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Ëåêöèÿ 2:
Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì



Ñèñòåìà ëèíåéíûõ óðàâíåíèé

Ðåøàåì ñèñòåìó âèäà Ax = b

A > 0 ∈ RN×N - âåùåñòâåííàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ

ñèììåòðè÷íàÿ ìàòðèöà ðàçìåðà N × N

x, b ∈ RN - âåêòîð íåèçâåñòíûõ è ïðàâîé ÷àñòè ðàçìåðà N



Ñâîéñòâà ñèñòåì

Îïðåäåëåíèå (ñèììåòðè÷íàÿ ìàòðèöà)

Ìàòðèöà ñèììåòðè÷íàÿ, åñëè A = AT èëè ∀i , j : aij = aji

Îïðåäåëåíèå (ïîëîæèòåëüíî îïðåäåëåííàÿ)

Ñèììåòðè÷íàÿ ìàòðèöà íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé

(A > 0), åñëè xTAx > 0,∀x ̸= 0 ∈ RN

Ñâîéñòâî (ïîëîæèòåëüíî îïðåäåëåííàÿ)

Åñëè A = EΛET - ñïåêòðàëüíîå ðàçëîæåíèå, Λ = diag(λ1, λ2, . . . , λN) -
ñîáñòâåííûå çíà÷åíèÿ, òî λ1 > λ2 > · · · > λN > 0 ∈ R

Ñâîéñòâî (×èñëî îáóñëîâëåííîñòè)

Äëÿ íåêîòîðîé ìàòðè÷íîé íîðìû ÷èñëî îáóñëîâëåííîñòè îïðåäåëÿåòñÿ

ïî ôîðìóëå µ(A) = ∥A−1∥∥A∥ ≥ 1. Äëÿ A > 0 : µ(A) = λ1/λN .



Ìåòîä ïðîñòîé èòåðàöèè (èòåðàöèè Ðè÷àðäñîíà)

1

τ
(xk+1 − xk) + Axk = b → xk+1 = xk + τ (b− Axk) = xk + τ rk

Îïðåäåëåíèå (íåâÿçêà)

rk = b− Axk - íåâÿçêà íà k-îé èòåðàöèè.

Ìåòîä ñõîäèòñÿ ïðè 0 < τ < 2/λ1, ãäå λ1 - íàèáîëüøåå ñîáñòâåííîå
çíà÷åíèå.

Ñõîäèòñÿ îïòèìàëüíî ïðè τ = (λ1 + λN)/2 (èòåðàöèÿ ×åáûøåâà),

ñêîðîñòü ñõîäèìîñòè îöåíèâàåòñÿ ïî íîðìå (÷åì ìåíüøå, òåì ëó÷øå

ñõîäèòñÿ):

∥I− τA∥ =
λ1 − λN

λ1 + λN
=

µ(A)− 1

µ(A) + 1



Ïåðñîíàëèè

Ðèñ.: Ïàôíóòèé

Ëüâîâè÷ ×åáûøåâ

1821�1894.

Ðèñ.: Àëåêñåé

Íèêîëàåâè÷

Êðûëîâ 1863�1945.

Ðèñ.: Áîðèñ

Ãðèãîðüåâè÷

Ãàëåðêèí

1871�1945.

Ðèñ.: Ëüþèñ Ôðàé

Ðè÷àðäñîí

1881�1953.



Ïðîåêöèîííûå ìåòîäû

Ââåäåì K,L - äâà m-ìåðíûõ ïîäïðîñòðàíñòâà RN . Ïóñòü xk -

ïðèáëèæåíèå íà k-îé èòåðàöèè, à xk+1 - ñëåäóþùåå ïðèáëèæåíèå.

Ïðîåêöèîííûé ìåòîä âûáèðàåò xk+1 = xk + δx òàêîå, ÷òî δx ∈ K, à
íåâÿçêà rk+1 = b− Axk+1 ⊥ L - îðòîãîíàëüíà ïðîñòðàíñòâó L. Âñå

ýòî çâó÷èò äîâîëüíî ñòðàííî, ïîêà ìû íå ââåëè K è L.



Ïðîåêöèîííûå ìåòîäû

Òåîðåìà

Äëÿ ïðîèçâîëüíîãî âåêòîðà z ∈ RN âåêòîð k⋆ ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è

k⋆ = argmin
k∈K

⟨z− k, z− k⟩

òîãäà è òîëüêî òîãäà, êîãäà

⟨z− k⋆, y⟩ = 0, ∀y ∈ K.

Äîêàçàòåëüñòâî.

Ïóñòü P - îðòîãîíàëüíûé ïðîåêòîð íà K: Pz ∈ K, z− Pz ∈ K⊥. Òîãäà

⟨z− k, z− k⟩ = ∥z− k∥2 = ∥z− Pz+ Pz− k∥2 = ∥z− Pz∥2 + ∥Pz− k∥2

=⇒ ∥z− k∥2 ≥ ∥z− Pz∥2 à ðàâåíñòâî ïðè k⋆ = Pz



Ïðîåêöèîííûå ìåòîäû

Çàäà÷à (Ìèíèìèçàöèÿ ôóíêöèîíàëà)

Ïóñòü L = K. Çàäà÷à ìèíèìèçàöèè ýíåðãåòè÷åñêîé íîðìû îøèáêè:

∀x ∈ RN : xk+1 = argmin
x̃−xk∈K

⟨x− x̃, x− x̃⟩A

Îïðåäåëåíèå (ìàòðè÷íîå ñêàëÿðíîå ïðîèçâåäåíèå)

Äëÿ A > 0: ⟨x, y⟩A = ⟨Ax, y⟩ = ⟨x,Ay⟩.

Îïðåäåëåíèå (ìåòîä Ãàëåðêèíà)

Ïî òåîðåìå ïåðåéäåì ê ïðîåêöèîííîé çàäà÷å ∀y ∈ K : ⟨z− k⋆, y⟩A = 0 c

z = x− xk ∈ K è k⋆ = xk+1 − xk(= x̃):

⟨z− k⋆, y⟩A = ⟨A (x− xk − k⋆) , y⟩ = ⟨b− Axk+1, y⟩

=⇒ xk+1 - ðåçóëüòàò ïðîåêöèîííîãî àëãîðèòìà.



Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ: CG

Îïðåäåëåíèå (Ïîäïðîñòðàíñòâî Êðûëîâà)

Ïîäïðîñòðàíñòâî âåêòîðîâ Km =
{
r0,Ar0, . . . ,A

m+1r0
}
íàçûâàåòñÿ

ïîäïðîñòðàíñòâîì Êðûëîâà ïîðÿäêà m, ãäå x0 - íà÷àëüíîå
ïðèáëèæåíèå è r0 = b− Ax0 - íà÷àëüíàÿ íåâÿçêà.

Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ - ïðîåêöèîííûé ìåòîä ñ L = K = Km

è A > 0. Êàæäîå ñëåäóþùåå ïðèáëèæåíèå èìååò âèä

xm = x0 +
m∑
i=1

ciA
i−1r0,

ãäå êîýôôèöèåíòû ci îïðåäåëÿþòñÿ óñëîâèåì rm = b− Axm ⊥ Km.



Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ: CG

Äîïóñòèì, ÷òî â Km èçâåñòåí A-îðòîãîíàëüíûé áàçèñ:

{k1, . . . , km} ∈ Km, k1 = r0, ∀i ̸= j : ⟨ki , kj⟩A = 0 (1)

Òîãäà ∃α1, . . . , αm :

xm = x0 +
m∑
i=1

αiki , rm = b+ A

(
x0 +

m∑
i=1

αiki

)
(2)

Èç óñëîâèÿ îðòîãîíàëüíîñòè rm ⊥ Km èëè ⟨rm−1 − αmAkm, ki ⟩ = 0

íàõîäèì αi :

αi =
⟨ri−1, ki ⟩
⟨Aki , ki ⟩

, i ∈ {1,m}



Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ: CG

Äîïîëíåíèå ïðîñòðàíñòâà Kn+1:

Kn+1 =
{{

r0,Ar0, . . . ,A
m−1r0

}
,Amr0

}
= {{k1, . . . , km} , km+1}

×òî îçíà÷àåò km+1 = Amr0 +
∑m

i=1 γiki = rm +
∑m

i=1 βiki . Çà ñ÷åò
A-îðòîãîíàëüíîñòè βi = 0, i < m. Ïîëó÷èì:

km+1 = rm + βmkm, βm =
⟨rm,Akm⟩
⟨Akm, km⟩

.

Âûðàæåíèÿ äëÿ αm, βm ìîæíî óïðîñòèòü:

αm =
rm−1, rm−1
⟨Akm, km⟩

, βm =
⟨rm, rm⟩

⟨rm−1, rm−1⟩

Âñå ãîòîâî äëÿ àëãîðèòìà!



Àëãîðèòì CG

Àëãîðèòì Àëãîðèòì CG

1: çàäàåì íà÷àëüíîå ïðèáëèæåíèå x0
2: r0 = b− Ax0
3: k1 = r0
4: m = 1

5: öèêë ïîêà ¾íå âûïîëíåí êðèòåðèé îñòàíîâêè¿ âûïîëíèì

6: αm =
⟨rm−1, rm−1⟩
⟨Akm, km⟩

7: xm = xm−1 + αmkm
8: rm = rm−1 − αmAkm

9: βm =
⟨rm, rm⟩

⟨rm−1, rm−1⟩
10: km+1 = rm + βmkm
11: m = m + 1

12: çàâåðøèì öèêë ïîêà



Ñïåêòðàëüíàÿ òåîðèÿ ñõîäèìîñòè

Äëÿ îïðåäåëåíèÿ ñêîðîñòè ñõîäèìîñòè ñðàâíèì m èòåðàöèé ìåòîäà ÑG

è ìåòîäà ×åáûøåâà. Âñïîìíèì, ÷òî CG ìèíèìèçèðóåò ýíåðãèòè÷åñêóþ

íîðìó îøèáêè:

xm+1 = argmin
x̃−xm∈K

⟨A (x− x̃) , x− x̃⟩ .

Èòåðàöèè ìåòîäà ×åáûøåâà:

xm+1 = xm − τm+1 (Axm − b) ,

×åáûøåâñêèå ïàðàìåòðû âûáèðàþòñÿ èñõîäÿ èç ìèíèìèçàöèè

Pm(A) =
m∏
i=1

(I− τiA)

câÿçûâàþùåãî îøèáêè e0 = x− x0 è em = x− xm:

em = PN(A)e0 =⇒ ∥em∥ ≤ ∥Pm(A)∥∥e0∥A



Ìíîãî÷ëåí ×åáûøåâà

Ñïåêòðàëüíàÿ íîðìà ∥Pm(A)∥:

∥Pm(A)∥ = sup
t∈Sp(A)

|Pm(t)| ≤ max
t∈[λ1,λN ]

|Pm(t)|,

ãäå λ1, λN - íàèáîëüøåå è íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå A.
Ìíîãî÷ëåí ×åáûøåâà îò ïàðàìåòðà t:

Pm(t) =
m∏
i=1

(1− τi t) , Pm(0) = 1.

Ìèíèìèçèðóþùèé ìíîãî÷ëåí:

Pm(t) = Tm

(
λ1 + λN

λ1 − λN

)−1
Tm

(
λ1 + λN − 2t

λ1 − λN

)
,

Ìíîãî÷ëåí ×åáûøåâà ïåðâîãî ðîäà:

Tm(x) =
1

2

((
x +

√
x2 − 1

)m
+
(
x +

√
x2 − 1

)−m
)



Ìíîãî÷ëåí ×åáûøåâà

Êîðíè ìèíèìèçèðóþùåãî ìíîãî÷ëåíà:

τi = 2

(
λ1 + λN + (λ1 − λN) cos

(
π(2i + 1)

2m

))−1
, i ∈ {1,m}

Ïðè x ∈ [0, 1] : Tm(x) ∈ [−1, 1]:

max
t∈[λ1,λN ]

|Pm(t)| = Tm

(
λ1 + λN

λ1 − λN

)−1
≤ 2

qm + q−m

ãäå

q =

√
λ1 −

√
λN√

λ1 +
√
λN

=

√
µ(A)− 1√
µ(A) + 1

∈ [0, 1]

=⇒ ∥em∥ ≤ 2∥e0∥
qm+q−m - ïàäåíèå (A-)íîðìû îøèáêè çà m èòåðàöèé.



Îöåíêè

Ïîñëå m èòåðàöèé ìåòîäà CG äëÿ îøèáêè ẽm = x− xm èìååì:

∥ẽm∥ = ⟨Aẽm, ẽm⟩
1

2 = min
xm−x0∈K

∥em∥A ≤ 2∥e0∥A
qm + q−m

.

Â ñëó÷àé ïëîõî îáóñëîâëåííûõ ìàòðèö µ(A) ≫ 1:

q ≈ 1− 2√
µ(A)



Îöåíêè Êàïîðèíà

Íà ïðàêòèêå ìåòîä CG çà èòåðàöèþ óáèðàåò êðàéíèå ñîáñòâåííûå

çíà÷åíèÿ ñèñòåìû: λ1 è λN . Åñëè ñîáñòâåííûå çíà÷åíèÿ ñèëüíî

ðàçáðîñàíû, òî îöåíêà î÷åíü ïåññèìåñòè÷íà.

Îöåíêà Êàïîðèíà:

∥rm∥ ≤
(
K (A)

1

m − 1
)m

2 ∥r0∥, K (A) =
1

det(A)

(
1

N
trace(A)

)N



Àëãîðèòì PCG

Àëãîðèòì Àëãîðèòì CG ñ ïðåäîáóñëàâëèâàòåëåì B

1: çàäàåì íà÷àëüíîå ïðèáëèæåíèå x0
2: r0 = b− Ax0
3: k1 = B−1r0
4: m = 1

5: öèêë ïîêà ¾íå âûïîëíåí êðèòåðèé îñòàíîâêè¿ âûïîëíèì

6: αm =

〈
rm−1,B

−1rm−1
〉

⟨Akm, km⟩
7: xm = xm−1 + αmkm
8: rm = rm−1 − αmAkm

9: βm =

〈
rm,B

−1rm
〉

⟨rm−1,B−1rm−1⟩
10: km+1 = B−1rm + βmkm
11: m = m + 1

12: çàâåðøèì öèêë ïîêà



Ïðåäîáóñëàâëèâàòåëü ×åáûøåâà

Àëãîðèòì Èòåðàöèè ×åáûøåâà

1: îöåíèâàåì λ1, λN ïî êðóãàì Ãåðøãîðèíà

2: d = (λ1 + λN)/2, c = (λ1 − λN)/2
3: x = x0
4: m = 1

5: öèêë ïîêà ¾íå âûïîëíåí êðèòåðèé îñòàíîâêè¿ âûïîëíèì

6: åñëè m <= 2 òî

7: α = 2d/(2d2 − (m − 1)c2)
8: èíà÷å

9: α = 1/(d − αc2/4)
10: çàâåðøèì åñëè

11: p = α(b− Ax) + (αd − 1)p
12: x = x+ p

13: m = m + 1

14: çàâåðøèì öèêë ïîêà



Ïðåäîáóñëàâëèâàòåëü ßêîáè è Ãàóññà-Çåéäåëÿ

Ïóñòü A = L+ D + U, ãäå D - äèàãîíàëüíàÿ, à L,UT - íèæíèå

òðåóãîëüíûå áåç äèàãîíàëè.

Èòåðàöèÿ ìåòîäîì ßêîáè:

xk+1 = D−1 (b− (L+ U)xk) (3)

Èòåðàöèÿ ìåòîäîì Ãàóññà-Çåéäåëÿ:

xk+1 = (D + L)−1 (b− Uxk) (4)

Ñèììåòðè÷íûå èòåðàöèè ìåòîäîì Ãàóññà-Çåéäåëÿ:

xk+1/2 = (D + L)−1 (b− Uxk)

xk+1 = (D + U)−1
(
b− Lxk+1/2

) (5)



Íåñèììåòðè÷íûå ñèñòåìû

Åñëè A ̸= AT , òî ñóùåñòâóåò ðÿä ìåòîäîâ: BiCGSTAB, GMRES, TFQMR



Êîíåö
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