
Íåëèíåéíûå ìåòîäû

(êîíñïåêò Èâàíà Êîáçàðÿ, ÌÔÒÈ)

1 Ââåäåíèå

Ðåøàåòñÿ ñèñòåìà óðàâíåíèé âèäà,
~f(~x) = ~0 (1)

ãäå
fi(x1, ..., xn) = 0, i = 1, ..., n (2)

Â ñëó÷àå êîãäà íåò ïðÿìîãî ìåòîäà äëÿ ðåøåíèÿ ýòîé ñèñòåìû óðàâíåíèé, íóæíî âîñïîëüçîâàòü-
ñÿ èòåðàòèâíûì ïîäõîäîì.
Ïóñòü xk - òåêóùåå ïðèáëèæåíèå; x - òî÷íîå ðåøåíèå. Òîãäà îïðåäåëèì ïîíÿòèÿ ñêîðîñòè ñõî-
äèìîñòè p è ôàêòîðà ñõîäèìîñòè c, ââåäÿ ñîîòíîøåíèå:

|xk+1 − x|
|xk − x|p

→ c = const (3)

Òåïåðü ìîæíî îïðåäåëèòü ïîíÿòèÿ:
Ëèíåéíûå ìåòîäû (p = 1) è Êâàäðàòè÷íûå ìåòîäû (p = 2).
Òàêæå îïðåäåëèì ñõîäèìîñòü äâóõ òèïîâ:
Ëîêàëüíàÿ (ìåòîäû ñõîäÿòñÿ ïðè x0 ∼ x) è Ãëîáàëüíàÿ (ìåòîäû ñõîäÿòñÿ ∀x0).

2 Ìåòîä Íüþòîíà

Ââåäåì ÿêîáèàí äëÿ ïðåîáðàçîâàíèÿ (1):

J =
df

dx
=


df1
dx1

. . . df1
dxn

...
. . .

...
dfn
dx1

. . . dfn
dxn

 (4)

Îïðåäåëèì òàêæå ïðèðàùåíèå
dxk = xk+1 − xk (5)

È ðàçäîæåíèå òåéëîðà, ãäå Jk = J(xk)

f(xk + dxk) ≈ f(x) = f(xk) + Jkdxk (6)

Ïîëüçóÿñü (1), ïîëó÷àåì ñëåäóþùóþ èòåðàöèîííóþ ñèñòåìó:{
Jkdxk = −f(xk)
xk+1 = dxk = xk

(7)

Ïðåäïîëàãàÿ îòñóòñòâèå ïåðåãèáîâ è íåïðåðûâíîñòü ïî Ëèïøèöó f , íàéä¼ì ôàêòîð è ñêîðîñòü
ñõîäèìîñòè. Ïîäñòàâèâ ðàçëîæåíèåì òåéëîðà äî âòîðîãî ïîðÿäêà

f(x) = f(xk) + (x− xk)f
′
(xk) +

1

2
(x− xk)2f

′′
(ξ), ξ ∈ [x0, x1]. (8)
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â ñèñòåìó (7), ïîëó÷èì ðàâåíñòâî âèäà (3) äëÿ îöåíêè ñêîðîñòè ñõîäèìîñòè:

|xk+1 − x|
|xk − x|2

=

∣∣∣∣f ′′
(ξ)

f ′(x)

∣∣∣∣ ≤M = sup
a,b∈[x−|x0−x|,x+|x0−x|]

∣∣∣∣f ′′
(a)

f ′(b)

∣∣∣∣. (9)

Òàêèì îáðàçîì, ìåòîä Íüþòîíà - êâàäðàòè÷íûé, íî ëîêàëüíûé ñ óñëîâèåì ñõîäèìîñòè

|x− x0| < M−1 (10)

3 Ìåòîä Õàëëè

Ââåä¼ì ãåññèàí ôóíêöèè:

H =
∂2f

∂x2
(11)

Ðàññìîòðèì äâóõøàãîâûé ìåòîä:
1) Jkd̃xk = −f(xk)
2) (Jk +

1
2
Hkd̃xk)dxk = −f(xk)

3) xk+1 = xk + dxk

(12)

3.1 Ïîèñê âäîëü ïðÿìîé

Ïóñòü dxk èçâåñòíî. Ââåä¼ì
α = argmin‖f(xk + αdxk)‖ (13)

Ñïîñîáû îïðåäåëåíèÿ α:

1) Ìåòîä áèñåêöèé (α ∈ [0, 1]):

2) Ìåòîä çîëîòîãî ñå÷åíèÿ:

3) Èòåðàöèîííûé ìåòîä ïî ïðàâèëàì Àðìèõî:
1) f(xk + αdxk) ≤ f(xk) + c1αkdx

T
k Jk

2)dxTk J(xk + αkdxk) ≤ −c2dxTk Jk
3) 0 ≤ c1 ≤ c2 ≤ 1

(14)

4 Ìåòîä óñêîðåíèÿ ñõîäèìîñòè Àíäåðñåíà

Ïóñòü xk−m, ..., xk - m ïðèáëèæåíèé ê x, f(xk−m), ..., f(xk) - m ôóíêöèé. Ââåä¼ì

λk+1 =
k∑

j=k−m

αjxj + Y
k∑

j=k−m

αjf(xj) (15)

Ãäå Y - ïàðàìåòð, α : ‖f(xk+1)‖ → min ïðè
∑k

j=k−m αj = 1. Ââåä¼ì λ - ìíîæèòåëü Ëàãðàíæà[
RRT β~1

β~1T 0

] [
α
λ

]
=

[
0
β

]
(16)

ãäå
β = trace(RRT ), (17)

R =

f(xk−m)...
f(xk)

 (18)

Èç (16) Âû÷èñëÿåì α è ïîñëå ýòîãî íàõîäèì xk+1
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