GN F JK Q GH C ? I xi

G O DE H A BEI i = nk−1 +
1, . . . , nk^ C D L T BI E H H C GE Q GK GK H T F M � B N E DTI \I ? B WI N V H A H D X F GK BP UKI P BC H K N � � ] � � � ] , G? K M RI E I J G FE E Q P � � ] � � � C H GK BL BH E Q H^ ? D C DUAQ H O H D XkO DP K N M C GN V AI V H A H S DT H G k − 1U D L D F A DP O N O B kU Q [ $

Br = A−1
0 Q0r + P−1

l






l∑

k=1

∑

φ
(k)
i
6=φ

(k−1)
i

(rh, φ
(k)
i )

a(φ
(k)
i , φ

(k)
i )

φ
(k)
i




 ,

� � ] �  �

L T H E Q P P H KI D X D J O BR H OI H $

∑

φ
(k)
i
6=φ

(k−1)
i

:=

nk−1∑

i=1; φ
(k)
i
6=φ

(k−1)
i

+

nk∑

i=nk−1+1

.

f B kU DE F A DP O H P � � ] �  � P S DT N C C DKe ? D X B JI GO Q H \ FO ? WI I ^ D C O D GN U� I H GN ? 23� 9 1 � T K N kU D L D F A DP O N � F J K BE I F JK BE G D GH T OI E G OI EI ^C ] H ] P GH O DP Q H X B JI GO Q H \ F O ? WI I ] � K L D AI C EI R H G? I V H A H D X F GK BP KI P BUC H Ke B A H BKI J FH C GN GK H T F M� I E D X A B J DE ] > A H? F A GI P O D [V A D WH T F A H

�� � � � GE ] G C A ] �� � O BZ BL H �V AI PQ V DK OI I G L K B YI P BOI [ E H C DT DE

�? D XI P Q RI GK N M C GN C DK e ? D? DEV DO H O CQ P H? C D A B^ G D D C P H C G C P F M � I H

F JK BE ^ P ? D C D AQ SI J E H OI KI Ge X B JI G O Q H \ F O ? WI I ] D G C BKe O Q H ? DEV DUO H O CQ A BP O Q O FK M ] + D L T B Br = AMGM(l, 0, r) G ν = 1I θ = 1 ] + BU? I E D X A B J DE ^ O B kU DE F A DP O H PQ RI GK H OI N V A DI J P DT N C GN C DKe ? D P V DUT D XK B G CI ^ L T HI J E H Ke R BH C GN GH C ? B^ B O H P D P GH [ D XK B G CI Ω ] � C D E DY H C

� � �! " # " �� �% �� � � $� �� %� � " $� ��

G F� H G C P H O O D G D? A BCI Ce PQ RI GK H OI N ] >? BR H G C P H G A BP O H OI N A B G GE D C UAI E V AI E H A^ ? D L T B P T P FE H A O D [ D XK B G CI GH C ? BV AI V H A H S DT H G kU D L D

O B k+ 1U Q [ GH C DR O Q [ F A DP H Oe I J E H Ke R BH C GN P V DT D XK B G CI ^ A BP O D [V D

V K D� B TI 1
2

D C V K D� BTI V DT D XK B G CI ^ L T HI J E H Ke R BK B Ge GH C ? BV AI V H A HUS DT H G k−1U D L D F A DP O N O B kU Q [ ] + B? BN GI C F B WI N R B G C D P G C A H R BH C GN O B

V A B? CI ? H^ ? D L T B A HZ H OI H TI \ \ H A H O WI BKe O D [ J B T BRI GI Ke O DI J E H O N UH C GN P O H? D C D A D [V DT D XK B G CI ^ O BV AI E H A D? DK D L A BOI WQ ] � D � C DE F GH C U? B BT BV CI A FH C GN^ R C D XQ P D J E DY O D XQ K D S D A DZ DV AI XKI JI Ce A HZ H OI H

P C B? I S D XK B G C N S ] hK N V A H T K DY H O O D L DV AI E H A B O H C A FT O DV D GRI C B Ce ^R C D? DKI R H G C P D F J K DP O B kU DE F A DP O H X FT H C A BP O D (1+ 3
2

∑k
i=1 2i−1)n0^L T H n0

0 RI GK D F JK DP G BE D [ L A F X D [ G H C ? H ] j D O G C BO C BI J � � ]  � �

Cn → 2V AI l → ∞ ] % O BRI C^ ? K B G GI R H G? I [ E O D L D G H C D R O Q [ E H C DT I JV A H T Q UT F� I S A B J T H K DP V H A H G C BH C XQ Ce DV CI E BKe O Q E V D P Q RI GKI C H K e O D [

GK DY O D G CI T K N γ ≥ 2 ] � T TI CI P O Q [ Y H E H C DT PI T B � � ] � � � G DV H A B C DUA DE BI J � � ] �  �V AI K M X D [V DT D X O D [ G C A BC H LI I I J E H Ke R H OI N G H C ? I

�

Cn ≥ q > 1

� X FT H C I E H Ce DV CI E BKe O F M GK DY O D G Ce ] � F� H G C P F M C

P B AI BO CQ I E FK e CI V KI ? B CI P O D L D E H C DT B^ V AI GV D G D XK H O O Q H T K N A B GUGR H C DP O B B T BV CI P O Q S G H C ? B S ] � A BP O H OI H BT TI CI P O D L DI E FKe CI V KI U? BCI P O D L D E H C DT DP E DY O D O B [ CI P D X J D A O D [ A B X D C H ?  � @ ]> 1 67 3 ; 6 � 6� � � � �8 65 � � � �� � �5 3� V AI E H O H OI H BI J � � ] �  � B FV A DU� BH C GN C T BK H HI V AI OI E BH C PI T $

Br = A−1
0 Q0r + P−1

l





l∑

k=1

nk∑

i=nk−1+1

(rh, φ
(k)
i )

a(φ
(k)
i , φ

(k)
i )

φ
(k)
i



 ,

� � ] � � �

R C D G D D C P H C G C P FH C PQ X D A F

Vk = P−1
k (Uk − Uk−1)

P E H C DT H ? D A A H? UWI I O BV DTV A D G C A BO G C P H ] f B O DP DE kU DE F A DP O H V H A H GR H C V A DI G S DTI C

C DKe ? D P O DPQ S^ V D G A BP O H OI M G k − 1U Q E F A DP O H E ^ F JK B S ] > � C DE

GK FR BH \ D A E FK B A B GR H C DP DR H Oe V A D G C BI FT D XkO B T K N A B GV B A BK K HUKI P BOI N^ B X B JI GO Q H \ F O ? WI I I J � � ] � � � E DY O DV H A H O FE H A DP B Ce I

J BV I G BCe � � ] � � � P PI T H $

Br = A−1
0 Q0r + P−1

l

(
nl∑

i=n0+1

(rh, φ̂i)

a(φ̂i, φ̂i)
φ̂i

)

.

� � ] � � �

hK N DT O DE H A O D L D GK F R BNI KI O H [ O Q S? DO H R O Q S � K H E H O C DP G C A F? C F A B

φ̂i

V A DI K K M G C AI A DP BO B O B AI G F O ? B S � ] �^ � ] � ]# GKI A 0 E B C AI W B Y H G C ? D G CI E H C DT B ? DO H R O Q S �K H E H O C DP O B

G BE D [ E H K ? D [ GH C ? H GZ BL DE TI G? A H CI J B WI I hl^ BV H A H D X F GK BP KI P BUC H Ke B J BT BH C GN G D L K B G O D E H C DT FI H A B A SI R H G? I S X B JI G DP � \ D A E FK B
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� � ] � � � �^ C D

cond(B A) ≤ K0K1,

L T H K0 = O(| ln hl|2), K1 = O(1).

� � ] � � �

� D G A BP O H OI M G bc dU V H A H D X F GK BP KI P BC H K H E D WH O ? B � � ] � � � J BPI GI C

D C hl^ DT O B? D K D L B AI \ EI R H G? I [ A D G C RI GK B D X F GK DP K H O O D G CI R B G C D

GRI C BH C GN V AI H E K H E D [ B WH O D [ C J B FT D X G C P D A B GR H C DP ] l C E H CI E ^ R C D

T K N C A H SE H A O Q S D XK B G C H [ J BPI GI E D G Ce D C hl

P E H C DT H I H A B A SI R HUG? I S X B JI G DP F GI KI P BH C GN ] � DT A D XkO H H D E H C DT H I H A B A SI R H G? I S X BUJI G DP E DY O DV A D R H G Ce P D X J D A H ?� � @ ] h D? B J BC H Ke G C P D D WH O D? � � ] � � �

E DY O DV A D R H G Ce C B? Y H P ?   @ ]

6

-


� �

] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]


6

6

-


� �

] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]


6

6

-


� �

] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]


k = 2

k = 1

k = 0 φ̂0

φ̂1 φ̂2

φ̂3 φ̂4 φ̂5 φ̂6

�I G ] � ] �$ , H A B A SI R H G? I [ X B JI G ]

� � �! " # " �� �% �� � � $� �� %� � " $� ��
6
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� 

k = 2
�

φ
(2)
0 φ

(2)
1 φ

(2)
2 φ

(2)
3 φ

(2)
4 φ

(2)
5 φ

(2)
6

�I G ] � ] � $ f HI H A B A SI R H G? I [ X B JI G ]

�� � �7 / 0 6" $' 1 0 * &' ( -. ,/ , *0 % ,1 . 2 ( -0 % ,3

�K e C H A O BCI P O Q E V DT S DT DE ? V D G C A DH OI M E O D L D G H C D R O D L DV H A H D X FUGK BP KI P B C H K N N P K N H C GN BK L H X A BI R H G? I [ E H C DT ^ V A H T K DY H O O Q [ j F JUO H W DP Q E ?� � @ ] � C D C E H C DT C B? Y HI GV DKe J FH CI H A B A SI R O D G Ce V D GK H T DUP B C H K e O D G CI P K DY H O O Q S GH C D? ] l T O B? DV D G C A DH OI H E H C DT B P E H Oe Z H [

G C HV H OI I GV DKe J FH C GP D [ G C P BI G S DT O D [ TI \ \ H A H O WI BKe O D [ J BT BRI ^ B

H L D BO BKI J O H X B JI A FH C GN O B GP D [ G C P B S L K BT ? D G CI A HZ H OI N I BV AI UD A O Q S D WH O ? B S ] � C B D G D X H O O D G Ce BK L H X A BI R H G? D L D E H C DT B G C BO DPI C GN

V AI P K H? B C H K e O D [ P GI C F B WI I ^ ? D L T B BV V A D? GI EI A FH E BN TI \ \ H A H O WI UBK e O B N J B T BR B O H D XK BT BH C Y H K BO O Q EI GP D [ G C P BEI ^ ? B? V A DI G S DTI C^O BV AI E H A^ P GK FR BH F A BP O H OI N TI \ \ F JI I G A B J AQ P O Q EI ? D � \ \I WI UH O C BEI I KI P GK F R BH A B G R H C O D [ D XK B G CI ^ I E H M� H [ P S DT N� I H F L K Q

I KI A B J A H JQ ] � H C DT V AI E H OI E ? B? T K N C A H F L DKe O Q S ?� � @ � C H C A B � T UA BKe O Q S �^ C B? I ? P BT A BC O Q S �? F XI R H G? I S � G H C D? ] fI Y H E Q A B G GE D C UAI E H L D T K N V A D G C H [Z H L D GK F R B N BV V A D? GI E B WI I F A BP O H OI N � F B G G DUO B �  ]  � � XI KI O H [ O Q EI ? DO H R O Q EI � K H E H O C BEI O B? P BT A BC O D [ G H C ? H

GZ BL DE h = 2−l ] � D GK H T DP BC H Ke O D G Ce P K DY H O O Q S G H C D? D X D J O BRI E

R H A H J Qk^ k = 1, . . . , l^ V AI R H E G H C ? B Qk

I E H H C Z BL hk = 2−k ] � F G Ce

Nk

0 RI GK D P O F C A H O OI S F JK DP T K N G H C ? I Qk

� G C HV H O H [ GP D X DT Q P

V A D G C A BO G C P H ? DO H R O DU � K H E H O C O Q S \ F O ? WI [ �^ mk

0 RI GK D N R H H? ]� O BR BK B A B G GE D C AI E T P F S GH C DR O Q [ E H C DT ] � B J D X< H E P GH F JK Q GH C U? I Ql

O B C AI L A FV V Q $V H A P B N L A FV V B G D G C DI CI J F JK DP GH C ? I Ql−1^ P C DUA B N G DT H A YI C F JK Q ^ K H Y B� I H O B A H X A B S GH C ? I Ql−1^ B C A H Ce N P ? K M UR BH C D G C BP Z I H GN F J K Q ] � B J XI H OI H O B L A FV V Q V D A DY T BH C A B J XI H OI H

E BC AI WQ A ≡ A(l)^ N P K N M� H [ GN ? DO H R O DU � K H E H O C O D [ BV V A D? GI E B WI U



�� �� �! � $ � � "& � $�� & � " % �� � � $� �� %� � " $� �� � �

H [ DV H A B C D A B −∆ ≡ − ∂2

∂x2 − ∂2

∂y2

O B G H C ? H Ql^ O B XK D? I $

A =





A11 A12 0
A21 A22 A23

0 A32 A33



 .

% BE H CI E ^ R C D XK D? A33

N P K N H C GN TI BL DO BKe O D [ E BC AI WH [^ C B? ? B?

OI ? B? I H T P H C D R ? I I J C A H Ce H [ L A FV V Q O H N P K N M C GN G D G H T N EI O B GH C U? H Ql ] � A D G CQ E V H A H E O DY H OI H E E DY O D F X�H TI Ce GN^ R C D E BC AI W B AT DV F G? BH C GK H T F M� H H V A H T G C BP K H OI H $

A = FA





A11 −A12A
−1
22 A21 0 0

0 A22 0
0 0 A33



F T
A −N,

� � ] � � �

L T H

FA =





I11 A12A
−1
22 0

0 I22 A23A
−1
33

0 0 I33



 , N =





0 0 0
0 A23A

−1
33 A32 0

0 0 0



 .

% T H Ge Ijj

0 H TI OI R O Q H E B C AI WQ G D D C P H C G C P F M � I SV D A N T ? DP ] h BO O D H

V A H T G C BP K H OI H V D GK F YI C D CV A BP O D [ C DR ? D [ T K N V D G C A D H OI N T P F S GHUC D R O D L DV H A H D X F GK BP KI P B C H K N B T K N E B C AI WQ A ] > � C D [ GP N JI J BUE H CI E ^ R C DV D GK H I G? K M R H OI N D G C B C ? B N E B C AI W B P V A BP D [ R B G CI

� � ] � � � XQ K B XQ K H L? D D X A B CI E B^ H GKI FE H Ce K H L? D PQ RI GK N Ce FE O DUY H OI H O B P H? C D A BV DT E BC AI W A−1
22

I (A11 −A12A
−1
22 A21)

−1 ] l? B JQ P BUH C GN^ V DT E BC AI W F A22

E DY O D J BE H OI Ce O B XKI J? F M ? O H [ TI BL DO BKe UO F M E BC AI W F B22^ V AI R H E C B? ^ R C D XK D? A11−A12B
−1
22 A21

G C BO DPI C GN�? PI P BK H O C H O E BC AI WH Y H G C ? D G CI T K N J BT BRI O B L A F X D [ GH C ? H ], C B? ^ V F G Ce A(l−1) 0 E BC AI W B^ N P K N M� BN GN ? DO H R O DU � K H E H O C O D [

BV V A D? GI E B WI H [ DV H A B C D A B −∆ O B G H C ? H Ql−1 ] � AI OI E BN P D P OI E BUOI NI JK DY H O O Q H PQ Z H G D D X A B Y H OI N^ J BT B TI E T P F S GH C DR O Q [V H A H D X FUGK BP KI P B C H Ke T K N A GK H T F M� I E D X A B J DE $

B = FB





1
2A

(l−1) 0 0
0 B22 0
0 0 A33





−1

F T
B ,

� � ] � � �

L T H

FB =





I11 0 0
−B−1

22 A21 I22 0
0 −A−1

33 A32 I33



 .

>Q RI GK H OI H x̃ = B x^ T K N V A DI J P DKe O D L D P H? C D A B x ∈ R
Nl D G F� HUG C P K N H C GN J B C AI Z BL B$

� � �! " # " �� �% �� � � $� �� %� � " $� ��

i BL  ] >Q RI GKI Ce y = F T
B x �

i BL � ] �HZ I Ce GI G C H E F G XK D R O DU TI BL D O BKe O D [ E B C AI WH [




1
2A

(l−1) 0 0
0 B22 0
0 0 A33



 z = y;

i BL � ] >Q RI GKI Ce x̃ = FB z ]

+ A FT O D G Ce J T H Ge E DY H C V A H T G C BP K N Ce C DK e ? D A HZ H OI H V DT GI G C H E Q G

E BC AI WH [ 1
2A

(l−1)^ V D G? DK e ? F A HZ H OI H D G C BKe O Q SV DT GI G C H E C A H X FH C

D X A B� H OI N TI BL D O BKe O Q S E B C AI W ] � HZ H OI H V DT GI G C H E Q G 1
2A

(l−1) 0� C D A HZ H OI H J B T BRI O B X DK H H L A F X D [ GH C ? H ] > T P F S GH C DR O DE E H C DT H

GI G C H E B G E BC AI WH [

A(l−1) A HZ BH C GN C D R O D ] > E O D L D G H C D R O DE E H C DUT H T K N H H V AI XKI Y H O O D L D A HZ H OI N PQ V DK O N H C GN O H G? DKe ? DI C H A B WI [

? B? D L DU OI X FTe KI O H [ O D L DI C H A B WI D O O D L DV A D WH G G B GV H A H D X F GK BP KI UP B C H K H E ^ ? D C D AQ [ G C A DI C GN BO BK D LI R O D B^ O D C HV H Ae O B G H C ? H Ql−1^I C B? T BK H H ] > D A E BKe O D E O D L D GH C DR O Q [ BK L D AI C E �V H A H D X F GK BP KI P BUC H Ke � X FT H C PQ V I G BO OI Y H^ B G H [ R B G E Q V D? BY H E ^ ? B? G C A DI C GN B22^I V DK FRI E D WH O ? I O B GV H? C A E BC AI WQ BA ]hK N C D L D^ R C D XQ J B T BCe E BC AI W F B22^ DV A H T H KI E A H X�H A O F M GH C ? F

Γ
(l)
h

^ ? B? G DP D? FV O D G Ce F J K DP I A H X�H A A B J XI H OI N Ql ] � H X�H A O BN GH C ? B

Γ
(l−1/2)
h

V DK FR BH C GNI J Γ(l−1)
h

V F C H E P P H T H OI N T DV DK OI C H Ke O Q S F JK DP

P GH A H TI O B S G C D A DO N R H H? I J Ql−1 ] � A D G C A BO G C P D W (l)
h

A B J E H A O D G CI

Nl
H G Ce E O DY H G C P D O HV A H AQ P O Q S O B Γ(l)

h

^ KI O H [ O Q S O B? B Y T DE A H X A H

GH C ? I Γ
(l)
h

I D X A B� BM� I S GN P O FKe O B ∂Ω

\ F O ? WI [ ] f B? D O H W^ D X DU

J O BRI E J B W (l−1/2)
h

V A D G C A BO G C P D A B J E H A O D G CI Nl − ml

G F Y H OI [ O B

Γ
(l−1/2)
h

\ F O ? WI [I J W (l)
h

]� H L? DV A DP H AI Ce ^ R C D GV A BP H T KI P D A BP H O G C P D

(Av,w) = hl

∑

G∈Ql

1

2

∮

∂G

dvh

ds

dwh

ds
ds ∀v,w ∈ R

Nl ,

L T H \ F O ? WI I vhI wh N P K N M C GN V A DT DK Y H OI N EI P H? C D A DP vI w O B

W
(l)
h

] lV A H T H KI E E B C AI W F K̃ GV DE D� e M GK H T F M � H L D G D D C O DZ H OI N $

(K̃v,w) = hl

∑

G∈Ql−1

1

2

∮

∂G

dvh

ds

dwh

ds
ds, ∀v,w ∈ R

Nl−ml−1 ,
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L T H \ F O ? WI I vhI wh N P K N M C GN V A DT DK Y H OI N EI P H? C D A DP vI w O B

W
(l−1/2)
h

] � D G? DKe ? F F J K Q A H X�H A O D [ GH C ? I Γ
(l−1/2)
h

P ? K M R BM C F J K Q

L A FV V Q I L A FV V Q �^ E BC AI W B K̃V A H T G C BPI E B P XK D R O DE PI T H $

K̃ =

(
A11 A12

A21 B22

)

,

L T H B22

N P K N H C GN TI BL DO BKe O D [V DT E BC AI WH [ � F JK Q L A FV V Q � O H G DU

GH T G C P F M C T A F L G T A F L DE P G H C ? H Γ
(l−1/2)
h

] , E H O O D � C B E BC AI W B B22

I

N P K N H C GN ? K M R H P D [ P T P F S G H C D R O DE V H A H D X F GK BP KI P B C H K H � � ] � � � ]

� � � �� 9 � � � �3 �5 7 � 6 2 29 68 �5 �� 1� 7 � � �9 BA �� � 2� ; � 6� � 7 3 7 �

� 6� � � [1, 3] �

�3 �� � � 7 6 �
 5 7 � 3 � % BV I Z H E D X A BC O F M E BC AI W F B−1 P XK DR O D [ \ D AUE H $

B−1 =





A11 A12 0
A21 B22 +A23A

−1
33 A32 A23

0 A32 A33





I A B G GE D C AI E GK H T F M� F M J BT BR F O B G D X G C P H O O Q H J O BR H OI N $

λB−1v = Av.

� � ] � � �

# GKI λ 6= 1^ C D G D D C P H C G C P F M � I H G D X G C P H O O Q H P H? C D A BV AI O B T K H Y BC

V DTV A D G C A BO G C P F

H = {v : A32v2 +A33v3 = 0}.*@RI CQ P B N � C D^ K H L? DV A DP H AI Ce ^ R C D λ N P K N M C GN G D X G C P H O O Q EI J O BUR H OI N EI J B T BRI

λK̃w = S̃w,

� � ] � � �

S̃ =

(
A11 A12

A21 A22 − A23A
−1
33 A32

)

.

> GP D M D R H A H Te ^ V AI λ 6= 1^ GV H? C A BKe O B N J B T BR B � � ] � � � �? PI P BK H O C UO B GV H? C A BKe O D [ J B T BR H

λB̂u = Au,

L T H

B̂ =

(

K̃ 0
0 0

)

.

� D � C DE F T K N GV H? C A BK e O D L D A BTI F G B ρ(BA) GV A BP H T KI P D

ρ(BA) = max
v∈H

(Av, v)

(B̂v, v)
.

� � �! " # " �� �% �� � � $� �� %� � " $� ��

� B C AI WQ AI K̃V D A DY T BM C GN B G GH E XKI A DP BOI H E K D? BKe O Q S E B C UAI W O B L A BOI W B S N R H H? I J Ql

I Ql−1^ G D D C P H C G C P H O O D ] � L A FV V I A DP BP

N R H [? I G(l)I J Ql

V D R H CQ A H G D L K B GO DI SV AI O BT K H Y O D G CI O H? D C DU

A D [

iU D [ N R H [? H G
(l−1)
i

I J Ql−1^ E Q E DY H E V A H T G C BPI Ce G? BK N A O Q H

V A DI J P H T H OI N ? B?

(Av, v) =

ml−1∑

i=1

(A(i)v(i), v(i)) =

ml−1∑

i=1

ai,

(B̂v, v) =

ml−1∑

i=1

(K̃(i)v(i), v(i)) =

ml−1∑

i=1

bi,

L T H P P H T H O Q D X D J O BR H OI N
ai := (A(i)v(i), v(i)) = hl

∑

G(l)⊂G
(l−1)
i

1

2

∮

∂G(l)

dvh
(i)

ds

dwh
(i)

ds
ds,

bi := (K̃(i)v(i), v(i)) =
hl

2

∮

∂G
(l−1)
i

dvh
(i)

ds

dwh
(i)

ds
ds.

� D G? DKe ? F P H KI RI O Q ai

I bi

O H D C AI W BC H Ke O Q ^ P D GV DKe J FH E GN O H A BUP H O G C P DE $
ml−1∑

i=1

ai

ml−1∑

i=1

bi

≤ max
i=1,...,ml−1

ai

bi
T K N D WH O ? I ρ(BA) GP H A S F $

ρ(BA) = max
i=1,...,ml−1

max
v(i)

(A(i)v(i), v(i))

(K̃(i)v(i), v(i))
,

L T H P H? C D A v(i)

H G Ce G F Y H OI H P H? C D A B v ∈ H O B L A FV V F N R H H? G(l)^

V AI O BT K H Y B� I S O H? D C D A D [ N R H [? H G
(l−1)
i

] � A N E D H PQ RI GK H OI H K DU? BKe O Q SI O C H L A BK DP G F R H C DE v ∈ H T BH C D WH O ? F

max
v(i)

(A(i)v(i), v(i))

(K̃(i)v(i), v(i))
≤ 3.



�� �� �! � $ � � "& � $�� & � " % �� � � $� �� %� � " $� �� � �

� O BK D LI R O D^ I GV DKe J F N O H A BP H O G C P D

ml−1∑

i=1

ai

ml−1∑

i=1

bi

≥ min
i=1,...,ml−1

ai

bi
,

V D? B JQ P BH E ^ R C D

min
v(i)

(A(i)v(i), v(i))

(K̃(i)v(i), v(i))
≥ 1.

hK N DV A H T H K H OI N E O D L D G H C D R O D L DV H A H D X F GK BP KI P BC H K N P P H T H E P

D X D J O BR H OI N T P F S GH C DR O D L DV H A H D X F GK BP KI P BC H K N O B F A DP O H kI O T H? G

F A DP O N $ A → A(k)^ B → B(k)^ FB → Fk ] % BT B TI E B̂(1) = B(1)I T K N

k = 2, . . . , l DV A H T H KI E V D GK H T DP B C H Ke O D E BC AI WQ

B̂
(k)
11 =

1

2
A(k−1)



I(k−1) −
2∏

j=1

(I(k−1) − τ
(k−1)
j [B̂(k−1)]

−1
A(k−1))





−1

,

B̂(k) = Fk






B̂
(k)
11 0 0

0 B
(k)
22 0

0 0 A
(k)
33






−1

F T
k .

% T H Ge τ
(k)
j

0I J P H G C O Q HI C H A B WI DO O Q H V B A BE H C AQ ^ PQ RI GK N H E Q H ? B?

D X A BC O Q H P H KI RI O Q ? ? D A O N E E O D L DR K H O B � H XQ Z H P B O B D GO DP BOI I

N P O Q S K D? BK e O Q S D WH O D? GV H? C A BV H A H D X F GK DP K H O O D [ E BC AI WQ Y H G C U? D G CI O B? BY T DE F A DP O H ?� � ^ � � @ ] � B C AI W B BAMG = B̂(l) O B JQ P BH C GN

BK L H X A BI R H G? I E E O D L D G H C D R O Q E V H A H D X F GK BP KI P BC H K H E G WU WI ? K DE

T K N E B C AI WQ A(l)^ Re H T H [ G C PI H O B P H? C D A b J BT BH C GN A H? F A GI P O D [

V A D WH T F A D [ $

z̄ = AlgMGM(k,b)
{���� k = 0 � � 	

��� z̄ = [A(0)]−1b

	 � 	 � � 	 � � �� � � � � � � � �� 	 
� � � � 	 
 � �� � �  �  �� � � � � � 	

� � 
 � 	 � � � � ��

��� �� 	

k > 0



� � (z1, z2, z3)
T = F T

k b�

� � d2 = [B
(k)
22 ]−1z2 � d3 = [A

(k)
33 ]−1z3

�

��� e0 = 0

	 � �� ��� � 	 � 
 � � � � � � � � � � � 	� � � � � � �� � � � 	 
 � �� � � �

�� �! " # " �� �% �� � � $� �� %� � " $� ��

�� � � 
 	 � � � ��  � � � � � � � �� � � 
 � � � 	 �� � � � � � � � �� � � �� � �� �� � 	 
 � �� � �
gi−1 = AlgMGM(k−1, A

(k−1)ei−1 − z1), ei = ei−1 − τ
(k)
i gi−1

, i = 1, 2;

� � d1 = e2�

��� z̄ = Fk(d1, d2, d3)
T �

}

� �� � � �� 9 � � � � � �8 �5 �� 3 � �5 �3� � 6 2 2 35 7 � 1 � 7 � � � 9 B−1
AMGA

� 6 � 2 �

3 � 6 2 �� �

condB−1
AMGA ≤ 3 + 2

√
3.

�7 � 3 � 6 2 �� 2 6 � �� �5 �7 3 7 8 �5 �� �� 3� 2 6 :
l �

h D? B J BC H Ke G C P D C H D A H E Q O D GI C RI G C D BK L H X A BI R H G? I [ S B A B? C H AI

D G O DP BO D O B BO BKI J H A H? F A GI P O Q S J BPI GI E D G C H [^ BO BK D LI R O D T D? B J BUC H Ke G C P F +H D A H E Q � ] ^ V D � C DE FV AI P DTI Ce GN J T H Ge O H X FT H C ]
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� H C DT Q T H? DEV D JI WI I D XK B G CI � � � � � �  � �� � � � �� � � � � � � � � � � � � 0C B? O B JQ P BM C G DP D? FV O D G Ce E H C DT DP I C H SO DK D LI [^ I GV DKe J F M� I S

V AI O WI V A B J T H K H OI N WH K D L DI D C T H Ke O D [ D X A B X D C ? I R B G C H [ � � �� � � � �U

� � � � �  0 A B JK DY H OI H O B G D G C BP O Q H R B G CI ^ BO L K ] � ] � CI E E DY O D D X=< N GUOI Ce I GV DKe J DP BOI H O B J P BOI N BE H C DT Q T H? DEV D JI WI I D XK B G CI C T K NX DKe Z D L D O B X D A B E H C DT DP^ E O D LI HI J? D C D AQ S O HI GV DKe J F M C^ P D D XU� H L DP D A N^ V DO N CI H D XK B G CI P C A BTI WI DO O DE T K N C H D AI I F A BP O H OI [ P

R B G C O Q SV A DI J P DT O Q S GE Q GK H ] > � C D [ L K BP H E Q ^ C H E O H E H O H H^ V D J O BU? DEI E RI C B C H K N C DK e ? D G X B J DPQ EI BK L D AI C E BEI ^ ? D C D AQ H C B? I KI

I O BR HI GV DKe J F M C A B J T H K H OI H O BV DT D XK B G CI C D [ D XK B G CI ^ L T HI � H C UGN A HZ H OI H TI \ \ H A H O WI BKe O D L D F A BP O H OI N ] > A F G G? DN JQ R O D [ KI C HUA B C F A H P G C A H R B M C GN C B? Y H C H A EI O Q E H C DT Q A B J T H K H OI N D XK B G CI ?  @

I E H C DT Q ? DEV D JI WI I ?� @ ]hK N C D L D R C D XQ E D CI PI A DP BCe O BZ I O C H A H G? E H C DT DE T H? DEV DUJI WI I D XK B G CI ^ A B G GE D C AI E C AI V AI E H A B ]> A B J T H K H  ] � A B G GE BC AI P BK GN P DV A D G A HZ H OI N KI O H [ O D [ GI G C H E Q

� � ]  � �^ P D J OI ? B M� H [V AI ? DO H R O DU �K H E H O C O D [ BV V A D? GI E B WI I F A BP UO H OI N � F B G G D O B P H TI OI R O DE ? F X�H O B A BP O DE H A O D [ G H C ? H ] � H C DT I GU? K M R H OI N 	 B F G G B T K N X DKe Z I S A B J A H Y H O O Q S E BC AI W^ P D J OI ? BM � I S

P T BO O DE V AI E H A H^ D? B JQ P BH C GN O H � \ \ H? CI P O Q E ? B? G C DR ? I J A H OI N

� 

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

B AI \ E H CI R H G? D [ WH O Q ^ C B? I G C DR ? I J A H OI N O H D X S DTI E D L D D X< H E B

? DEV e M C H A O D [V BE N CI ] l T O B? D^ E H C DT 	 B F G G B E DY H C XQ Ce F GV HZ O D

V AI E H O H O ? A HZ H OI M A B J A H Y H O O Q S GI G C H E FE H A H O O D L DV D A N T ? B �∼
104

� ] � H C DT Q T H? DEV D JI WI I E D L F C XQ Ce I GV DKe J DP BO Q T K N V D G C A DUH OI N XQ G C A D G S DT N� H L D GN I C H A B WI D O O D L DV A D WH G G B A HZ H OI N GI G C H EX DKe Z D [ A B J E H A O D G CI ^ P ? D C D A DE A H BKI J B WI N V H A H D X F GK BP KI P BC H K N

D G O DP BO B O B A HZ H OI I K D? BKe O Q SV DT J BT BR E H C DT DE 	 B F G G B ] j DKI R HUG C P DV DT J B T BR E DY H C TI ? C DP BCe GN L A BOI WH [V A B? CI R H G? D [ � \ \ H? UCI P O D G CI E H C DT B 	 B F G G B ] + B? ^ O BV AI E H A^ T K N G H C ? I GZ BL DE h = 50−1

E DY O D A B J XI Ce D XK B G Ce �? F X � O B P D GH E e A BP O Q SV DT D XK B G C H [I I GUV DKe J DP B Ce E H C DT 	 B F G G B T K N V DT J B T BR G h = 25−1 ] *@RI CQ P B N O H KI UO H [ O D G Ce P Q RI GKI C H Ke O Q S J BC A BC E H C DT BI G? K M R H OI N 
^ E Q V DK F RI E

G F� H G C P H O O F M �? DO DEI M E BZ I O O Q S A H G F A G DP ]h A F L D [V AI E H A GP N J BO GV B A BK K H KI J B WI H [ PQ RI GK H OI [ ] � H C DT Q

T H? DEV D JI WI I V A H T K BL B M C H G C H G C P H O O Q [ GV D G D X A B GV B A BK K H KI P BOI N^V D G? DKe ? F P OI S T BO O Q H D X A B X B CQ P B M C GN A B J T H K e O DV DV DT J B T BR BE ]f BV AI E H A^ T K N A HZ H OI N A B G GE D C A H O O D [ PQ Z H GI G C H E Q � � ]  � � O B P D Ge UEI V A D WH G G D A B S T D G C B C DR O D A B GV A H T H KI Ce G C HV H OI GP D X DT Q V DV A D WH GUG D A BE G D L K B GO D A B J XI H OI M O B P D GH E e V DT D XK B G C H [ ] � AI � C DE E DY O D

I GV DKe J DP BCe C D C Y H I C H A B WI DO O Q [V A D WH G G^ R C DI T K N V D GK H T DP BUC H Ke O D [ A H BKI J B WI I ^ DT O B? D ? BY T B N I C H A B WI N X FT H C PQ V DK O N Ce GN

V AI E H A O D P P D GH E e A B J XQ G C A H H ]+ A H CI [V AI E H A ? B G BH C GN O H C DKe ? D E H C DT B A HZ H OI N^ O DI \ D AUE FKI A DP ? I J BT BRI ] � F� H G C P FH C E O DY H G C P D \I JI R H G? I S N P K H OI [^ ? DUC D AQ H FT BH C GN BT H? P B C O D DV I GQ P B Ce ^ I GV DKe J F N A B J KI R O Q H E DT H KI P

A B J O Q SV DT D XK B G C N S ] hK N D X=< H TI O H OI N E DT H K H [ J B T BM C GN T DV DK OI UC H Ke O Q H F GK DPI N O B L A BOI WH A B J T H K BV DT D XK B G C H [ ] f BV AI E H A^ P J BUI E DT H [ G C PI H C H R H OI N P ? BO BK H^ DV I GQ P BH E D L D F A BP H OI N EI f BPe H U� C D? G B^ I C H R H OI N P V D AI G C D [ G A H T H � \I K e C A B WI I �^ DV I GQ P BH E D L D

F A BP O H OI H E h B A GI ^ V DT A B J FE H P BH C A B J XI H OI H A B GR H C O D [ D XK B G CI O B

V DT D XK B G Ce U ? BO BK I V DT D XK B G Ce U V D AI G C F M G A H T F^ O B L A BOI WH A B J T HUK B? D C D AQ S O BK BL BH C GN F GK DPI H O HV A H AQ P O D G CI V D C D? B YI T ? D G CI I

O D A E BKe O D [ ? DEV D O H O CQ C H O J D A B O BV A N Y H OI [ ] f B D G O DP H E H C DT DP

T H? DEV D JI WI I E DY O DV D G C A DI Ce C B? D [I C H A B WI DO O Q [ BK L D AI C E A HUZ H OI N D X� H [ G H C D R O D [ J BT BRI ^ R C D O B? B Y T D [I C H A B WI I P ? BY T D [

V DT D XK B G CI O F Y O D X FT H C A HZ B Ce GP D H F A BP O H OI H G D G D XQ E L A BOI R UO Q E F GK DPI H E ^ BV DK F R H O O DH A HZ H OI H X FT H C FT DP K H C P D A N Ce F GK DPI N E

� � � * �� � $ � � '� $� � � � � *� �� �� � $ �� '� - �� � * ��� &  � +  � � � �# �� *� � � * � * ��� ��

� �� �  � � � � � �! $ �� O(N2)! #  �

N � $� � � � � �� , � ��� ��- ( � �� * � '� � ' �� , � � �� �� � � � �

� � * �� � * �# * �� � �� �� � ' �� � � � ' �, � � � �� ��� � � � �� � '� � * �� � �� * � . �� � � � �� $% �

O(N2.2) (



�� �� � "� $" "�& � $�� & $ � � % � #� " $� �� � # � $� � " � � �& �& & ��

� GZ I P ? I � O B L A BOI WH A B J T H K B ]

�� � � $% 0 - $% ' 1 0 * &' 0 , *. ,� 2 -0 % ,3 ,� 3 0 & , - �

+ , 4 ' 5' '

� F G Ce Ω g D XK B G Ce P

R
d^ L T H I � H C GN A HZ H OI H F A BP O H OI N ] hK N V DUT D XK B G CI ω ⊂ Ω G? BK N A O DH V A DI J P H T H OI H P V A D G C A BO G C P H L2(ω)

X FT H E

D X D J O BR BCe (·, ·)ω ] > GK F R BH^ ? D L T B D XK B G Ce I O C H L AI A DP BOI N H G Ce P GN

D XK B G Ce Ω^ X FT H E DV F G? B Ce I O T H? G (·, ·) = (·, ·)Ω ]

��� � � � �� � �� � �� � �� � �

� B G GE D C AI E F A BP O H OI H �  ] � � P V A D G C H [Z H E GK F R BH a1,1 = a2,2 = 1^

a1,2 = a2,1 = 0^ Γ1 = ∂Ω$

−∆u = f P Ω,
u = 0 O B ∂Ω.

�� ]  �

� A H TV DK DYI E ^ R C D Ω A B J XI C B O B T P H O HV H A H G H? BM � I H GN V DT D XK BUG CI Ω1^ Ω2

G L A BOI WH [ A B J T H K B Γ^ P T BKe O H [Z H E I E H O FH E D [I O C H AU\ H [ G DE ] � A H TV DK DYI E C B? Y H^ R C D ∂Ω^ ∂Ω1^ ∂Ω2

0? F G D R O DU L K B T ? I H^B A HZ H OI H �� ]  �

u ∈ C1(Ω̄) ] + D L T B J B T BR B �� ]  � �? PI P BK H O C O B T P FE

V DT J BT BR BE G F GK DPI N EI GZ I P ? I O B Γ$

−∆u1 = f P Ω1, −∆u2 = f P Ω2,
u1 = 0 O B ∂Ω1 \ Γ, u2 = 0 O B ∂Ω2 \ Γ,

�� ] � �

u1 = u2

O B Γ, ∂u1

∂n
=
∂u2

∂n

O B Γ, �� ] � �

L T H n D X D J O BR BH C O D A E BKe ? Γ ]hK N GK B X D [V D G C BO DP ? I J BT BRI �� ]  � E DY O D C B? Y H G \ D A E FKI A DUP B Ce G D D C P H C G C P F M � I [ �� ] � �g �� ] � � BO BK D L ] f BV DE OI E GK B X F M V D G C BUO DP ? F �  ] � � T K N J BT BRI �� ]  � $ O B [ CI u ∈ V C B? DH^ R C D

a(u, v) = (f, v), ∀ v ∈ V,

�� ] � �

L T H V = H1
0(Ω), a(u, v) = (∇u,∇v). > P H T H E T DV DK OI C H Ke O D GK H T F M U� I H V A D G C A BO G C P B$

Vi = {v ∈ H1(Ωi) : v|∂Ωi\Γ = 0}, i = 1, 2,

�� ] � �

V 0
i = {v ∈ H1(Ωi) : v|∂Ωi

= 0}, i = 1, 2,

�� ] � �

Λ = {η ∈ H
1
2 (Γ) : η = v|Γ, v ∈ V }. �� ] � �

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

� DV DP DT FV A D G C A BO G C P B GK H T DP Λ D C E H CI E GK H T F M� H H ] > GK F R BH
Γ ∩ ∂Ω = ∅I O C H A \ H [ G N P K N H C GN J BE ? O F CQ E E O DY H G C P DE ^ G DPV B T BUM� I E ^ O BV AI E H A^ G ∂Ω1 ] # GKI Ω1

D XK B T BH C A H L FK N A O D [ \ D A E D [I H H

TI BE H C AV D A N T ? B H TI OI WQ ^ C D O D A E B P V A D G C A BO G C P H H
1
2 (Γ) J BT BH C GN

V D \ D A E FK H

‖η‖
H

1
2 (Γ)

=



‖η‖2
L2(Γ) +

∫

Γ

∫

Γ

(η(s) − η(t))2

|s− t|2 dsdt





1/2

.

> GK FR BH Γ∩ ∂Ω 6= ∅I O C H A \ H [ G P Q S DTI C O B L A BOI W F ∂Ω P C D R ? B S xa^

xb ] � AI � C DE V A D G C A BO G C P D GK H T DP \ F O ? WI [I J H1
0(Ω) O B ΓI E H H C P

KI C H A B C F A H GV H WI BK e O D H D X D J O BR H OI H $ H
1
2
00(Γ)I GO B XkY H O D F GI K H O O D [

O D A E D [

‖η‖
H

1
2
00(Γ)

=



‖η‖2
L2(Γ) +

∫

Γ

∫

Γ

(η(s) − η(t))2

|s− t|2 dsdt

+

∫

Γ

η2(s)

|s− xa|2
ds +

∫

Γ

η2(s)

|s− xb|2
ds





1/2

.

> T BKe O H [Z H E E Q O H X FT H E I GV DKe J DP BCe ? D O G C A F? CI P O Q H O D A EI A DP U? I P V A D G C A BO G C P B S GK H T DP ] hK N O BZ I S WH K H [ T D G C B C DR O D D C E H CI Ce ^R C D T K N O D A E Q P V A D G C A BO G C P H Λ P H A O B D WH O ? B

‖η‖Λ ≥ ‖η‖L2(Γ).

hK N V DT J BT BR G F GK DPI N EI GZ I P ? I O B Γ �� ] � �g �� ]� � GK B X B N V DUG C BO DP ? B PQ L K N TI C GK H T F M� I E D X A B J DE $ O B [ CI ui ∈ Vi

C B? I H^ R C D

u1 = u2

O B Γ^

ai(ui, vi) = (f, vi)Ωi
∀ vi ∈ V 0

i , i = 1, 2,

�� ] � �

a1(u1, R1µ) + a2(u2, R2µ) = (f,R1µ)Ω1 + (f,R2µ)Ω2 ∀µ ∈ Λ.

�� ] � �

% T H Ge ai(u, v) = (∇u,∇v)Ωi

^ � R H A H J Ri

D X D J O BR H O DV H A BC D AV A DT DK UY H OI N I J Λ P Vi^ C B? D [^ R C D (Riη)Γ = η

� D H L D G F� H G C P DP BOI I GE ]GK H T F M� I [ A B J T H K � ]

� � � �� ' � 	 � �� ;� 8 � �� ] � � � �� ] � �
�

�� ] � ��� �� �� � � 6 27 29 �



�� �� � "� $" "�& � $�� & $ � � % � #� " $� �� � # � $� � " � � �& �& & � �

�3 �� � � 7 6 �
 5 7 � 3 � � F G Ce P H A O D �� ] � � ] � DK DYI E ui = u|Ωi

] + B? ? B?

V 0
i ⊂ V^ C D

a(ui, vi) = a(u, vi) = (f, vi) ∀ vi ∈ V 0
i .� K H T DP BC H Ke O D^ T K N ui = u|Ωi

PQ V DK O N H C GN �� ] � � ] > F O ? WI N

Rµ =

{
R1µ

P Ω1

R2µ

P Ω2

V AI O BT K H YI C V^ V D � C DE F a(u,Rµ) = (f,Rµ)^ C D H G Ce PQ V DK O N H C GN

�� ] � � ]+HV H Ae T D? B Y H E F C P H A Y T H OI H P D X A B C O F M G C D A D O F ] � F G Ce P H A O D

�� ] � �g �� ] � � ] � DK DYI E

u =

{
u1

P Ω1

u2

P Ω2.

> F O ? WI N uV AI O B T K H YI C V^ V D G? DK e ? F u1 = u2

O B Γ ] j A DE H C D L D^ T K N

K M X D L D v ∈ V DV A H T H KI E µ = v|Γ ∈ ΛI H L DV A DT DK Y H OI H Rµ ∈ V ]� D G? DKe ? F v|Ωi
−Riµ ∈ V 0

i

^ V DK F R BH E I J �� ] � �I �� ] � � $

a(u, v) = a(u, v ±Riµ) =

2∑

i=1

{ai(u, v|Ωi
−Riµ) + ai(ui, Riµ)}

=

2∑

i=1

{(f, v|Ωi
−Riµ)Ωi

+ (f,Riµ)Ωi
} = (f, v).

� AI E H O H OI H � H E E Q � ]  T K N ? DO H R O DU � K H E H O C O Q SV A D G C A BO G C P V D JUP DKI C G \ D A E FKI A DP BCe F GK DPI N GZ I P ? I O B GH C DR O DE F A DP O H ]

��� � � � � � � � � � � � � � � ��  �� � � � � � � � � � � �� � �  ��

* C P H A Y T H OI N � C D L D A B J T H K B N P K N M C GN C H SOI R H G? I EI I V AI P DT N C GNX�H J T D? B J B C H Ke G C P B ] A DK H H V DT A D XkO D G OI EI E DY O D D J O B? DEI Ce GN P

? ��^ � � @ ] � F G Ce Ω A B J XI C B O B T P H O HV H A H GH? B M� I H GN V DT D XK B G CI Ω1^
Ω2

G? F G DR O DU L K BT ? I EI L A BOI W BEI I I O C H A \ H [ G DE Γ ]

� �� � � �� ' � 	 � � � � 65 7 � � 67 3 � 6 � � 7 3 � �� 3 ;3 �� 6 2 � � �� Ω2

� Ω� R12 :
V2 → V � 7 � �3 :

� 8 7 3

‖R12u2‖V ≤ Ĉ12‖u2‖V2 ∀u2 ∈ V2,

�� ] � �

4 ; 6 �3 25 7 � 27 � Ĉ12

� �� �5 �7 7 3 �
 �3 3 7 �3 ;3 � �� 5 7 6 :
Ω1� Ω2 �

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�� 1 68 � 2 � 6 � � F� H G C P FH C C B? B N ? DO G C BO C B C12^ J BPI GN� B N D C V DUT D XK B G C H [

Ω1^ Ω2^ R C D

a(R12u2, R12u2) ≤ C2
12a2(u2, u2).

�� ]   �

� �� � � �� ' � 9 � � � � � � �3 :

ui ∈ Vi

5 � � 65 7 � � 67 6 6 5 � 6 ;
ui|Γ 2� Γ�

�� �8 6 1

‖ui|Γ‖Λ ≤ C̆i‖ui‖Vi
,

�� ]  � �

�5 � � 65 7 � � 67 3 � 6 � � 7 3 � �� 3 ;3 �� 6 2 � �5 Γ� Ωi� Ri : Λ → Vi�
7 � �3 :
�

8 7 3

‖Riµ‖Vi
≤ Ĉi‖µ‖Λ ∀µ ∈ Λ,

�� ]  � �

4 ; 6 �3 25 7 � 27 9 C̆i� Ĉi

� �� �5 �7 7 3 �
 �3 3 7 �3 ;3 � �� 5 7 6 :

Ω1� Ω2 �

j DO H R O DU � K H E H O C O Q H BO BK D LI C H D A H E � ] ^ � ] �V DK F R B M C GN \ D AUE BK e O D [ J BE H O D [V A D G C A BO G C P V, Vi,Λ

O BI S? D O H R O DU �K H E H O C O Q HV DT UV A D G C A BO G C P B

U
h,Uh

i ,Λ
h^ V AI � C DE DV H A BC D AQ V A DT DK Y H OI N R12, RiJ BE H O N M C GN O B G H C D R O Q H DV H A B C D AQ V A DT DK Y H OI N Rh

12, R
h
i

] f H J BPI GI U

E D G Ce ? D O G C BO C Ĉ12, C12, C̆i, Ĉi

D C A B J E H A O D G CI V A D G C A BO G C P

U
h
i

^ � T K N

? P B JI A BP O DE H A O Q S GH C D? � C D D J O BR BH C O H J BPI GI E D G Ce D C h

�^ P D D XU� H L DP D A N^ O H DR H PI T O B ] f BV AI E H A^ � C D O H GK H T FH C O HV D G A H T G C P H O UO DI J BV V A D? GI E B WI DO O Q S GP D [ G C P V A D G C A BO G C P

U
h
i

] hK N DV A H T H K H O UO Q S? K B G G DP G H C D? O H J BPI GI E D G Ce ? D O G C BO C D C A B J E H A O D G CI V h
i

T D? BUJ B Ce FT BH C GN ] > R B G C O D G CI ^ T K N ? DO \ D A E O Q S A H L FK N A O Q S C AI BO L FK N UWI [^ BV V A D? GI EI A F M � I S ∂Ω1

I ∂Ω2

G D P C D AQ E V D A N T ? DE ^ ? D O G C BO CQ

Ĉ12, C12, C̆i, Ĉi

O H J BPI GN C D C RI GK B F J K DP GH C ? I ] > G H C AI BO L FK N WI I ^A B G GE D C A H O O Q H OI Y H^ V AI O BT K H Y B C � C DE F? K B G G F ] *@RI CQ P B N � C D J BUE H R BOI H^ E Q X FT H E G GQ K BCe GN O B C H D A H E Q � ] ^ � ] �? B? T K N G D X DK H P UG? I SV A D G C A BO G C P^ C B? I T K NI S? DO H R O DU �K H E H O C O Q SV DTV A D G C A BO G C P ]

��� � � � �� �� � �� � � � � �� � �� �� � � �� � �� �

� B G GE D C AI E J BT BR F �� ]  � P D XK B G CI Ω^ A B J XI C D [ O B T P H V DT D XK B G CI

Ω1^ Ω2

GI O C H A \ H [ G DE Γ C B? ^ R C D ∂Ω1 6= ΓI ∂Ω2 6= Γ ] f BV DE OI E ^ R C D

V A D G C A BO G C P D GK H T DP P � C DE GK F R BH Λ = H
1
2
00(Γ) ] hK N K M X D [

ϕ ∈ ΛDV A H T H KI E L B A E D OI R H G? DH V A DT DK Y H OI H Hiϕ ∈ Vi

$

−∆(Hiϕ) = 0 P Ωi,
Hiϕ = ϕ O B Γ,
Hiϕ = 0 O B ∂Ωi \ Γ.

�� ]  � �



�� �� � "� $" "�& � $�� & $ � � % � #� " $� �� � # � $� � " � � �& �& & � �

hK N V A DI J P DK e O D [

f ∈ L2(Ωi)

D X D J O BRI E R H A H J Tif ∈ H1(Ωi)

A HZ H OI H

F A BP O H OI N � F B G G DO B P Ωi

$

−∆(Tif) = f P Ωi,
Tif = 0 O B ∂Ωi.

�� ]  � �

� F G Ce u 0 A HZ H OI H F A BP O H OI N �� ]  �^ B λ 0 GK H T u O B Γ ] >@? BY T D [

V DT D XK B G CI u E DY O DV A H T G C BPI Ce GK H T F M� I E D X A B J DE $

ui = u|Ωi
= Hiλ+ Tif.

�� ]  � �

� K H T DP BC H Ke O D^

∫

Ωi

(∇ui)
2 dx =

∫

Ωi

(∇Hiλ)
2 dx +

∫

Ωi

(∇Tif)2 dx.

�� ]  � �

, J A BP H O G C P B �� ]  � � GK H T FH C^ R C D L B A E DOI R H G? D H V A DT DK Y H OI H Hiλ

D XUK B T BH C EI OI E BK e O D [ � O H A L H CI R H G? D [V DK FO D A E D [ G A H TI P GH S \ F O ? UWI [

v ∈ H1(Ω) C B? I S^ R C D v|Γ = λI v|∂Ω\Γ = 0 ]f BZ B WH Ke 0V DK FRI Ce DV H A BC D A O D H F A BP O H OI H O B λ^ T K N � C D L D

P D GV DKe J FH E GN O HV A H AQ P O D G Ce M V D C D? B O BI O C H A \ H [ GH $

∂u1

∂n
=
∂u2

∂n
.

A K BL DT B A N �� ]  � �V DK F R BH E

∂

∂n
(H1 −H2)λ =

∂

∂n
(T2 − T1)f.

�� ]  � �

lV A H T H KI E DV H A BC D A � F BO ? B A HU � C H? K DP B S =
∂

∂n
(H1 −H2) : Λ → Λ′

I V A BP F M R B G Ce χ =
∂

∂n
(T2 − T1)f ∈ Λ′^ L T H Λ′ = H−

1
2 (Γ) ] * A BP O H OI H

�� ]  � � P DV H A BC D A O D [ \ D A E H V AI OI E BH C PI T

Sλ = χ

�� ]  � �

I O B JQ P BH C GN F A BP O H OI H E � F BO ? B A H U � C H? K DP B ] � C D F A BP O H OI H X FT H C

P H Ge E BV DK H J O D P T BK e O H [Z H E ^ V D � C DE FI J F RI E GP D [ G C P B DV H A B C D A B

S ] l X D J O BRI E R H A H J ni

O D A E BK e ? Γ^ N P K N M� F M GN P O HZ O H [V D D C O DUZ H OI M ? Ωi ]

� � � �� ' � 9 � ∂

∂ni
Hi


5 � 1 1 67 � �8 29 : � �3 �3 � �7 6 �
 2 3 3 �� 6 ; 6 � 6 2�

29 : 3 � 6� � 7 3 � � L2(Γ) �

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�3 �� � � 7 6 �
 5 7 � 3 � � F G Ce u, v g V A DI J P DKe O Q H L B A E D OI R H G? I H \ F O ? UWI I P Ωi ] �V DE D� e M \ D A E FK Q 	 AI O BV DK FR BH E

∫

Γ

∂v

∂ni
u ds−(∇u,∇v)Ωi

=(u,∆v)Ωi
=0=(∆u, v)Ωi

=

∫

Γ

∂u

∂ni
v ds−(∇u,∇v)Ωi

.

� AI OI E BN P T BO O DE G D D C O DZ H OI I u = Hiµ

I v = Hiλ
T K N V A DI J P DKe UO Q S µ, λ^ V DK FR BH E GI E E H C AI M DV H A BC D A B$

∫

Γ

λ
∂

∂ni
Hiµ ds =

∫

Ωi

∇Hiµ · ∇Hiλ dx =

∫

Γ

µ
∂

∂ni
Hiλ ds

I V DK DYI C H Ke O F M DV A H T H K H O O D G Ce DV H A B C D A B$

∫

Γ

µ
∂

∂ni
Hiµ ds =

∫

Ωi

∇Hiµ · ∇Hiµ dx ≥ 1

C(Ωi)2 + 1
‖Hiµ‖2

Vi

≥ 1

(C(Ωi)2 + 1)C̆2
i

‖µ‖2
L2(Γ).

% T H Ge C(Ω) 0? D O G C BO C BI J O H A BP H O G C P B > AI T AI ? G B �  ]  �^ ? D C D A DH

C B? Y H P H A O D T K N \ F O ? WI [^ J BO FK N M� I S GN KI Z e O B R B G CI L A BOI WQ

∂Ωi ] � F G Ce n P DV A H T H K H OI I DV H A B C D A B S N P K N H C GN P O HZ O H [ O D A E BKe M

V D D C O DZ H OI M ? Ω1^ C D L T BV A D G CQ E GK H T G C PI H E K H E E Q � ] � N P K N H C GN

GI E E H C AI R O D G Ce I V DK DYI C H Ke O BN DV A H T H K H O O D G Ce S ]

+HV H Ae E Q L D C DPQ ? C DE F^ R C D XQ V H A H [ CI ? I J F R H OI M I C H A B WI DO UO Q S E H C DT DP T H? DEV D JI WI I D XK B G CI ] � O BR BK B E Q A B G GE D C AI E DTI O

I J OI SV DT A D XkO DI G A B J KI R O Q S C DR H? J A H OI N ] � C D X FT H CI C H A B WI DO UO Q [ E H C DT_^ I J P H G C O Q [ P KI C H A B C F A H V DT O B J P BOI H E BE H C DT I C H A B WI [

f H [ E BO U hI AI SK H C ]

�� � �0 % ,3 ' % 0 " $ 5' ( �_0 ( - $. �
�' " ' � 7 0

��� � � � � � � � �� �� � � �� � � �� � � � � �� � � �� � �

hK N A HZ H OI N F A BP O H OI N �� ]  � J BT B TI E T H [ G C PI C H Ke O F M P H KI RI O F θ >
0I V D G C A DI E I C H A B WI D O O Q [V A D WH G G G O BR BK e O Q E V AI XKI Y H OI H E

λ0 ∈ Λ ] � F G Ce λkI J P H G C O D^ O B S DTI E V AI XKI Y H OI N uk+1
1

I uk+1
2

?



�� �� � $� �� & � $ � " �& � � $ �" "% � �& �& ! $ � �

A HZ H OI M P V DT D XK B G C N S^ A HZ B N V D GK H T DP BC H Ke O D F A BP O H OI N $







−∆uk+1
1 = f P Ω1

uk+1
1 = 0 O B ∂Ω1 \ Γ

uk+1
1 = λk O B Γ

�� ] �� �







−∆uk+1
2 = f P Ω2

uk+1
2 = 0 O B ∂Ω2 \ Γ

∂uk+1
2

∂n2
= −∂uk+1

1

∂n1

O B Γ

�� ] �  �

I V H A H GRI CQ P B N λk+1 $

λk+1 = θuk+1
2 |Γ + (1 − θ)λk.

�� ] � � �

f BV H A P DE V DT Z BL H A HZ BH C GN ? A BH P BN J BT BR B G F GK DPI H E hI AI SK H O B

Γ^ O B P C D A DE V DT Z BL H A HZ BH C GN ? A BH P BN J BT BR B G F GK DPI H E f H [E BO B

O B Γ^ V D � C DE F E H C DT O D GI C O B J P BOI HI C H A B WI I f H [E BO U hI AI SK H ] f B

C A H Ce H E V DT Z BL H D G F� H G C P K N H C GN V H A H GR H CI C H A B WI D O O D L DV AI XKI Y HUOI N λk? GK H T F A HZ H OI N u|Γ O BI O C H A \ H [ G H ]� D? B Y H E ^ R C DI C H A B WI I G S DT N C GN ] hK N � C D L D DV A H T H KI E DZ I X? I

I C H A B WI DO O Q SV AI XKI Y H OI [ P V DT D XK B G C N S εk
i = u − uk

i

I O BI O C H AU\ H [ GH ξk = u|Γ−λk^ ? D C D AQ H FT DP K H C P D A N M C GK H T F M � I E F A BP O H OI N E $







−∆εk+1
1 = 0 P Ω1

εk+1
1 = 0 O B ∂Ω1 \ Γ

εk+1
1 = ξk O B Γ







−∆εk+1
2 = 0 P Ω2

εk+1
2 = 0 O B ∂Ω2 \ Γ

∂εk+1
2

∂n2
= −∂εk+1

1

∂n1

O B Γ�� ] �� �

εk+2
1 = θεk+1

2 + (1 − θ)εk+1
1

O B Γ. �� ] � � �

� D GK H T O H H A BP H O G C P D GK H T FH CI J PQ RI C BOI N T P F S C DY T H G C P $

u|Γ = θu|Γ + (1 − θ)u|Γ,

I

uk+2
1 |Γ = θuk+1

2 |Γ + (1 − θ)uk+1
1 |Γ.hK N GK H T DP DZ I X D? O BI O C H A \ H [ GHI J �� ] �� �I DV A H T H K H OI N DV HUA B C D A DP Hi

V DK F R BH E

εk+2
1 = −θ( ∂

∂n2
H2)

−1(
∂

∂n1
H1)ε

k+1
1 + (1 − θ)εk+1

1

�� ] � � �

= (I − θ(I + (
∂

∂n2
H2)

−1(
∂

∂n1
H1)))ε

k+1
1 .

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

� D? B Y H E ^ R C D DV H A B C D A K = I + ( ∂
∂n2

H2)
−1( ∂

∂n1
H1)

G BE D G DV A N Y H O ^V DK DYI C H K e O D DV A H T H K H O I D L A BOI R H O P G? BK N A O DE V A DI J P H T H OI I
〈µ, λ〉 = (

∂

∂n2
H2µ, λ)L2(Γ)

� G? BK N A O DHV A DI J P H T H OI H E DY O D DV A H T H KI Ce ^ V D G? DKe ? F DV H A B C D A ∂
∂n2

H2GI E E H C AI R H O I V DK DYI C H Ke O D DV A H T H K H O P L2(Γ) P GI K F K H E E Q � ] � � ]� BE D G DV A N Y H O O D G Ce K GK H T FH CI J

〈Kµ, λ〉 =

(
∂

∂n2
H2µ+

∂

∂n1
H1µ, λ

)

= 〈µ,Kλ〉.

� DK DYI C H Ke O BN DV A H T H K H O O D G Ce PQ C H? BH CI J G D D C O DZ H OI [

〈Kµ, µ〉 =

(
∂

∂n2
H2µ+

∂

∂n1
H1µ, µ

)

≥
(

∂

∂n2
H2µ, µ

)

= 〈µ, µ〉.

l L A BOI R H O O D G Ce GK H T FH CI J D WH O D?

〈Kµ, µ〉 =

(
∂

∂n2
H2µ+

∂

∂n1
H1µ, µ

)

=

∫

Ω2

(∇H2µ)2 dx+

∫

Ω1

(∇H1µ)2 dx

≤
∫

Ω2

(∇H2µ)2 dx +

∫

Ω1

(∇R12H2µ)2 dx

≤ C2
12

∫

Ω2

(∇H2µ)2 dx = C2
12

(
∂

∂n2
H2µ, µ

)

= C2
12〈µ, µ〉.

% T H Ge E Q I GV DK e J DP BKI C H D A H E F � ]  DV A DT DK Y H OI I I JV DT D XK B G CI Ω2P Ω ] + B? I E D X A B J DE ^ G D D C O DZ H OI H �� ] � � � E DY O DV H A HV I G BCe P PI T H

εk+2
1 = (I − θK)εk+1

1 .

A K BL DT B A N T D? B J BO O Q E PQ Z H D WH O ? BE

〈µ, µ〉 ≤ 〈Kµ, µ〉 ≤ C2
12〈µ, µ〉,

V AI θ = 2
1+C2

12

I E H H E D WH O ? F O B O D A E F DV H A B C D A BV H A H S DT B

‖I − θK‖ ≤ C2
12 − 1

C2
12 + 3

,

R C D D J O BR BH C L H DE H C AI R H G? F M G S DTI E D G Ce I C H A B WI [ f H [E BO U hI AI SK H ]
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��� � � � � � �� �� � � � � � � �� � � � � �� � � � � �� � �� �� �� �� �

� �� � � � � �� � �� �� � � �� � �� �

� D BO BK D LI I G �� ]  � � A HZ H OI H V DT J B T BRI �� ] �� � E DY O DV A H T G C BPI Ce P

PI T H

uk+1
1 = H1λ

k + T1f.> D GV DKe J DP BP Z I Ge D R H PI T O Q EI A BP H O G C P BEI −∆T2f = f^ T2f |∂Ω2 =
0^ V H A HV I Z H E �� ] �  � P PI T H







−∆(uk+1
2 − T2f) = 0 P Ω2

uk+1
2 − T2f = 0 O B ∂Ω2 \ Γ

∂(uk+1
2 −T2f)

∂n2
= −∂uk+1

1

∂n1
− ∂T2f

∂n2

O B Γ,

D C ? FT B

uk+1
2 |Γ = (uk+1

2 − T2f)|Γ = (
∂

∂n2
H2)

−1

(

−∂u
k+1
1

∂n1
− ∂T2f

∂n2

)

= (
∂

∂n2
H2)

−1

(

− ∂

∂n1
H1λ

k − ∂

∂n1
T1f − ∂

∂n2
T2f

)

.

l X D J O BRI P χ = − ∂

∂n1
T1f − ∂

∂n2
T2f^ Si =

∂

∂ni
Hi^ V H A HV I Z H E �� ] � � �

λk+1 = λk + θ(S−1
2 (−S1λ

k + χ) − λk)

= λk + θS−1
2 (−(S1 + S2)λ

k + χ)

= λk + θS−1
2 (−Sλk + χ).+ B? I E D X A B J DE ^ E H C DT f H [E BO U hI AI SK H H G Ce E H C DT V A D G C D [I C HUA B WI I T K N A HZ H OI N F A BP O H OI N � F BO ? B A HU � C H? K DP B �� ]  � � GV H A H D X FUGK BP KI P B C H K H E S−1

2

$

λk+1 = λk + θS−1
2 (−Sλk + χ).

�� ] � � �

��� � � � � � �� �� � � � � � � �� � � � � �� � � � � �� � �� �� � ��

� �� � �� �� � � � �

hK N V AI E H O H OI N E H C DT B f H [E BO U hI AI SK H ? ? D O H R O DU �K H E H O C O D [V DUG C BO DP ? H J BT BRI H L D Y H K BC H Ke O DV H A HV I G BCe P C H A EI O B S XI KI O H [ O Q S\ D A E ] � C D K H L? D GT H K B Ce ^ V AI E H OI P K H E E F � ]  $







f B [ CI uk+1
1 ∈ V1,

C B? DH R C D

a1(u
k+1
1 , v1) = (f, v1)Ω1 ∀v1 ∈ V 0

1

uk+1
1 = λk O B Γ

�� ] � � �

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&






f B [ CI uk+1
2 ∈ V2,

C B? DH R C D

a2(u
k+1
2 , v2) = (f, v2)Ω2 ∀v2 ∈ V 0

2

a2(u
k+1
2 , R2µ) = (f,R2µ)Ω2 + (f,R1µ)Ω1 − a1(u

k+1
1 , R1µ) ∀µ ∈ Λ�� ] �� �

λk+1 = θuk+1
2 |Γ + (1 − θ)λk.

�� ] � � �

f BV DE OI E ^ R C D Ri

D X D J O BR BH C O H? D C D AQ [ DV H A BC D AV A DT DK Y H OI N^ T H [UG C P F M� I [I J Λ P Vi ]

��� � � � � � �� �� � � � � � � �� � � � � �� � � � � � � � � � � � � � � � �

� �

% B T BTI E P D XK B G CI Ω? D O \ D A E O F M C AI BO L FK N WI M Ωh ] � H A H J Γh

D X DUJ O BRI E TI G? A H C O Q [I O C H A \ H [ G^ ? D C D AQ [V AI XKI Y BH C I O C H A \ H [ G ΓG D P C D AQ E V D A N T ? DE ] h A F LI EI GK DP BEI ^ V F G Ce Ωh = Ωh
1 ∪ Ωh

2

^ Γh =
Ω̄h

1 ∩ Ω̄h
2

I � � � �

(Γ,Γh) = O(h2) ] j DO H R O DU � K H E H O C O B N TI G? A H CI J B WI N

J B T BRI �� ]  � J B? K M R BH C GN P J BE H O H V A D G C A BO G C P B V O B H L D? DO H R O DU�K H E H O C O DH V DTV A D G C A BO G C P D
U

h $

a(uh, vh) = (f, vh) ∀vh ∈ U
h.

�� ] �� �

� C B \ D A E FKI A DP ? BV AI P DTI C ? GI G C H E H KI O H [ O Q S BK L H X A BI R H G? I S

F A BP O H OI [ G O HI J P H G C O Q EI ? D � \ \I WI H O C BEI ui

P A B J K DY H OI I ? DO H R O DU�K H E H O C O D L D A HZ H OI N uh =
∑

uiϕi

V D X B JI G F ϕi

V A D G C A BO G C P B

U
h $

Au = f.

�� ]�  �

f BV DE OI E ^ R C D � K H E H O CQ E B C AI WQ Aij

I V A BP D [ R B G CI fi

PQ RI GK N UM C GN GK H T F M � I E D X A B J DE � GE ] A B J T H K  ] � � $

Aij =

∫

Ω

∇ϕi · ∇ϕj dx, fi =

∫

Ω

fϕi dx.

� O DY H G C P D F JK DP Ωh^ O H K H Y B� I S O B P O HZ O H [ L A BOI WH^ A B J D X< UH E O B C AI L A FV V Q $ P O F C A H O OI H F J K Q Ωh
1

^ F JK Q ^ V AI O BT K H Y B� I H Γh^ IP O F C A H O OI H F JK Q Ωh
2

] � O DY H G C P D? F G DR O DU KI O H [ O Q S X B JI GO Q S \ F O ? UWI [

ϕi^ A B J XI P BH C GN V AI � C DE O B C AI V DT E O DY H G C P B^ R C DV D A DY T BUH C XK D R O DH A B J XI H OI H E BC AI WQ AI XK D R O D H V A H T G C BP K H OI H GI G C H E Q

�� ]�  �





A11 A1Γ 0
AΓ1 AΓ AΓ2

0 A2Γ A22









u1

uΓ

u2



 =





f1
fΓ
f2



 .

�� ] � � �

� D G? DKe ? F O D GI C H KI X B JI GO Q S \ F O ? WI [ P C D A D [ L A FV V Q K H Y BC ? B? P

Ωh
1

^ C B? I P Ωh
2

^ D X�H G H C D R O Q H V DT D XK B G CI P O D GN C P ? K BT P �K H E H O CQ
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E BC AI WQ AΓ

I P H? C D A B fΓ ] l X D J O BRI E P ? K B T V DT D XK B G CI Ωi

P AΓ

I fΓR H A H J A(i)
Γ

I f
(i)
Γ

I V A H T G C BPI E �� ]� � � P PI T H





A11 A1Γ 0

AΓ1 A
(1)
Γ + A

(2)
Γ AΓ2

0 A2Γ A22









u1

uΓ

u2



 =





f1

f
(1)
Γ + f

(2)
Γ

f2



 .

�� ] � � �

% BE H O B G D X DK H P G? I SV A D G C A BO G C P V 0
1

^ V 0
2

P �� ] � � �U �� ] �� � O BI S? DO H R O DU�K H E H O C O Q H BO BK D LI

U
0,h
1

^ U
0,h
2

I DV A H T H K H OI N E BC AI R O Q S XK D? DP Aii^

A
(i)
Γ

^ AΓi^ AiΓ

V AI P DT N C ? BK L H X A BI R H G? D [ \ D A E FKI A DP ? H I C H A B WI [

f H [ E BO U hI AI SK H $

A11u
k+1
1 = f1 −A1Γλ

k,

�� ] � � �

(

A
(2)
Γ AΓ2

A2Γ A22

)(
uk+1

Γ

uk+1
2

)

=

(

fΓ −AΓ1u
k+1
1 −A

(1)
Γ λk

f2

)

,

�� ] � � �

λk+1 = θuk+1
Γ + (1 − θ)λk .

�� ] � � �

hH [ G C PI C H K e O D^ F A BP O H OI H �� ] � � �V DK FR BH C GN I J �� ] � � �V DT G C BO DP ? D [

X B JI G O Q S \ F O ? WI [I J

U
0,h
1

^ P C D A BN G C A D? B F A BP O H OI N �� ]� � �V DK FUR BH C GN I JV H A P D [ G C A D? I �� ] � � �V DT G C BO DP ? D [ X B JI G O Q S \ F O ? WI [I J

U
0,h
2

^ BV H A P BN G C A D? B F A BP O H OI N �� ] � � �V DK F R BH C GNI J P C D A D [ G C A D? I

�� ] � � �I GV DK e J DP BOI H E C AI PI BKe O Q S DV H A BC D A DP V A DT DK Y H OI N GH C DR UO D [ \ F O ? WI I µh^ J BT BO O D [ O BI O C H A \ H [ GH^ P D G C BKe O Q H F JK Q xk ∈ Ωh
iO FK N EI $ Rh

i µ
h(xk) = 0^ i = 1, 2 ]

��� � � � � � � � � � � � � �� �� �	 �� �� � �� � � � � �� � �� � � � � �� �

� �� �

� DY O DV DK FRI Ce E BC AI R O F M J BV I Ge F A BP O H OI N � F BO ? B A H U � C H? K DP B

�� ]  � �^ A B G G F Y T BN BO BK D LI R O D TI \ \ H A H O WI BKe O DE F GK F R BM ]hH [ G C PI C H K e O D^ P C H A EI O B S E H C DT B? DO H R O Q S �K H E H O C DP GK H T G HUC D R O D L D A HZ H OI N V A H T G C BP K H O P H? C D A DE ? D � \ \I WI H O C DP uΓ ] f HV A HUAQ P O D G Ce V D C D? B O BI O C H A \ H [ GH E DY O DV D OI E B Ce P GE Q GK H F A BP O HUOI [^ P S DT N� I S P D P C D A F M XK DR O F M G C A D? F �� ]� � � ] � H C D R O D H F A BP O H OI H

O B GK H T GH C DR O D L D A HZ H OI N V DK F R BH C GN V F C H E I G? K M R H OI N V H A P D [I

C A H Ce H [ XK D R O Q S G C A D? P �� ]� � � $

(AΓ−AΓ1A
−1
11 A1Γ−AΓ2A

−1
22 A2Γ)uΓ = fΓ−AΓ1A

−1
11 f1−AΓ2A

−1
22 f2.

�� ] � � �

, GV DKe J FN C H A EI O Q ^ V AI O N CQ H P KI O H [ O D [ BK L H X A H^ E B C AI W F S =
AΓ−AΓ1A

−1
11 A1Γ−AΓ2A

−1
22 A2Γ

X FT H E O B JQ P BCe T DV DK O H OI H E V D i F A F

T K N E BC AI WQ A D C O D GI C H Ke O D uΓ ]

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

*@RI CQ P B N B T TI CI P O D H V A H T G C BP K H OI H AΓ

I fΓ^ V H A HV I Z H E �� ] � � �

T K N P H? C D A B λ ≡ uΓ

P PI T H

Sλ = χ
S = S1 + S2

χ = χ1 + χ2

Si = A
(i)
Γ −AΓiA

−1
ii AiΓ

χi = f
(i)
Γ −AΓiA

−1
ii fi

�� ] � � �

+ B? I E D X A B J DE ^ BK L H X A BI R H G? I E BO BK D L DE DV H A BC D A B Si

N P K N H C GN E BC UAI W B Si^ V D � C DE F BK L H X A BI R H G? I E BO BK D L DE E H C DT BV A D G C D [I C H A B WI I

�� ] � � � N P K N H C GN E H C DT �I R B A T G D O B T K N GI G C H E Q �� ] � � � G T DV DK O H OI H E

V D i F A F S
λk+1 = λk + θS−1

2 (−Sλk + χ).

�� ]� � �

l GO DP O Q H PQ RI GKI C H Ke O Q H J BC A B CQ DT O D [I C H A B WI I E H C DT B �� ] � � �

G D G C DN CI J A HZ H OI [ GI G C H E G E BC AI W BEI Aii

� P Q RI GK H OI H O H P N J? I �I

A HZ H OI N GI G C H E Q G E B C AI WH [
S2

�V H A H D X F GK BP KI P BOI H � ]

�( �� �� � � � � ' � 	 � �3 �� � � 7 
 � 8 7 3 � 1 23 � 6 2 � 6 S−1
2

2 � � 6 �7 3 � � η =
S−1

2 ξ� � �� �� � � 6 27 2 3 � 6 � 6 2 � �5 �5 7 6 1 9

(

A
(2)
Γ AΓ2

A2Γ A22

)(
ηΓ
η2

)

=

(
ξΓ
0

)

,

� � �� 3 �5 � 1 �� � � � 6 : �� �� 2 6 2 � 6 �� � �� 5 � 5 2 6 3 ; 23 � 3 ; 2 9 1 � �5 �3� � � 1 �

� 6 : 1� 2 � �, C H A B WI I �� ] � � � T DV F G? BM C V A D G C D H D X D X� H OI H $ V D G? DKe ? F E B C UAI WQ SI S2

GI E E H C AI R O Q I V DK DYI C H Ke O D DV A H T H K H O Q ^ ? A HZ H OI M

F A BP O H OI N �� ] � � � E DY O DV AI E H OI Ce E H C DT G DV A N Y H O O Q S L A B TI H O C DP

GV H A H D X F GK BP KI P BC H K H E S2 ]� B G GE D C A H O O Q [ E H C DT E DY O DV H A H O H G CI O B GK FR B [ E O D LI SV DUT D XK B G C H [ ] � A H TV DK DYI E T K N V A D G C D CQ ^ R C D D XK B G Ce Ω A B J XI C B O B mV B A BK K H Ke O Q SV DT D XK B G C H [U V DK D G Ωi^ BI O C H A \ H [ G Γ D X A B J DP BO KI OI UN EI A B J T H K B ] + D L T B GI G C H E B G T DV DK O H OI H E V D i F A F S T K N XK DR O D L D

V A H T G C BP K H OI N GI G C H E Q �� ]�  � H G Ce

Sλ = fΓ −
m∑

i=1

NiAΓiA
−1
ii fi, S ≡

m∑

i=1

Ni(A
(i)
Γ −AΓiA

−1
ii AiΓ)NT

i

�� ] �� �

L T H V A N E D F L DKe O Q H E B C AI WQ Ni

G D G C DN CI J �K H E H O C DP {0, 1}I I E H M C

O H X DK H H DT O D [ H TI OI WQ P G C A D? H ] � B C AI WQ Ni

D G F� H G C P K N M C B G G H E UXKI A DP BOI H P ? K BT DP ? BY T D [V DT D XK B G CI Ωi

P L K D X BKe O F M E BC AI W F
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S ] � A DO FE H A DP BP V D GK H T DP BC H Ke O DV DK D GQ ^ A B J D X< H E V DT D XK B G CI O B

T P H L A FV V Q G D L K B G O D R H C O D G CI I O T H? G B iI G \ D A EI A FH E V H A H D X F GK BP UKI P BC H Ke

S2 =
∑

R H C O Q H V DT D XK ]

Ni(A
(i)
Γ −AΓiA

−1
ii AiΓ)NT

i

T K N S ] � D G? DK e ? F? B Y T DH GK BL BH E D H P G FE E H N P K N H C GN GI E E H C AI R UO Q E ^ C D S2

0 GI E E H C AI R O B N E BC AI W B ] � K H T DP B C H Ke O D^ E Q E DY H E V AI UE H OI Ce E H C DT G DV A N Y H O O Q S L A BTI H O C DP T K N A HZ H OI N GI G C H E Q �� ] �� � ]

��� � � � � �� � � � �� � �� � � � � � �� � � � � � �� � � � � �� � �

� B G GE D C AI E T A F LI H P B AI BO CQ E H C DT B T H? DEV D JI WI I f H [E BO U hI AI SK H

P C H A EI O B SV H A H D X F GK BP KI P B C H K H [ T K NI G S DT O D [ GI G C H E Q �� ] �  � ]

� �� � � � �  � � � � � = � � �� �=

� B G GE D C AI E E BC AI W F

Bu =





A11 A1Γ 0

AΓ1 A
(1)
Γ 0

0 A2Γ A22



 .

� D? B Y H E ^ R C D O BV DTV A D G C A BO G C P H TI G? A H C O DU L B A E DOI R H G? I S P H? C DUA DP

U = {A2ΓxΓ +A22x2 = 0}

DV H A B C D A^ J B T BP BH E Q [ E BC AI WH [

Bu^ N P K N H C GN G BE D G DV A N Y H O O Q E ^ V DUK DYI C H Ke O D DV A H T H K H O O Q E I GV H? C A BKe O D �? PI P BK H O C O Q E A ] � F G Ce

T K N i = 1, 2^

Bi =

(
Aii AiΓ

AΓi A
(i)
Γ

)

, xiΓ =

(
xi

xΓ

)

, yiΓ =

(
yi

yΓ

)

.

+ D L T B T K N V A DI J P DKe O Q S x, y ∈ U PQ V DK O N H C GN

(Bux, y) = (B1x1Γ, y1Γ) = (B1y1Γ, x1Γ) = (Buy, x),

(Bux, x) = (B1x1Γ, x1Γ) ≤ (Ax, x),

0 < (Ax, x) = (B1x1Γ, x1Γ) + (B2x2Γ, x2Γ)

≤ (B1x1Γ, x1Γ) + (B2x̃2Γ, x̃2Γ)

≤ C2
21(B1x1Γ, x1Γ) = C2

21(Bux, x).

�� ] �  �

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

>V D GK H T O H [ D WH O ? H E Q V D GK H T DP B C H Ke O DI GV DKe J DP BKI GK H T F M � I H

A B G G F Y T H OI N ] > DU V H A PQ S^ TI G? A H C O D L B A E D OI R H G? BN \ FO ? WI N D XK BUT BH C EI OI E BK e O D [ � O H A LI H [

(B2x2Γ, x2Γ) G A H TI P G H S \ F O ? WI [ G J BUT BO O Q E GK H T DE xΓ

O BI O C H A \ H [ GH

x̃2Γ =

(
x̃2

xΓ

)

.

> DU P C D AQ S^ P ? BR H G C P H x̃2

E Q P J N KI GV H WI BK e O D H V A DT DK Y H OI H xΓ

P

Ωh
2

^ ? D C D A DH T BH C GN G H C D R O Q E BO BK D L DE C H D A H E Q � ]  ]+ B? I E D X A B J DE ^ H GKI V D? B J BCe ^ R C D O B? B Y T DE Z BL HI C H A B WI DO O DUL DV A D WH G G B DZ I X? BV AI O BT K H YI C V DTV A D G C A BO G C P F U^ C D E B C AI W F BuE DY O DI GV DKe J DP BCe P ? BR H G C P H � \ \ H? CI P O D L DV H A H D X F GK BP KI P BC H K N

T K N GI G C H E Q �� ] �  � ] >Q X�H A H E O BR BKe O Q [ P H? C D A

Buu0 = f,

T K N ? D C D A D L D P H A O D
A2Γu0

Γ +A22u
0
2 = f2.+ D L T B O BR BKe O BN DZ I X? B e0 = u0 − uV AI O B T K H YI C U ] � B G GE D C AI E

E H C DT V A D G C D [I C H A B WI I

uk+1 = uk + θB−1
u (f −Auk).

�� ] � � �

lZ I X? B E H C DT B ek = uk − u FT DP K H C P D A N H C

ek+1 = ek − θB−1
u Aek = (I −B−1

u A)ek.# GKI ek ∈ U^ C ] H ] A2Γe
k
Γ+A22e

k
2 = 0^ C D T K N P H? C D A B gk = B−1

u AI E H H E

A2Γgk
Γ + A22g

k
2 = 0I ek+1 = ek − θgk ∈ U ] � DI O T F? WI I J B? K M R BH E ^R C D P GH DZ I X? I ekV AI O BT K H Y B C V DTV A D G C A BO G C P F U^ I V AI P Q X D A H

θ = 2
C2

21+1

I u0 = B−1
u fI C H A B WI I �� ] � � � G S DT N C GN G D G? D A D G Ce M C2

21−1

C2
21+3

]l C E H CI E ^ R C D A H BKI J B WI N DT O D [I C H A B WI I �� ] � � � C A H X FH C V D GK HUT DP BC H Ke O D L D C DR O D L D A HZ H OI N T P F SV DT J B T BR G E BC AI W BEI B1

I A22V AI A HZ H OI I GI G C H E GV H A H D X F GK BP KI P BC H K H E Bu ]

� � � � �  � � � � � = � � �� �=

� B G GE D C AI E GI E E H C AI R O F M E BC AI W F

Bs =





A11 A1Γ 0

AΓ1 A
(1)
Γ + AΓ2A

−1
22 A2Γ AΓ2

0 A2Γ A22



 .



�� �� � $� �� & � $ � " �& � � $ �" "% � �& �& ! $ � �

� HZ H OI H GI G C H E Q Bsx = y C A H X FH C V D GK H T DP BC H Ke O D L D C DR O D L D A HZ HUOI N C A H SV DT J BT BR G E BC AI W BEI A22^ B1^ A22^ G D D C P H C G C P H O O D $

(
A11 A1Γ

AΓ1 A
(1)
Γ

)(
x1

xΓ

)

=

(
y1

yΓ −AΓ2A
−1
22 y2

)

,

x2 = A−1
22 (y2 −A2ΓxΓ).l R H PI T O D^ R C D H GKI A = AT^ C D Bs = BT

s

] � D? BY H E ^ R C D

C−2
21 A ≤ Bs ≤ A.

�� ] �� �

hH [ G C PI C H K e O D^





A11 A1Γ 0

AΓ1 A
(1)
Γ +AΓ2A

−1
22 A2Γ AΓ2

0 A2Γ A22



 =





A11 A1Γ 0

AΓ1 A
(1)
Γ +A

(2)
Γ − S2 AΓ2

0 A2Γ A22



 ,

S2 = A
(2)
Γ −AΓ2A

−1
22 A2Γ,

I

(Bsx, x) = (Ax, x) − (S2xΓ, xΓ).� D G? DKe ? F S2 ≥ 0^ C D Bs ≤ A ]hK N D WH O ? I GOI J F P �� ] �� � A B G GE D C AI E J BT BR F O B G D X G C P H O O Q H J O BUR H OI N

Ax = λBsx.hK N G D X G C P H O O Q S P H? C D A DP G D C KI R O Q EI D C H TI OI WQ G D X G C P H O O Q EI

J O BR H OI N EI ^ I E H H E

A2ΓxΓ +A22x2 = 0,

V D � C DE F^ I GV DK e J F N C H Y H A B G G F Y T H OI N^ R C DV AI P Q P DT H D WH O D? �� ] �  �^V DK F R BH E

(Ax, x) ≤ C2
21(B1x1Γ, x1Γ) = C2

21(Bsx, x).+ B? I E D X A B J DE ^ Bs

N P K N H C GN GI E E H C AI R O D [V DK DYI C H Ke O D DV A H T HUK H O O D [ E BC AI WH [^ GV H? C A BKe O D �? PI P BK H O C O D [ E BC AI WH A ]� C DV D J P DUK N H CI GV DKe J DP BCe Bs

P ? BR H G C P H � \ \ H? CI P O D L DV H A H D X F GK BP KI P BC H K N

P I C H A B WI DO O Q S E H C DT B S � O BV AI E H A^ E H C DT H G DV A N Y H O O Q S L A BTI H O UC DP � ] lV A H T H K H O O Q E O H T D G C B C ? DE V H A H D X F GK BP KI P B C H K N Bs
N P K N H C GN C A H UX DP BOI H A HZ BCe GH C DR O Q H J BT BRI P V DT D XK B G C N S C DR O D ] l? B JQ P BH C GN^R C D P V DT D XK B G CI Ω1

A HZ H OI H GI G C H E Q G E BC AI WH [
B1

E DY H C XQ Ce

J BE H O H O D O B A HZ H OI H GI G C H E Q GV H A H D X F GK BP KI P B C H K H E T K N B1 ]

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�( �� �� � � � � ' � 9 � �3 �� � � 7 
 � 8 7 3 65 � �5 � 6 ; � � � � 6 ;� 6 1 � 7 � � � 9

� �� �� � � 6 27 2 9 � 3 5 � 6 �7 � �

(
A11 A1Γ

AΓ1 A
(1)
Γ

)

∼
(

Ã11 Ã1Γ

ÃΓ1 Ã
(1)
Γ

)

,

7 3 � 6� 6 3 � �5 ��� � �� � 7 6 �


B̃s =





Ã11 Ã1Γ 0

ÃΓ1 Ã
(1)
Γ +AΓ2A

−1
22 A2Γ AΓ2

0 A2Γ A22





7 � �� 6� �� �� � � 6 27 6 2 � 3 5 � 6 �7 � � 1 � 7 � � � 6 A �

B̃s ∼ A.

� C D C A H J FKe C BC T BH C P D J E DY O D G Ce G C A DI Ce E O D L D F A DP O H PQ H E H C DUT Q T H? DEV D JI WI I D XK B G CI ^ P ? D C D AQ SV H A H D X F GK BP KI P B C H Ke T K N B1P GP D M DR H A H Te G C A DI C GN O B D GO DP H E H C DT B T H? DEV D JI WI I ] � AI � C DE

A B GR H C O BN D XK B G Ce E DY H C XQ Ce V D? AQ C B X DKe Z I E ? DKI R H G C P DE V DUT D XK B G C H [^ B RI GK D D X F GK DP K H O O D G CI B−1
s A

X FT H C J BPI GH Ce D C RI GUK BV DT D XK B G C H [ ] � D BO BK D LI I G T P F S GH C DR O Q E E H C DT DE ^ J BPI GI E D G Ce

D C RI GK BV DT D XK B G C H [ F G C A BO N H C GN J B G R H C P P H T H OI N T DV DK OI C H K e O D [

V DT J BT BRI O B L A F X D [ GH C ? H^ V D A DY T H O O D [ A B J XI H OI H E O BV DT D XK B G CI ]% BE H O B XK D? B A22

O BV H A H D X F GK BP KI P B C H Ke Ã22

V AI P DTI C ? O B A FUZ H OI M GV H? C A BKe O D [ �? PI P BK H O C O D G CI T H? DEV D JI WI DO O D L DV H A H D X FUGK BP KI P B C H K NI E B C AI WQ A^ H GKI O H PQ V DK O H O D F GK DPI H

A22 ≤ Ã22 ≤ (1 + ch2)A22.
�� � �0 % ,3 ' % 0 " $ 5' ( �_0 ( - $. �

�0 ( - $.

> GK F R BH T P F SV DT D XK B G C H [ E H C DT I C H A B WI [ f H [E BO U f H [E BO V A H T UG C BP K N H C G D X D [I C H A B WI D O O D H A HZ H OI H F A BP O H OI N O BI O C H A \ H [ GH �� ] � � �^V AI ? D C D A DE P ? K B T V DT D XK B G C H [ P V H A H D X F GK BP KI P BC H Ke T K N T DV DK UO H OI N V D i F A F S F A BP O DP HZ I P BH C GN $

λk+1 = λk + θ(
1

2
S−1

1 +
1

2
S−1

2 )(−Sλk + χ).

�� ] � � �

+ B? I E D X A B J DE ^ P E H G C D S−1
2

P ? BR H G C P H V H A H D X F GK BP KI P BC H K NI GV DKe UJ FH C GN V DK F G FE E B 1
2S
−1
1 + 1

2S
−1
2

] � AI \ E H CI R H G? B N WH O B DT O D [I C H A BUWI I �� ] � � � DV A H T H K N H C GN A HZ H OI H E T P F S GH C DR O Q S J BT BR G F GK DPI H E



�� �� � $� �� & � $ � " �& � �& �& ! $ � �& �& ! $ � �

hI AI SK H O B Γh

�

A−1
ii

�V AI P Q RI GK H OI I O H P N J? I ^ I T P F S G H C D R O Q S J BUT BR G F GK DPI H E f H [E BO B O B Γh

�

S−1
i

�V AI V H A H D X F GK BP KI P BOI I ] f BUJ P BOI H E H C DT V DK F RI K V D CI V F? A BH P D L D F GK DPI N P V DT J BT BR B S^ V D A DUY T BH E Q SV H A H D X F GK BP KI P BC H K H E ]� H C DTI C H A B WI [ f H [E BO U f H [E BO K H L? D D X D X� BH C GN O B GK F R B [ A B JUXI H OI N O B X DKe Z DH RI GK DV DT D XK B G C H [

Ωi^ i = 1, . . . ,m ] hH [ G C PI C H K e UO D^ I G? K M R H OI H P O F C A H O OI S O HI J P H G C O Q S P V DT D XK B G C N S Ωi

V AI P DUTI C ? GI G C H E H G T DV DK O H OI H E V D i F A F �� ] �� � ] hK N ? B Y T D [ G C HV H OI

GP D X DT Q ^ G D D C P H C G C P F M� H [ F JK F O B Γh^ DV A H T H KI E RI GK D J BE Q ? BOI [

V DT D XK B G C H [

Ω̄i^ G DT H A Y B� I S � C D C F J H K ^ I T K N I O C H A \ H [ G O D [ R B G CI

? BY T D [V DT D XK B G CI Ω̄i

G \ D A EI A FH E TI BL DO BKe O F M E BC AI W F Di

I J P HUKI RI O ^ D X A BC O Q S? � CI E RI GK BE ] � AI � C DE B G GH E XKI A DP BOI H E B C AI W

Di

V D A DY T BH C H TI OI R O F M E B C AI W F $

m∑

i=1

NiDiN
T
i = I.

� H A H D X F GK BP KI P B C H K e BS

T K N E B C AI WQ S J B T BH C GN GK H T F M� I E D X A BUJ DE

BS =

m∑

i=1

NiDiS
−1
i DiN

T
i .

� DY O DV D? B J B Ce ? � � @^ R C D P GK F R BHI GV DK e J DP BOI N ? P B JI U A BP O DE H AUO Q S C AI BO L FK N WI [ GZ BL DE hI ? P B JI U A BP O DE H A O Q S A B J XI H OI [ O BV DUT D XK B G CI G TI BE H C A DE d RI GK D D X F GK DP K H O O D G CI BSS

FT DP K H C P D A N H C

D WH O ? H $
� � �

(BSS) ≤ C(1 + log
d

h
) max{ C

d2
; log

d

h
}.

+ B? I E D X A B J DE ^ P GK F R BH E O D LI SV DT D XK B G C H [V H A H D X F GK BP KI P BC H Ke

BS

O H N P K N H C GN GV H? C A BKe O D �? PI P BK H O C O Q E E B C AI WH S^ B� � �

(BSS)J BPI GI C D C RI GK BV DT D XK B G C H [

m ∼ d−2 ] +H E O H E H O H H^ T H [ G C PI C H Ke UO Q H J O BR H OI N � � �

(BSS) D? B JQ P BM C GN D R H Oe E BK Q EI O H GE D C A N O B

GP D M K D L B AI \ EI R H G? F M J BPI GI E D G Ce D C h ] j B? I P GK F R BH E H C DT Bf H [ E BO U hI AI SK H^ J BPI GI E D G Ce D C RI GK BV DT D XK B G C H [ E DY H C XQ Ce F G C UA BO H O B J B GR H C A HZ H OI N T DV DK OI C H K e O D [ J B T BRI O B GH C ? H^ V D A DY T BHUE D [ A B J XI H OI H E O BV DT D XK B G CI ? � � @ ]

�� � �0 % ,3 ' % 0 " $ 5' ( �' " ' � 7 0 �
�' " ' � 7 0

> H A O H E GN ? A B J XI H OI M Ω O B T P H V DT D XK B G CI Ω1^ Ω2 ] > D A E FKI A DP ? B

T P F SV DT J B T BR G F GK DPI N EI GZ I P ? I �� ] � �g �� ] � � T DV F G? BH C GK H T F M� F M

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

I O C H L A BKe O F M V D G C BO DP ? F ] l X D J O BRI E λ = ∂u
∂n |Γ

I O B [ T H E C B? I H λ ∈
Λ′^ ui ∈ Vi^ i = 1, 2^ R C D

∫

Ω1

∇u1 · ∇v1 dx +

∫

Γ

λv1 ds =

∫

Ω1

fv1 dx ∀v1 ∈ V1,

�� ] � � �

∫

Ω2

∇u2 · ∇v2 dx −
∫

Γ

λv2 ds =

∫

Ω2

fv2 dx ∀v2 ∈ V2,

�� ] �� �

∫

Γ

(u1 − u2)µ ds = 0 µ ∈ Λ′.

�� ] � � �

l T OI E I JV A HI E F� H G C P T BO O D [V D G C BO DP ? I N P K N H C GN C D^ R C D D O BV AI UE H OI E B? GK F R B M C AI BO L FK N WI [^ O H G CQ ? F M� I S GN O BI O C H A \ H [ GH 	^V D G? DKe ? F O HV A H AQ P O D G Ce \ F O WI I O B Γ J T H Ge V DOI E BH C GN KI Z e P GK BUX DE GE Q GK H^ C ] H ] P GE Q GK H A BP H O G C P B �� ] � � � ] �Q D L A BOI RI E GN GK F R BH E

G CQ ? F M� I S GN C AI BO L FK N WI [I J BE H OI E V A D G C A BO G C P D Vi

O B G C BO T B A C UO D H ? DO H R O DU � K H E H O C O D H V DTV A D G C A BO G C P D

U
h^ B Λ′ 0 O B TI G? A H C O DH

V A D G C A BO G C P D \ F O ? WI [ hI A B? B Λ′h^ J B T BO O Q S P D P O F C A H O OI S F JK B S

xk

I O C H A \ H [ G B Γ$
Λ′h = {δ(xk)}.

j DO H R O DU � K H E H O C O B N \ D A E FKI A DP ? B J B? K M R BH C GN P V DI G? H λh ∈ Λ′h^

uh
i ∈ U

h
i

C B? I S^ R C D

∫

Ω1

∇uh
1 · ∇vh

1 dx +

∫

Γ

λhvh
1 ds =

∫

Ω1

fvh
1 dx ∀vh

1 ∈ U
h
1 ,

�� ] �� �

∫

Ω2

∇uh
2 · ∇vh

2 dx −
∫

Γ

λhvh
2 ds =

∫

Ω2

fvh
2 dx ∀vh

2 ∈ U
h
2 ,

�� ] � � �

∫

Γ

(uh
1 − uh

2 )µh ds = 0 µh ∈ Λ′h.

�� ] �� �

> R B G C O DE GK FR BH G CQ ? F M � I S GN C AI BO L FK N WI [ F A BP O H OI H �� ] �� � GP DUTI C GN ? C A H X DP BOI M A BP H O G C P B? DO H R O DU � K H E H O C O Q S \ F O ? WI [

uh
1 , u

h
2P F JK B SI O C H A \ H [ G B$

uh
1 (xk) − uh

2 (xk) = 0.

�& � �� *� � �#� � +�� � � �, � � � �� � + � ��� � '� � �� � � � +! �� �� � - � � �  � � �� �� � * �� � & � � � � � � �� � � �� (
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l C E H CI E ^ R C D �� ] �� �U �� ] �� � N P K N H C GN O H? D O \ D A E O D [ BV V A D? GI E B WI H [

�� ] � � �U �� ] � � �^ V D G? DK e ? FV A D G C A BO G C P D Λ′h O H N P K N H C GN V DTV A D G C A BO UG C P DE Λ′ ] +H E O H E H O H H^ E DY O DV D? B J B Ce ^ R C D �� ] �� �U �� ] �� �I D XQ R O BN

TI G? A H CI J B WI N �� ]� � �V D A DY T BM C DT O DI C D Y H G H C D R O D H A HZ H OI H ]�K L H X A BI R H G? B N \ D A E FKI A DP ? B T K N J BT BRI �� ] �� �U �� ] �� � PQ L K N TI C

GK H T F M� I E D X A B J DE $





B1 0 CT
1

0 B2 −CT
2

C1 −C2 0









u1

u2

λ



 =





f1
f2
0



 ,

�� ] �  �

L T H O H O FK H PQ H �K H E H O CQ E BC AI W C1

I C2

0 C DKe ? D H TI OI WQ ] , G? K M UR H OI H O HI J P H G C O Q S u1

I u2

I J �� ] �  �V AI P DTI C ? GI G C H E H T K N P H? C D A B

λ PI T B

(C1B
−1
1 CT

1 + C2B
−1
2 CT

2 )λ = C1B
−1
1 f1 − C2B

−1
2 f2.

�� ] � � �

+ B? I E D X A B J DE ^ FE O DY H OI H P H? C D A B O B SD ≡ C1B
−1
1 CT

1 + C2B
−1
2 CT

2C A H X FH C A HZ H OI N T P F S ? A BH PQ S J BT BR G F GK DPI H E f H [E BO B O BI O UC H A \ H [ G H �

B−1
i

� ] *@RI CQ P BN PI T E BC AI W CT
i = (0 CT

iΓ)^ V H A HV I Z H E

E BC AI W F SD

GK H T F M � I E D X A B J DE $

SD = C1ΓS
−1
1 CT

1Γ + C2ΓS
−1
2 CT

2Γ.

L T H S−1
i

0I O C H A \ H [ G O Q [ XK D? E B C AI WQ B−1
i

^ T K N ? D C D A D L D P H A O D

� GE ] FV A B Y O H OI H � ] � �

Si = A
(i)
Γ −AΓiA

−1
ii AiΓ, i = 1, 2.

� D BO BK D LI I GV H A H D X F GK BP KI P BC H K H E f H [E BO U f H [E BO ^ P Q V I Z H E V HUA H D X F GK BP KI P BC H Ke T K N SD

$

SF = C1ΓS1C
T
1Γ + C2ΓS2C

T
2Γ,

O B JQ P BH E Q [V H A H D X F GK BP KI P BC H K H E hI AI SK H U hI AI SK H V D CI V F? A BHUPQ S J B T BR �

A−1
ii

�^ ? D C D AQ H O H D X S DTI E D A HZ I Ce V AI H L D A H BKI J B WI I ]� H A H D X F GK DP K H O O BN GI G C H E B O BI O C H A \ H [ G H �� ] � � � J BV I GQ P BH C GN C B? $

SFSDλ = SF (C1B
−1
1 f1 − C2B

−1
2 f2).

� D BO BK D LI I G E H C DT DE f H [E BO U f H [E BO ^ E H C DT I C H A B WI [ hI AI SK HUhI AI SK H T DV F G? BH C D X D X� H OI H O B GK F R B [ E O D LI SV DT D XK B G C H [ ? � � @ ]

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�� �	 � �� � �� � � � � �� � � � �� � � �� � �� � � �� � �	 � � �� ��

� � �� � �� � � � � � �� �

f BRI O BN G �� S L DT DP V A DZ K D L D G C DK H CI N XQ K V A H T K DY H O WH K Q [ A N T

V H A H D X F GK BP KI P BC H K H [ T K N T DV DK O H OI N V D i F A F S ?� � @^ ? B? J BPI GN U� I H^ C B? I O H J BPI GN� I H D C V K D SI SV B A BE H C A DP TI G? A H CI J B WI I h^

d ] A DKe Z I O G C P DI J OI S X B JI A FH C GN O B C H D AI I BT TI CI P O D L D E H C DT Bi P B A W B^ V A H T K DY H O O D [ � B W D? I O Q E I f HV DE O N� I S P ? � @ ]

�� � �0 % ,3 �� $" 5 $

� B G GE D C AI E A B J XI H OI H D XK B G CI Ω O B mV H A H? AQ P BM � I S GN V DT D XK BUG C H [

Ω =

m⋃

i=1

Ωi

C B? I S^ R C D T K N K M X D [
Ωi^ i = 1, . . . ,m G F� H G C P FH C S D C N XQ DT O BV DUT D XK B G Ce Ωj^ j 6= i^ T K N ? D C D A D [

Ωi ∩ Ωj 6= ∅ �V DT D XK B G Ce 0 D C ? AQ C DH

E O DY H G C P D � ]hK N A HZ H OI N ? A BH P D [ J B T BRI �� ]  �V AI E H OI E E H C DT i P B A W B �  � � � � ]� F G Ce V AI XKI Y H OI H un? A HZ H OI M �� ]  �

u O B nU E Z BL H J BT BO D ] � K HUT F M� H H V AI XKI Y H OI H un+1 O B S DTI C GN V D GK H V AI E H O H OI N mV DT Z BL DP

PI T B
−∆un+ i

m = f O B Ωi

�� ] �� �

un+ i
m = un+ i−1

m

O B Ω̄ \Ωi, i = 1, . . . ,m.
� H C DT i P B A W B E DY O D G \ D A E FKI A DP BCe P C H A EI O B S GK B XQ SV DUG C BO DP D? ] lV A H T H KI E V A D G C A BO G C P B V 0

i = H1
0 (Ωi) ⊂ V^ i = 1, . . . ,m ]hK N O B S DY T H OI N A HZ H OI N D X D X� H O O D [ J BT BRI �� ] � � P P H T H E V DV A BP ? F

zi = un+ i
m − un+ i−1

m ∈ V 0
i

? C H? F� H E FV AI XKI Y H OI M O B iU E V DT Z BL HI V AI E H OI E I C H A B WI I

O B [ CI zi : a(zi, v) = (f, v) − a(un+ i−1
m , v), ∀v ∈ V 0

i

�� ] � � �

un+ i
m = un+ i−1

m + zi, i = 1, . . . ,m.

hK N D X D G O DP BOI N G S DTI E D G CI E H C DT B i P B A W B P P H T H E P V A D G C A BO UG C P H V D A C DV A D H? C D AQ Ri : V → V 0
i

a(Riu, v) = a(u, v) ∀v ∈ V 0
i



�� �� � $� �� �# " � � " ��

I DV A H T H KI E V A DH? C D A Qi = I −Ri^ T K N ? D C D A D L D

a(Qiu, v) = 0 ∀v ∈ V 0
i .� K H T DP BC H Ke O D^

(f, v) = a(u, v) = a(Qiu, v) + a(Riu, v) = a(Riu, v) ∀v ∈ V 0
i ,

I I J �� ] � � �I E H H E

a(zi, v) = a(Riu, v) − a(un+ i−1
m , v) ∀v ∈ V 0

i .

�� ] � � �

hK N V A DI J P DKe O D L Dw ∈ V PQ X�H A H E v = Riw ∈ V 0
i

^ C D L T B a(Riu, v) =
a(Riu,Riw) = a(RiRiu,w) = a(Riu,w)I

a(Rizi, w) = a(Riu,w) − a(Riu
n+ i−1

m , w) ∀w ∈ V,

zi = Rizi = Riu−Riu
n+ i−1

m ,

V D � C DE F

un+ i
m = un+ i−1

m +zi = (Ri +Qi)u
n+ i−1

m +zi = Qiu
n+ i−1

m +Riu.

�� ] �� �

> P H T H E DZ I X? F O B C H? F� H E V DT Z BL H

εn+ i
m = un+ i

m − u., J �� ] � � � T K N DZ I X? I V DK F R BH E

εn+ i
m = Qi(u

n+ i−1
m − u) +Riu−Riu = Qiε

n+ i−1
m .+ B? I E D X A B J DE ^ DZ I X? I E H C DT B i@P B A W B GP N J BO Q G D D C O DZ H OI H E

εn+1 = Tεn, T = QmQm−1 . . .Q1.

�� ] � � �

� S DTI E D G Ce E H C DT B i@P B A W B D X H GV H RI P BH C GN D WH O ? D [ O D A E Q DV HUA B C D A BV H A H S DT B ‖T‖ ] l X D J O BRI E |[u]| = a(u, u)
1
2 ]

� �� � � �� ' � ' � �� 5 5 1 3 7 � � 15 � 6 ; � � � � 6 ;� � �7 � 6� � ; 6 2 � ��

� � � � � � � �34 3 v ∈ V 5 � � 65 7 � � 67 7 � � � 6 vi ∈ V 0
i

� i = 1, . . . ,m� 8 7 3

v = v1 + v2 + · · · + vm,

�� ] �� �
|[vi]| ≤ γ|[v]| �� ] � � �

5 2 6 �3 7 3 � 3 : �3 25 7 � 27 3 :

γ �� � � � � 23 � 19 3 � 6 � � 7 3 � � � 6 � 6 � 3 ;� � 1 6 6 7 1 65 7 3 3 � 6 2 ��
‖T‖ ≤ q < 1.

�� ] �� �

�7 � 6 � � ; 6 2 � 6 � �� � 68 67 � �5 2 6 �3 7 3 � 3 : �3 25 7 � 27 3 :
q� � 3 3 � � 64 3 �� 3 � �� � �� �5 � � 6 : 3 7 m� γ � �7 � 6� � ; 6 2 � 6 � �� � 68 67 � �5 γ = (1−q)−1 �

� � �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�3 �� � � 7 6 �
 5 7 � 3 � ? � @ � F G Ce P Q V DK O H O D �� ] �� � ] + D L T B

I − T = Q1 +R1 −Qm · · ·Q1 = R1 + (R2 +Q2)Q1 −Qm · · ·Q1

= R1 +R2Q1 + (R3 +Q3)Q2Q1 −Qm · · ·Q1

= R1 +R2Q1 +R3Q2Q1 + · · · +RmQm−1 · · ·Q1.

� D G? DKe ? F ‖T‖ < 1^ C D ‖(I −T )−1‖ ≤ (1−‖T‖)−1^ C ] H ] DV H A B C D A I−TI E H H C D X A BC O Q [^ I

v = (I − T )(I − T )−1v

= (R1 +R2Q1 + · · · +RmQm−1 · · ·Q1)(I − T )−1v = v1 + · · · vm,

L T H

vi = RiQi−1 · · ·Q1(I − T )−1v ∈ V 0
i , i = 1, . . . ,m.

h BK H H^ V D G? DKe ? F ‖Ri‖ = ‖Qi‖ = 1^ C D

|[vi]| ≤ ‖(I − T )−1‖|[v]| ≤ (1 − ‖T‖)−1|[v]| = γ|[v]|.

+HV H Ae V A H TV DK DYI E ^ R C D PQ V DK O H O Q �� ] �� �U �� ] � � � ] �V H A P B A B GU

GE D C AI E DV H A B C D A R =
m∑

i=1

Ri ] + B? ? B? P G H Ri

N P K N M C GN V A DH? C D A BEI ^

C D DV H A B C D A R G BE D G DV A N Y H O P VI ‖R‖ ≤ m ] A DK H H C D L D^

|[u]| = sup
v 6=0

|a(u, v)|
|[v]| = sup

v 6=0

|a(u, v1 + · · · + vm)|
|[v]| ≤ sup

v 6=0

m∑

i=1

|a(u, vi)|
|[v]|

= sup
v 6=0

m∑

i=1

|a(Riu, vi)|
|[v]| ≤ sup

v 6=0

m∑

i=1

|[Riu]||[vi]|
|[v]| ≤ γ

m∑

i=1

|[Riu]|

≤ γ
√
m(

m∑

i=1

a(Riu,Riu))
1
2 = γ

√
m(

m∑

i=1

a(Riu, u))
1
2

= γ
√
ma(Ru, u)

1
2 .

� K H T DP BC H Ke O D^

a(Ru, u) ≥ 1

mγ2
a(u, u),

I DV H A BC D A R D G F� H G C P K N H C P J BI E O D DT O D J O BR O DH D C D X A B Y H OI H V O B

VI I E H H C D L A BOI R H O O Q [ D X A BC O Q [

‖R−1‖ ≤ mγ2.



�� �� � $� �� �# " � � " � �

h D? B Y H E �� ] �� � D C V A D CI P O D L D^ R C D ‖T‖ < 1 ] � F G Ce ‖T‖ = 1^ C ] H ]T K N K M X D L D ε > 0 G F� H G C P FH C C B? DH vε ∈ V^ R C D |[vε]| = 1^ |[Tvε]|2 ≥
1 − ε ] + D L T B

1−ε ≤ |[Tvε]|2 = |[Qm · · ·Q2Q1vε]|2 ≤ ‖Qm · · ·Q2‖2·|[Q1vε]|2 ≤ |[Q1vε]|2

I P GI K F |[R1vε]|2 + |[Q1vε]|2 = 1I E H H E

|[R1vε]|2 ≤ ε ≡ ε1.l WH OI E |[Rivε]|2 ] � D G? DKe ? F T = Qm · · ·Q2(I − R1)^ C D

|[Qm · · ·Q2vε]|2≥|[Tvε]|2−|[Qm · · ·Q2R1vε]|2≥
√

1 − ε1−
√
ε1 =

√
1 − ε2

L T H ε2 = 1 − (
√

1 − ε1 −
√
ε1)

2 ] + B? I E D X A B J DE ^

1 − ε2 ≤ |[Qm · · ·Q3Q2vε]|2 ≤ |[Q2vε]|2,

I P GI K F A BP H O G C P B R2 = I −Q2

I E H H C E H G C D D WH O ? B

|[R2vε]|2 ≤ ε2.� O BK D LI R O DV D? B JQ P BH E ^ R C D T K N i = 3, . . . ,m

|[Qivε]|2 ≥ 1 − εi, |[Rivε]|2 ≤ εi, εi = 1 − (
√

1 − εi−1 −
√
εi−1)

2.l R H PI T O D^ R C DV AI ε→ 0I E H H E εi → 0^ i = 2, . . . ,m ]+HV H Ae P D GV DK e J FH E GN C H E ^ R C D R D X A BCI E I R−1 D L A BOI R H O $

1=|[vε]|=|[R−1Rvε]|≤‖R−1‖
m∑

i=1

|[Rivε]|≤‖R−1‖
m∑

i=1

√
εi≤mγ2

m∑

i=1

√
εi.

� DK FRI KI V A D CI P D A H RI H T K N T D G C B C DR O D E BK D L D ε > 0 ]

�( �� �� � � � � ' � ' � �3 �� � � 7 
 � 8 7 3 65 � �4 � �
 � 6� 7 3� 3 �� 35 7 � � 25 7 � 3

V � � � �3 � 6 23 � �� � 1 � �� 6 �7 3 � 2 � �5 � 1 1 � �� ] � � � � 2 3 � 1 � 3 � 6 � � 7 3 � �

� 6 � 6 � 3 ;� 1 6 2
 � 6 6 ; � 2 � � 9 � 7 3 �5 �3� � 6 �� ] � � �� 9 �3 � 2 � 6 7 5 �5 �35 7 3 �� 2 2 3 :

γ =
1

1 − ‖T‖ .j DO G C BO C F γ P �� ] �� � E DY O D D WH OI Ce ] hK N V AI E H A B A B G GE D C AI E

GK FR B [V H A H? AQ P BOI N T P F S H TI OI R O Q S? P B T A B C DP Ω1^ Ω2^ T K N ? D C DUAQ SZ I AI O BV DK D GQ V H A H? AQ P BOI N A BP O B d ] % B T BTI E L K B T ? F M \ F O ? UWI M G A H J? I ξ(x)^ A BP O F M  O B DT O D [ G C D A DO H V DK D GQ I � O B T A F L D [^I DV A H T H KI E T K N K M X D [

v ∈ V = H0
1 (Ω1 ∪ Ω2)

v1 = ξv, v2 = (1 − ξ)v.� DK FR BH E γ ∼ d−1^ V D G? DK e ? F |[ξ]| ∼ d−1 ] # GKI Z I AI O BV DK D GQ V H A HU? AQ P BOI N S D C N XQ L T HU C D P O F C AI Ω G C A H EI C GN ? � ^ C D γ → +∞ ]

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

�� 	 � � � � � � �� � �� � � � � �� � � �� � � � � � � � �� �� � �

� F G Ce A B J XI H OI H D XK B G CI Ω =
m⋃

i=1

Ωi

I H H C AI BO L FK N WI N Ωh C B? DU

PQ ^ R C D L A BOI WQ ∂Ωi

V A D S DT N C V D A H X A BE Ωh ] % BE H OI E V^ Vi

O BI S

? DO H R O DU � K H E H O C O Q H BO BK D LI

U
h^ U

h
i

A B J E H A O D G CI n, ni^ L T H n(ni) 0? DKI R H G C P D P O F C A H O OI S F JK DP P Ωh

�

Ωh
i

�^ I J BT BTI E DV H A B C D AQ G F Y HUOI N rh
i : U

h → U
h
i

rh
i u

h(xk) = uh(xk)

P D P GH S P O F C A H O OI S F J K B S xk

C AI BO L FK N WI I Ωh
i

]� B C AI R O DH V A H T G C BP K H OI H DV H A BC D A B G F Y H OI N H G Ce V A N E D F L DKe UO B N ni × n E BC AI W B Ri^ G D G C DN� BN I J O FK H [I H TI OI W^ P ? BY T DE

G C DK X WH ? D C D A D [ O H X DK H H DT O D [ H TI OI WQ ] �V DE D� e M E B C AI WQ RiJ B T BTI E ni × ni

U E BC AI W F Ai

? B? G F Y H OI H E B C AI WQ A GI G C H E Q �� ] �  �

O BV DT D XK B G CI Ωi

$

Ai = RiAR
T
i .�K L H X A BI R H G? I [ P B AI BO C E H C DT B i@P B A W B T K N A HZ H OI N GI G C H E Q

�� ]�  �V A H T G C BP K N H C G D X D [I C H A B WI D O O Q [V A D WH G G G mV DT Z BL BEI

T K N O B S DY T H OI N DR H A H T O D L DV AI XKI Y H OI N un+1^ H GKI J BT BO D C H? FU� H H V AI XKI Y H OI H un $
Aizi = Ri(f −Aun+ i−1

m )

�� ] �  �

un+ i
m = un+ i−1

m +RT
i zi, i = 1, . . . ,m.

hK N DZ I X? I I C H A B WI DO O D L DV AI XKI Y H OI N O BV DT Z BL H en+ i
m =

un+ i
m − u P H A O D F A BP O H OI H

en+ i
m = en+ i−1

m −RT
i A
−1
i RiAen+ i−1

m = (I − Pi)e
n+ i−1

m ,

L T H E BC AI W B Pi = I −RT
i A
−1
i Ri

0V A DH? C D A $

P 2
i =(RT

i A
−1
i RiA)2 =RT

i A
−1
i RiAR

T
i A
−1
i RiA=RT

i A
−1
i AiA

−1
i RiA=Pi.+ B? I E D X A B J DE ^ DV H A BC D AV H A H S DT B^ GP N JQ P BM � I [

enI en+1^ G DUD C P H C G C P FH C E FKe CI V KI ? BCI P O DE F E H C DT F $

en+1 = (I − Pm) · · · (I − P1)e
n.

�� ] � � �

� H A HV I Z H E �� ] � � �^ I GV DKe J FN DV A H T H K H OI H DZ I X? I enI D X D J O BR H UOI H T = (I − Pm) · · · (I − P1)

$

un+1 − u = T (un − u),



�� �� � $� �� �# " � � " � �

un+1 = un + (I − T )u − (I − T )un = un + (I − T )A−1f − (I − T )un.� D � C DE F E H C DT i@P B A W B H G Ce E H C DT V A D G C D [I C H A B WI I T K N GI G C H E Q

(I − T )u = (I − T )A−1f.

�   � � �� � � � � � � � �� �� � �

� T TI CI P O BN P H A GI N E H C DT B i P B A W B D C KI R BH C GN D C P Q Z H A B G GE D C A H O UO D [ E FKe CI V KI ? BCI P O D [ �� ] �  � G FE EI A DP BOI H E P ? K B T DP V DT D XK B G C H [

Aizi = Ri(f −Aun), i = 1, . . . ,m,

�� ] � � �

un+1 = un +

m∑

i=1

RT
i zi.

lZ I X? I BT TI CI P O D L D E H C DT B GP N J BO Q F A BP O H OI H E

en+1 = en −
m∑

i=1

RT
i A
−1
i RiAen = (I −

m∑

i=1

Pi)e
n.

�� ] � � �

+ B? I E D X A B J DE ^ B T TI CI P O Q [ E H C DT i@P B A W B E DY O DI O C H AV A H CI UA DP BCe ^ ? B? E H C DT V A D G C D [I C H A B WI I T K N A HZ H OI N GI G C H E Q Au = f�

V H A H D X F GK BP KI P BC H K H E B = (
m∑

i=1

Pi) ]� AI P K H? B C H Ke O D G Ce BT TI CI P O D L D E H C DT B i P B A W B J B? K M R BH C GN P

H L DV B A BK K H K e O D [ G C A F? C F A H $ V DT J B T BRI A HZ B M C GN O H J BPI GI E D^ V D

D? D O R BOI I ? B Y T D [I C H A B WI I O H D X S DTI E D D XE H O N Ce GN T BO O Q EI G L A BUOI WV DT D XK B G C H [

Ωi ] � H A H? AQ P BM � I H GN V DT D XK B G CI FT D X O D G C A DI Ce

A B GZ I A H OI H E O HV H A H? AQ P B M� I S GN V DT D XK B G C H [

Ω̂i^ O B? D C D AQ H D XUK B G Ce Ω A B J XI C BI J O BR BKe O D ]% BE H CI E ^ R C D E BC AI R O DU P H? C D A O F M P H A GI M E FKe CI V KI ? B CI P O D L D

I KI B T TI CI P O D L D E H C DT B i P B A W B E DY O D A B G GE D C A H Ce ? B? E H C DT V DUGK H T DP BC H Ke O D [I KI V B A BK K H Ke O D [? D A A H? WI I O BV DTV A D G C A BO G C P B S

� GE ] A B J T H K Q � ] � ] �g � ] � ] � � ]

� � � � � � � � �� � � � �� � � � � � � �� �� � �� � � � � � � � � � � �

� B G GE D C AI E GK F R B [ EI OI E BKe O D L DV H A H? AQ CI N E H Y T F T P FE N C AI BO UL FK N WI N EI Ωh
1

^ Ωh
2

^ ? D L T B K M X D [ F J H K I J Ωh
1 ∩ Ωh

2

V AI O B T K H YI C KI X D

∂Ω1^ KI X D ∂Ω2 ] � A H TV DK DYI E ^ R C D GV H A P BV H A H O FE H A DP BO Q P O F C A H O UOI H F J K Q Ωh
1

^ B J B C H E 0 P O F C A H O OI H F J K Q Ωh
2

] > � C DE GK F R BH T K N

E BC AI W A,R1, R2

P H A O DV A H T G C BP K H OI H

A =

(
A11 A12

A21 A22

)

, R1 = (I1 O) , R2 = (O I2) .

�� �! " # " �� � $� �� � � $� � " � � �& �& & � �! " � �&

l T O BI C H A B WI N BT TI CI P O D L D E H C DT B i@P B A W B J BV I GQ P BH C GN P PI T H
un+1 = un +RT

1 A
−1
11 R1(f −Aun) +RT

2 A
−1
22 R2(f −Aun)

= un +

(
A11 0
0 A22

)−1

(f −Aun),

C ] H ]V A H T G C BP K N H C G D X D [ DT O FI C H A B WI M XK D R O D L D E H C DT B �? D XI ]l T O BI C H A B WI N E FKe CI V KI ? B CI P O D L D E H C DT B i@P B A W B J BV I GQ P BH C UGN P PI T H

{
un+ 1

2 = un +RT
1 A
−1
11 R1(f −Aun)

un+1 = un+ 1
2 +RT

2 A
−1
22 R2(f −Aun+ 1

2 )

I KI

un+1 = un +

(
A11 0
A12 A22

)−1

(f −Aun),

C ] H ]V A H T G C BP K N H C G D X D [ DT O FI C H A B WI M XK DR O D L D E H C DT B 	 B F G G BU % H [UT H K N ]
� � � � �� �� � �  � � � �� 	 �� � � � � � � � � � � �� � �� � � ��

� � � � � ��

j B? F Y H XQ K D D C E H R H O D^ G? D A D G Ce G S DTI E D G CI I C H A B WI [ �� ] �� � J BPI UGI C D C Z I AI O Q V DK D GQ O BK H L BOI N V DT D XK B G C H [

d$ R H E E H Oe Z H V H A HU? AQ CI H^ C H E XKI Y H ‖T‖? H TI OI WHI S F Y H G? D A D G Ce G S DTI E D G CI ] � C D

J BE H R BOI H P H A O D T K N J BT BRI �� ]  �I T A F LI S �K KI V CI R H G? I S F A BP O HUOI [ ] # GKI V H A H? AQ CI H X DKe Z DH^ C D X DKe Z BN R B G Ce O HI J P H G C O Q S P S DUTI C P A HZ H OI H T P F SI KI O H G? DK e ? I SV DT J BT BR ^ R C D F S FT Z BH C V B A BK UK H Ke O Q H GP D [ G C P B B T TI CI P O D L D E H C DT B i P B A W B ]� AI A HZ H OI I O H? D C D AQ S F A BP O H OI [ G GI O L FK N A O D P D J E F� H O O Q UEI DV H A BC D A BEI TI \ \ F JI I D CV B T BH C O H D X S DTI E D G Ce P X DKe Z I SV HUA H? AQ CI N S^ R C D D C ? AQ P BH C P D J E DY O D G CI V D G C A D H OI N � \ \ H? CI P O Q S

V B A BK K H Ke O Q S BK L D AI C E DP ]f BV AI E H A^ V AI TI G? A H CI J B WI I O B \I ? GI A DP BO O D [ GH C ? H F A BP O HUOI N TI \ \ F JI I U A H B? WI I −τ∆ + I G E BK Q E V B A BE H C A DE τ > 0
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