
Ìåòîä Áðàìáëà-Ïàñüÿêà

Êîðìùèêîâà Âàëåðèÿ

Ñåäëîâûå çàäà÷è: [
A BT

B −C

] [
X
Y

]
=

[
F
G

]
(∗)

X,F ∈ S1 = RN1 , Y,G ∈ S2 = RN2 , A > 0, C ≥ 0

Ìàòðèöà

[
A BT

B −C

]
êâàçèîïðåäåë¼ííàÿ - ñèììåòðè÷íàÿ, íî íå ïîëîæèòåëüíî îïðåäåë¼ííàÿ.

Çàäà÷è:
- çàäà÷à Ñòîêñà (Íàâüå-Ñòîêñà)
- ëèíåéíàÿ óïðóãîñòü
- çàäà÷à äèôôóçèè ñ ìíîæèòåëÿìè Ëàãðàíæà

Äëÿ íèõ âñåõ äîëæíî âûïîëíÿòüñÿ óñëîâèå ðàçðåøèìîñòè (*).

Ðàññìîòðèì äîïîëíåíèå ïî Øóðó:
(C +BA−1BT )Y = BA−1F −G (**)
Ñèñòåìà (**) ðàçðåøèìà, åñëè BA−1BT - ïîëîæèòåëüíî îïðåäåë¼ííàÿ.

Ðàññìîòðèì ∀V ∈ S1

(BA−1BTV, V ) = (AA−1BTV,A−1BTV ) = sup
U∈S⊥

1

(AA−1BTV,U)2

(AU,U)
= sup

U∈S⊥
1

(U,BU)2

(AU,U)2

inf - sup: ∃c > 0 :

sup
U∈S⊥

1

(U,BU)2

(AU,U)2
≥ C||U ||2 ∀U ∈ S2 (∗ ∗ ∗)

Åñëè (***) âûïîëíåíî, òî (C + BA−1BT ) > 0. Ðåøèâ (**)á ïîëó÷èì Y è íàéä¼ì X èç X =
A−1(F −BTY )

Àëãîðèòì Óçàâà:
X0 ∈ S1, Y0 ∈ S2

Xi+1 = Xi + (A−1(F − (AXi +BYi)
Yi+1 = Yi + τ(BXi+1 −G), ãäå τ - ïàðàìåòð
Ñêîðîñòü ñõîäèìîñòè: ρ = max(1− cτ, λ, τ − 1), ãäå c èç (***).

Ïðåäîáóñëîâëåííûé ìåòîä Óçàâû.

Xi+1 = Xi + (A−1(F − (AXi +BYi)
Yi+1 = Yi +Q−1

B (BXi+1 −G),
ãäå Qb - ïðåäîáóñëàâëèâàòåëü äëÿ BA−1BT .

Àëãîðèòì (íåòî÷íûé ìåòîä Óçàâû) Xi+1 = Xi + (Q−1
A (F − (AXi +BYi)

QA - ïðåäîáóñëàâëèâàòåëü äëÿ A.

Ìåòîä Áðàìáëà-Ïàñüÿíà
P ⊂ G äëÿ ñèñòåìû (*)
Ïóñòü A−1

0 ≈ A−1 - ïðåäîáóñëàâëèâàòåëü.
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Ïóñòü ∃α1, α0 :
α1

α0
<< 1

(1) α0(AU,U) ⩽ (A0U,U) ⩽ α1(AU,U) ∀U ∈ S1

(2) α1 ⩽ 1
(3) äëÿ α = (1− alpha0) âûïîëíÿåòñÿ 0 < ((A−A0)U,U) ⩽ α(AU,U) ∀U ̸= 0 ∈ S1

Îïðåäåëèì

Q =

[
A−1

0 0
BA−1

0 I

]
è äîìíîæèì ñèñòåìó (*) ñëåâà íà Q.

M

[
X
Y

]
= Q

[
A BT

B −C

] [
X
Y

]
=

[
A−1

0 A A−1
0 BT

BA−1
0 (A−A0) C +BA−1BT

] [
X
Y

]
=

[
A−1

0 F
BA−1

0 F −G

]
(∗ ∗ ∗∗)

Èç (****) îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå íà S1 × S2:[
U W
V X

]
≡ (AU,W )− (A0U,W ) + (U,X)

Çàìåòèì, ÷òî

(M(U V )T , (W X)T ) = ((AA−1
0 A−A)U,W )+((A−A0)A

−1
0 BTX,W )+(BA−1

0 (A−A0)U,X)+j((C+BA−1
0 BT )V,X)

Òî åñòü M - ñèììåòðè÷íàÿ äëÿ íîâîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ ìàòðèöà, ñëåäîâàòåëüíî
ìîæíî ïðèìåíÿòü CG.

Òåîðåìà Ïóñòü M =

[
I 0
0 C +BA−1GT

]
òîãäà âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà:

λ0[M̃(U V )T , (U V )T ] ⩽ [M(U V )T , (U V )T ] ⩽ λ1[M̃(U V )T , (U V )T ]

ãäå λ0 = (1 + α
2 +

√
α+ α2

4 )−1

λ1 =
1 +

√
α

1−
√
α

Ìîæíî îòìàñøòàáèðîâàòü A0 íà λmax(A0) � ïîäåëèòü A0 íà λmax(A0)
Åñëè α −→ 0, òî λ0 = λ1 = 1 è M̃−1M ñõîäèòñÿ ê 1, òî åñòü íàäî ìàñøòàáèðîâàòü A0 òàê,

÷òîáû α áûëà ìåíüøå.
Îöåíêà òåîðåìû ñòðîãà.

Âîçüì¼ì [
A A0.5

A0.5 0

] [
X
Y

]
=

[
F
G

]
A0 = (1− α)A0, 0 < α < 1,

òîãäà M = (1− α)−1

[
I A−0.5

αA−0.5 I

]
Äëÿ M̃ = I ñ.ç.:

(λ0)γ0 =
1−

√
α

1− α

(λ1)γ1 =
1 +

√
α

1− α
òî åñòü λ1 - òî÷êà, à λ0 âåä¼ò ñåáÿ êàê γ0

CG Áðàìáëà-Ïàñüÿíà

Ïóñòü z0 � íà÷àëüíîå ïðèáëèæåíèå ê (X,Y )T , F̃ =

[
A−1

0 F 0
BA−1

0 F −G

]
Ââåä¼ì P0 = R0 = F̃ −Mz0

Öèêë ïî i:
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αi = dfrac[Ri, P i][MPi, Pi]
zi+1 = zi + αiPi

Ri+1 = F̃ −Mzi+1

βi+1 =
[MRi+1, Pi]

[MPi, Pi]
Pi+1 = Ri+1 − βiPi

Ðåøàåì ñèñòåìó ñ ìàòðèöåé

HM =

[
A−A0 0

0 I

] [
I 0
B −I

] [
A−1

0 0
0 I

] [
A BT

B −C

]
=

[
AA0A−A AA−1

0 −BT −BT

BTA−1
0 A−B C +BA−1

0 BT

]

Ïðåäîáóñëàâëåííàÿ ñèñòåìà � áåç óìíîæåíèÿ íà H. Ïðàâàÿ ÷àñòü HM

[
F
G

]
=

[
AA−1

0 F − F
BA−1

0 F −G

]
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