
Ëåêöèÿ 4: Ââåäåíèå â ìíîãîñåòî÷íûé (MG) è
ìíîãîóðîâíåâûé (ML) ìåòîäû

(êîíñïåêò Êîãòåíåâà Äìèòðèÿ, ÌÔÒÈ)

1 Ìíîãîñåòî÷íûé ìåòîä (MG)

Ïóñòü åñòü ïîñëåäîâàòåëüíîñòü ðåãóëÿðíûõ ñåòîê G1, G2, . . . , Gm, òàêàÿ ÷òî

N1 > N2 > . . . > Nm,

ãäå NK = |GK | - ÷èñëî ýëåìåíòîâ ñåòêè. Íà êàæäîé ñåòêå äèñêðåòèçèðóåì îäíî è òî æå
óðàâíåíèå (íàïðèìåð óðàâíåíèå Ïóàññîíà −∆U = f). Íà k-é ñåòêå èìååì ëèíåéíóþ ñèñòåìó

Akxk = bk, Ak ∈ RNk×Nk , xk, bk ∈ RNk

Ââåäåì îïåðàòîðû

Ikk+1 : RNk+1

(ãðóáàÿ ñåòêà)
−→ RNk

(ìåëêàÿ ñåòêà)
èíòåðïîëÿöèÿ (ïðîëîíãàöèÿ)

Ik+1
k : RNk

(ìåëêàÿ ñåòêà)
−→ RNk+1

(ãðóáàÿ ñåòêà)
ñóæåíèå (ðåñòðèêöèÿ)

Sk : RNk −→ RNk ñãëàæèâàíèå

Âîçìîæíûå âèäû ñãëàæèâàòåëåé

à) Ìåòîä Ãàóññà-Çåéäåëÿ. Ìàòðèöà A ïðåäñòàâëÿåòñÿ â âèäå A = L + D + U , D -
äèàãîíàëüíàÿ ìàòðèöà, L,U - ñîîòâåòñâåííî íèæíå- è âåðõíåòðåóãîëüíàÿ ìàòðèöà.

1) (L+D)xn+1 = b− Uxn

2) (U +D)xn+1 = b− Lxn+1

á) Ìåòîä ßêîáè. Àíàëîãè÷íî, A = L+D + U .

Dxn+1 = b− (L+ U)xn

â) Ìåòîä ILU.

Íåâÿçêà rm = Amxm − bm äàíà çà ñ÷åò ïîñëåäîâàòåëüíîñòè ñåòîê.
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Àëãîðèòì 1 V-öèêë ( k
(in)

, xk
(out)

, bk
(in)

)

1: xk = Skxk ▷ ïðå-ñãëàæèâàíèå
2: rk = Akxk

3: bk+1 = Ik+1
k rk ▷ ñóæåíèå

4: εk = 0
5: Åñëè k + 1 < m òîãäà

6: V-öèêë (k + 1, εk+1, bk)
7: èíà÷å

8: εk+1 = A−1
k=1bk+1

9: Êîíåö åñëè

10: xk = xk + Ikk+1εk+1 ▷ ïðîëîíãàöèÿ è êîððåêöèÿ
11: xk = Skxk ▷ ïîñò-ñãëàæèâàíèå

Àëãîðèòì 2 {W,F}-öèêë (k, xk, bk)

1: xk = Skxk ▷ ïðå-ñãëàæèâàíèå
2: rk = Akxk

3: bk+1 = Ik+1
k rk ▷ ñóæåíèå

4: εk = 0
5: Åñëè k + 1 < m òîãäà

6: {W,F}-öèêë (k + 1, εk+1, bk)
7: èíà÷å

8: εk+1 = A−1
k=1bk+1

9: Êîíåö åñëè

10: xk = xk + Ikk+1εk+1 ▷ ïðîëîíãàöèÿ è êîððåêöèÿ
11: xk = Skxk ▷ ñãëàæèâàíèå
12: rk = Akxk

13: bk+1 = Ik+1
k rk

14: εk = 0
15: Åñëè k + 1 < m òîãäà

16: {W,V}-öèêë (k + 1, εk+1, bk+1)
17: èíà÷å

18: εk+1 = A−1
k=1bk+1

19: Êîíåö åñëè

20: xk = xk + Ikk+1εk+1

21: xk = Skxk ▷ ïîñò-ñãëàæèâàíèå

Ïîêàæåì, ÷òî V-öèêë èìååò ëèíåéíóþ ñëîæíîñòü ïî âðåìåíè. Îáîçíà÷èì ρi =
Ni+1

Ni

è

áóäåì ñ÷èòàòü, ÷òî ρi ∼ ρ, 0 < ρ < 1. Îáîçíà÷èì Ck - ñëîæíîñòü àëãîðèòìà íà k-ì óðîâíå.
Äëÿ Ck âåðíî ðåêóððåíòíîå ñîîòíîøåíèå Ck = Ck+1 + ρkNk, ïîýòîìó

C1 = N1

m∑
i=1

ρi ≤ N1
1

1− ρ
= O(N1)

2



2 Ìíîãîóðîâíåâûé ìåòîä (ML)

Ïóñòü åñòü ñèñòåìà Ax = b. Ïðåäñòàâèì ìàòðèöó A â âèäå A =

[
B E
F C

]
. Òîãäà

A =

[
B E
F C

]
=

[
I

EB−1 I

] [
B

S

] [
I B−1F

I

]
,

ãäå S = C − EB−1F - äîïîëíåíèå ïî Øóðó.

Ïóñòü x =

[
u
y

]
, b =

[
f
g

]
, òîãäà èñõîäíàÿ ñèñòåìà ïðèíèìàåò âèä

[
B E
F C

] [
u
y

]
=

[
f
g

]
Øàãè ðåøåíèÿ ñèñòåìû:

1) f̃ = B−1f - ñãëàæèâàíèå

2) g̃ = g − Ef̃ - ðåñòðèêöèÿ

3) y = S−1g̃ - ðåøåíèå íà ãðóáîì óðîâíå

3) u = f −B−1Fy - ïðîëîíãàöèÿ, êîððåêöèÿ è ñãëàæèâàíèå

Ìåòîä ìîæåò áûòü âëîæåííûì, åñëè ïðè âû÷èñëåíèè S−1 äåëàòü ðåêóðñèâíûé âûçîâ.
Âîçìîæíûå âàðèàíòû ïîëó÷åíèÿ ìàòðèö B, E, F , C:

1) DDPQ-ïåðåñòàíîâêà. Îò ñèñòåìû AX = b ïåðåõîäèì ê ñèñòåìå

PAQTQx = Pb,

ãäå P - ïåðåñòàíîâêà ñòðîê, Q - ïåðåñòàíîâêà ñòîëáöîâ. Ìàòðèöû P,Q âûáèðàþòñÿ
òàêèì îáðàçîì, ÷òîáû íàèáîëüøèå ýëåìåíòû ìàòðèöû A ïåðåìåñòèëèñü íà ãëàâíóþ
äèàãîíàëü.

2) Âëîæåííîå ðàññå÷åíèå.

3) Âûáèðàåì òàêîå B, ÷òîáû íîðìû ∥L−1∥ è ∥U−1∥ áûëè ìàëû.

3 Àëãåáðàè÷åñêèé ìíîãîñåòî÷íûé ìåòîä (AMG)

Îòëè÷èÿ îò ìåòîäà MG

1) Íåò ñåòîê èëè ñåòêè íåñòðóêòóðèðîâàíû

2) Ñëîæíàÿ ãåîìåòðèÿ

Íåîáõîäèìûå îïåðàòîðû

Imm+1 - èíòåðïîëÿöèÿ;

Im+1
m - ñóæåíèå;

Am+1 - ñèñòåìà íà ãðóáîì óðîâíå;

Sm - ñãëàæèâàòåëü;

Tm = I − Imm+1(Am)
−1Im+1

m - ïðîåêòîð.
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Åñëè (Imm+1)
T = Im+1

m è Am+1 = Im+1
m AmI

m
m+1, òî Tm - îðòîãîíàëüíûé ïðîåêòîð.

Íåîáõîäèìî ïîñòðîèòü èíòåðïîëöèþ. Ïóñòü (Gm, Vm) - ãðàô ìàòðèöû Am. Ââåäåì ðàç-
äåëåíèå

Cm ∪ Fm = Vm

Cm - ýëåìåíòû ãðóáîé ñåòêè

Fm - ýëåìåíòû ìåëêîé ñåòêè

Cm - ýòî ìàêñèìàëüíîå íåçàâèñèìîå ïîäìíîæåñòâî ãðàôà (Gm, Vm).
Àíàëîãè÷íî ìåòîäó ML ïîëó÷àåì

A =

[
CC CF
FC FF

]

Imm+1 =

[
I

−(FF )−1FC

]
, Im+1

m =
[
I −CF (FF )−1

]
.

Íà ïðàêòèêå îïåðàòîð ñòðîèòñÿ èç ïðåäïîëîæåíèè î çíàíèè âåêòîðà z âáëèçè ÿäðà ìàòðèöû
Az ≈ 0. Äëÿ ýëëèïòè÷åñêèõ ñèñòåì z ≈ 1, òàêèì îáðàçîì êîíñòàíòíîå ðåøåíèå äîëæíî òî÷íî
ïåðåíîñèòüñÿ íà ñëåäóþùèé óðîâåíü.
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