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Ëåêöèÿ 1:
Ïðîèñõîæäåíèå ñèñòåì óðàâíåíèé



Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé - îäíîâðåìåííîå

âûïîëíåíèå íåñêîëüêèõ óñëîâèé.

Ïðèìåð (òðè óñëîâèÿ è òðè íåèçâåñòíûõ)


a11x1 + a12x2 + a13x3 = b1,

a21x1 + a22x2 + a23x3 = b2,

a31x1 + a32x2 + a33x3 = b3.

=⇒

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 x1
x2
x3

 =

 b1
b2
b3

 ,

ìîæíî çàïèñàòü â âèäå

Ax = b, A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 , x =

 x1
x2
x3

 , b =

 b1
b2
b3

 .

îáîçíà÷èì A = {aij}1≤i ,j≤3 ∈ R3×3 - ìàòðèöà âåùåñòâåííûõ ÷èñåë
ðàçìåðà 3 íà 3, x, b ∈ R3 - âåêòîðà äëèíû 3.



Ðàçðåæåííûå ñèñòåìû

Äëÿ ïðîèçâîëüíîãî N: Ax = b, ãäå

A = {aij}1≤i ,j≤N ∈ RN×N , x, b ∈ RN .

Â äàëüíåéøåì íàñ áóäóò èíòåðåñîâàòü

ðàçðåæåííûå ñèñòåìû.

Îïðåäåëåíèå (×èñëî íåíóëåâûõ)

Â ñòðîêå i : Mi = |{j |aij ̸= 0}|.

Îïðåäåëåíèå (Ðàçðåæåííàÿ ñèñòåìà)

Åñëè ∀i ∈ {1,N} : Mi ≪ N.
Ðèñ. 1: N ≈ 3 · 106, M ≤ 4.



Ôîðìàòû õðàíåíèÿ ðàçðåæåííûõ ìàòðèö

Ïðèìåð (CSR-ôîðìàò)

CSR: compressed sparse row. Ñîñòîèò èç òðåõ ìàññèâîâ: ia - èíäåêñ

íà÷àëà è êîíöà êàæäîé ñòðîêè, ja - íîìåðà ñòîëáöîâ, a - çíà÷åíèÿ.

A =


4 −2 −1
−2 9 −7

−4 6 −2
−2 −3 5

 →

ia : [0, 3, 6, 9, 12]
ja : [1, 2, 4, 1, 2, 3, 2, 3, 4, 1, 3, 4]
a : [4,−2,−1,−2, 9,−7,

−4, 6,−2,−2,−3, 5]

Óäîáíî ïðîõîäèòü ïî ñòðîêàì ìàòðèöû, à ïî ñòîëáöàì - íå óäîáíî. Ïî

àíàëîãèè ñ CSR ñóùåñòâóåò ôîðìàò CSC: compressed sparse column.



Ôîðìàòû õðàíåíèÿ ðàçðåæåííûõ ìàòðèö

Ïðèìåð (COO-ôîðìàò)

COO: coordinate list. Ñîñòîèò èç òðåõ ìàññèâîâ: ia - èíäåêñû ñòðîêè, ja
- èíäåêñû ñòîëáöà, a - çíà÷åíèÿ.

A =


4 −2 −1
−2 9 −7

−4 6 −2
−2 −3 5

 →

ia : [1, 2, 3, 4, 1, 1, 2, 2, 3, 3, 4, 4]
ja : [1, 2, 3, 4, 2, 4, 1, 3, 2, 4, 1, 3]
a : [4, 9, 6, 5,−2,−1,−2,−7,

−4,−2,−2,−3]

Ñòàíäàðòíûé ôàéëîâûé ôîðìàò .mtx íàçûâàåìûé Matrix Market

èñïîëüçóåòñÿ äëÿ îáìåíà ðàçðåæåííûõ ìàòðèö è ñîîòâåòñòâóåò

COO-ôîðìàòó õðàíåíèÿ. Áîëüøîå ÷èñëî ðàçðåæåííûõ ìàòðèö â

äàííîì ôîðìàòå ïî àäðåñàì: http://math.nist.gov/MatrizMarket/,

https://sparse.tamu.edu/.

http://math.nist.gov/MatrizMarket/
https://sparse.tamu.edu/


Matrix Market

Ðèñ. 2: Ñòðàíè÷êà ñ ìàòðèöàìè



Ñâîéñòâà ñèñòåì

Îïðåäåëåíèå (ñèììåòðè÷íàÿ ìàòðèöà)

Ìàòðèöà ñèììåòðè÷íàÿ, åñëè A = AT èëè ∀i , j : aij = aji

Îïðåäåëåíèå (ïîëîæèòåëüíî îïðåäåëåííàÿ)

Ñèììåòðè÷íàÿ ìàòðèöà íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé

(A > 0), åñëè xTAx > 0,∀x ̸= 0 ∈ RN

Ñâîéñòâî (ïîëîæèòåëüíî îïðåäåëåííàÿ)

Åñëè A = EΛET - ñïåêòðàëüíîå ðàçëîæåíèå, Λ = diag(λ1, . . . , λN) -
ñîáñòâåííûå çíà÷åíèÿ, òî ∀i : λi > 0 ∈ R

Îïðåäåëåíèå (äèàãîíàëüíî-äîìèíàíòíàÿ)

Ìàòðèöà ÿâëÿåòñÿ äèàãîíàëüíî-äîìèíàíòíîé, åñëè ∀i : |aii | ≥
∑

i ̸=j |aij |



Ñâîéñòâà ñèñòåì

Ñâîéñòâî (×èñëî îáóñëîâëåííîñòè)

Äëÿ íåêîòîðîé ìàòðè÷íîé íîðìû ÷èñëî îáóñëîâëåííîñòè îïðåäåëÿåòñÿ

ïî ôîðìóëå µ(A) = ∥A−1∥∥A∥ ≥ 1. Ïðè èñïîëüçîâàíèè 2-íîðìû è

ñèíãóëÿðíîãî ðàçëîæåíèÿ µ(A) = σmax/σmin .

×èñëî îáóñëîâëåííîñòè âëèÿåò íà òî÷íîñòü èòåðàöèîííûõ ìåòîäîâ

ðåøåíèÿ ñèñòåì è àðèôìåòè÷åñêóþ ñëîæíîñòü äîñòèæåíèÿ óêàçàííîé

òî÷íîñòè.



Ñâîéñòâà ñèñòåì

Äëÿ ïîíèæåíèÿ ÷èñëà

îáóñëîâëåííîñòè ñèñòåì

ïðèìåíÿþòñÿ ïðåäîáóñëàâëèâàòåëè

(preconditioner).

Ðèñ. 3: Ïðåäîáóñëàâëèâàòåëü :)



Ñâîéñòâà M-ìàòðèö

Îïðåäåëåíèå (Z -ìàòðèöà)

Íàçîâåì ìàòðèöó Z -ìàòðèöåé, åñëè ∀i : aii > 0 è ∀i ̸= j : aij ≤ 0

Îïðåäåëåíèå (M-ìàòðèöà)

Z -ìàòðèöà íàçûâàåòñÿ M-ìàòðèöåé, åñëè A = sI− B , ãäå I -
åäèíè÷íàÿ ìàòðèöà, B = {bij}, ∀i , j : bij ≥ 0, s ≥ maxi (λi (B))

Îïðåäåëåíèå (Ñëàáî äèàãîíàëüíî-äîìèíàíòíàÿ M-ìàòðèöà)

M-ìàòðèöà íàçûâàåòñÿ ñëàáî äèàãîíàëüíî-äîìèíàíòíîé, åñëè

∀i :
∑

j aij ≥ 0



Ñâîéñòâà M-ìàòðèö

Ïðèìåð (Ñëàáî äèàãîíàëüíî-äîìèíàíòíàÿ M-ìàòðèöà)

A =


4 −2 −1
−2 9 −7

−4 6 −2
−2 −3 5

 → A−1 =
1

76


76 60 97 54

76 84 132 68

76 80 142 72

76 72 124 80


Îáðàòíàÿ ìàòðèöà ê ñëàáî äèàãîíàëüíî-äîìèíàíòíîé M-ìàòðèöå

èìååò âñå ïîëîæèòåëüíûå çíà÷åíèÿ, ñëåäîâàòåëüíî, åñëè ∀i : bi ≥ 0, òî

∀i : xi ≥ 0, ãäå x = A−1b (äèñêðåòíûé àíàëîã ïðèíöèïà ìàêñèìóìà).

Îáðàùåíèå ðàçðåæåííîé ìàòðèöû ïðèâîäèò ê ïëîòíîé ìàòðèöå!



Îñòðîâñêèé

Ïîíÿòèå M-ìàòðèö ââåë Àëåêñàíäð

Îñòðîâñêèé â 1937 ã. â ÷åñòü

Ãåðìàíà Ìèíêîâñêîãî, êîòîðûé

ïåðâûì èññëåäîâàë ñâîéñòâà

ïîäîáíûõ Z -ìàòðèö.

Ðèñ. 4: Àëåêñàíäð Îñòðîâñêèé



Ñâîéñòâà ñåäëîâûõ ñèñòåì

Îïðåäåëåíèå (Äîïîëíåíèå ïî Øóðó)

Ïðåäñòàâèì A ∈ RN×N â áëî÷íîì âèäå è îïðåäåëèì äîïîëíåíèå ïî

Øóðó SC íà ïðàâûé-íèæíèé áëîê C :

A =

[
B F
E C

]
→ SC = C − EB−1F

ãäå B ∈ RK×K - íåâûðîæäåííàÿ, F ,ET ∈ RK×L, C ∈ RL×L, N = K + L

Îïðåäåëåíèå (Ñèììåòðè÷íàÿ êâàçèîïðåäåëåííàÿ ñèñòåìà)

Íàçîâåì ñèììåòðè÷íóþ ìàòðèöó A êâàçè-îïðåäåëåííîé, åñëè îíà

ïðåäñòàâèìà â áëî÷íîì âèäå ñ áëîêàìè B > 0, C ≥ 0:

A =

[
B F
FT −C

]
ëèáî A =

[
B F
FT

]



Ñâîéñòâà ñåäëîâûõ ñèñòåì

Ñâîéñòâî (Ñèììåòðè÷íàÿ êâàçè-îïðåäåëåííàÿ ñèñòåìà)

Ïóñòü áëîêè B > 0 ∈ RK×K è C ≥ 0 ∈ RL×L, òîãäà êâàçè-îïðåäåëåííàÿ

ñèñòåìà A èìååò K ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ñîáñòâåííûõ

çíà÷åíèé è L îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé:

A =

[
B E
ET −C

]
→ SC = −C − ETB−1E < 0

Ìíîãèå ýôôåêòèâíûå ïîäõîäû îêàçûâàþòñÿ íå ïðèìåíèìû ê

ïîäîáíûì ñèñòåìàì �â ëîá�.



Ñâîéñòâà ñåäëîâûõ ñèñòåì

Ðèñ. 5: Ãåññèàí îò ïîâåðõíîñòè íà �ñåäëå� - êâàçè-îïðåäåëåííàÿ ìàòðèöà.



Ãðàô ìàòðèöû

Îïðåäåëåíèå (ãðàô ìàòðèöû)

Ãðàô G = (V ,E ) çàäàåòñÿ íàáîðîì âåðøèí V è ðåáåð E . Äëÿ
ðàçðåæåííîé ìàòðèöû A = {aij} ∈ RN×N íàáîðîì âåðøèí áóäåì

ñ÷èòàòü ÷èñëà îò 1 äî N: V = {1,N}, à ðåáðà èç âåðøèíû i
îïðåäåëÿþòñÿ ïî âñåì íåíóëåâûì ýëåìåíòàì ìàòðèöû: Ei = {j |aij ̸= 0}.

Ðÿä ìåòîäîâ îñíîâàí íà àíàëèçå ãðàôà ìàòðèöû è

ïåðåóïîðÿäî÷èâàíèè ñèñòåìû.



Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè

−∆p = b (çàäà÷à Ïóàññîíà)

∂tT − κ∆T = b (òåïëîïðîâîäíîñòü)

(u⃗ · ∇)C = b (ïåðåíîñ âåùåñòâà){
−µ∆u⃗ +∇p = b

div(u⃗) = 0
(ñèñòåìà Ñòîêñà){

−µ∆u⃗ − (µ+ λ)∇div(u⃗) + α∇p = b

∂t (ζp + αdiv(u⃗))− κ∆p = q
(ñèñòåìà Áèî){

ϕ∂tS − div (Sκ∇p) = qo

ϕ∂t(1− S)− div ((1− S)κ∇p) = qw
(äâóõôàçíàÿ ôèëüòðàöèÿ)

−∆2p = b (áèãàðìîíè÷åñêîå óðàâíåíèå)

+ ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ.



Òèïû óðàâíåíèé

−∆p = b (ýëëèïòè÷åñêèå)

∂tT − κ∆T = b (ïàðàáîëè÷åñêèå)

(u⃗ · ∇)C = b (ãèïåðáîëè÷åñêèå){
−µ∆u⃗ +∇p = b

div(u⃗) = 0
(ñåäëîâûå){

−µ∆u⃗ − (µ+ λ)∇div(u⃗) + α∇p = b

∂t (ζp + αdiv(u⃗))− κ∆p = q
(ñåäëîâûå){

ϕ∂tS − div (Sκ∇p) = qo

ϕ∂t(1− S)− div ((1− S)κ∇p) = qw
(áëî÷íûå)

−∆2p = b (ýëëèïòè÷åñêèå)

+ ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ.



Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè

Ðèñ. 6: Ïüåð Ñèìîí
Ëàïëàñ 1749�1827.

Ðèñ. 7: Ñèìåîí
Äåíè Ïóàññîí
1781�1840.

Ðèñ. 8: Äæîðäæ
Ãàáðèýëü Ñòîêñ
1819�1903.

Ðèñ. 9: Ìàóðèñ
Ýíòîíè Áèî
1905�1985.



Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè

Äëÿ ðåøåíèÿ óðàâíåíèÿ

íåîáõîäèìî ââåñòè ñåòêó äëÿ

îáëàñòè Ω, îïðåäåëèòü íà ñåòêå

ñòåïåíè ñâîáîäû - íåèçâåñòíûå,
ïðèìåíèòü ìåòîä äèñêðåòèçàöèè

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Ðèñ. 10: Îáëàñòü Ω è å¼ ãðàíèöà ∂Ω.



Òèïû ðàñ÷åòíûõ ñåòîê (ñòðóêòóðèðîâàííûå)

Ðèñ. 11:
Ïðÿìîóãîëüíàÿ

Ðèñ. 12:
Êðèâîëèíåéíàÿ

Ðèñ. 13: Àäàïòèâíàÿ



Òèïû ðàñ÷åòíûõ ñåòîê (íåñòðóêòóðèðîâàííûå)

Ðèñ. 14: Òðåóãîëüíàÿ Ðèñ. 15: Ìíîãîãðàííàÿ Ðèñ. 16: Íåâûïóêëàÿ



Ðàñïîëîæåíèå ñòåïåíåé ñâîáîäû

Ðèñ. 17: Â óçëàõ Ðèñ. 18: Â ÿ÷åéêàõ Ðèñ. 19: Ñìåøàííî

Ìåòîä êîíå÷íûõ
ðàçíîñòåé, ìåòîä
êîíå÷íûõ ýëåìåíòîâ

Ìåòîä êîíå÷íûõ
îáúåìîâ

Ñìåøàííûé ÌÊÝ,

ìåòîä îïîðíûõ
îïåðàòîðîâ

Ðàñïîëîæåíèå ñòåïåíåé ñâîáîäû óñëîâíî ñâÿçàíî ñ ïðèìåíÿåìûì

ìåòîäîì äèñêðåòèçàöèè.



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Ââåäåì íåèçâåñòíûå íà óçëàõ

ïðÿìîóãîëüíîé ñåòêè ñ øàãîì h.

Óðàâíåíèÿ:

−∆p = −∂2p

∂x2
− ∂2p

∂y2
= b

.

Òðåáóåòñÿ àïïðîêñèìàöèÿ âòîðîé

ïðîèçâîäíîé

∂2pi ,j
∂x2

≈ ?
Ðèñ. 20: Øàáëîí



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Ïåðâàÿ ïðîèçâîäíàÿ

∂pi+1/2,j
∂x

≈
pi+1,j − pi ,j

h

Âòîðàÿ ïðîèçâîäíàÿ

∂2pi ,j
∂x2

≈ 1

h

(
∂pi+1/2,j

∂x
−

∂pi−1/2,j
∂x

)
Âòîðàÿ ïðîèçâîäíàÿ

∂2pi ,j
∂x2

≈
pi−1,j − 2pi ,j + pi+1,j

h2

Ðèñ. 21: Øàáëîí



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Ïîëó÷èì 5-òî÷å÷íûé øàáëîí äëÿ −∆p = b:

4pi ,j − pi−1,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j

Íà ãðàíèöå òèïà Äèðèõëå pi−1,j = pb:

4pi ,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j + pb

Íà ãðàíèöå òèïà Íåéìàíà ∂p/∂x = 0:

3pi ,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j

Ðèñ. 22: Øàáëîí

Ðèñ. 23: Ãðàíèöà



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Ïîëó÷èì 5-òî÷å÷íûé øàáëîí äëÿ −∆p = b:

4pi ,j − pi−1,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j

Â ìàòðè÷íîì âèäå:

[
4 −1 −1 −1 −1

]


pi ,j
pi−1,j
pi ,j−1
pi+1,j
pi ,j+1

 = h2bi ,j



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Íà ãðàíèöå òèïà Äèðèõëå pi−1,j = pb:

4pi ,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j + pb

Â ìàòðè÷íîì âèäå:

[
4 −1 −1 −1

] 
pi ,j
pi ,j−1
pi+1,j
pi ,j+1

 = h2bi ,j + pb



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Íà ãðàíèöå òèïà Íåéìàíà ∂p/∂x = 0:

3pi ,j − pi ,j−1 − pi+1,j − pi ,j+1 = h2bi ,j

Â ìàòðè÷íîì âèäå:

[
3 −1 −1 −1

] 
pi ,j
pi ,j−1
pi+1,j
pi ,j+1

 = h2bi ,j



Óðàâíåíèå Ïóàññîíà (ÌÊÐ)

Ðèñ. 24: Êðàñíûå êðóãè - íåèçâåñòíûå, ñèíèå - óñëîâèÿ òèïà Äèðèõëå,
çåëåíûå - òèïà Íåéìàíà.

3 −1 −1
−1 4 −1 −1

−1 4 −1 −1
−1 3 −1

−1 3 −1
−1 −1 4 −1

−1 −1 4 −1
−1 −1 3





p1
p2
p3
p4
p5
p6
p7
p8


=



b1
b2
b3
b4
b5
b6
b7
b8


h2

Ñèììåòðè÷íàÿ äèàãîíàëüíî-äîìèíàíòíàÿ M-ìàòðèöà!



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)

Óðàâíåíèå â äèâåðãåíòíîé ôîðìå:

−∆p = −div(∇p) = b

Ïðîèíòåãðèðóåì ïî îáúåìó ω:

−
∫
ω
div(∇p)dV =

∫
ω
b dV

Èñïîëüçóåì òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà:

−
∮
∂ω

dS · ∇p =

∫
ω
b dV

Ðèñ. 25: Â ÿ÷åéêàõ



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)

Èñïîëüçóåì òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà:

−
∮
∂ω

dS · ∇p =

∫
ω
b dV

Àïïðîêñèìèðóåì ñî âòîðûì ïîðÿäêîì:

−
∑
σ∈∂ω

|σ|n · ∇p = |ω|b

Òðåáóåòñÿ îïðåäåëèòü ïîòîê: q = n · ∇p.

Ðèñ. 26: Ïîòîê



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)

Òðåáóåòñÿ îïðåäåëèòü ïîòîê: q = n · ∇p.

Íà ðåãóëÿðíîé ñåòêå ñ øàãîì h:

q = n · ∇p =
∂p

∂x
≈ p2 − p1

h

Íà ãðàíèöå òèïà Äèðèõëå:

q ≈ 2
pb − p1

h

Íà ãðàíèöå òèïà Íåéìàíà q = 0.

Ïëîùàäü ãðàíè |σ| = h, îáúåì ÿ÷åéêè |ω| = h2.

Ðèñ. 27: Ïîòîê

Ðèñ. 28: Ãðàíèöà



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)

Ðèñ. 29: Êðàñíûå êðóãè - íåèçâåñòíûå, ñèíèå êðóãè - óñëîâèÿ òèïà Äèðèõëå,
çåëåíûå ïðÿìîóãîëüíèêè - òèïà Íåéìàíà.



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)



4 −1 −1
−1 5 −1 −1

−1 4 −1
−1 3 −1 −1

−1 −1 4 −1 −1
−1 −1 3 −1

−1 4 −1
−1 −1 5 −1

−1 −1 4





p1
p2
p3
p4
p5
p6
p7
p8
p9


=



b1
b2
b3
b4
b5
b6
b7
b8
b9


h2

Ñèììåòðè÷íàÿ äèàãîíàëüíî-äîìèíàíòíàÿ Ì-ìàòðèöà!



Óðàâíåíèå Ïóàññîíà (ÌÊÎ)

Òðåáóåòñÿ îïðåäåëèòü ïîòîê: q = n · ∇p.

Íà íåðåãóëÿðíîé ñåòêå?

Íóæíà àïïðîêñèìàöèÿ â ïîïåðå÷íîì

íàïðàâëåíèè:

q ≈ p2 − p1
h

+

(
n− x2 − x1

h

)
· ∇p

Ëåãêî íàðóøèòü ñèììåòðèþ è ñâîéñòâà

M-ìàòðèöû.

Ðèñ. 30: Ïîòîê



Óðàâíåíèå Ïóàññîíà (ÌÎÎ)

Àïïðîêñèìàöèÿ äèâåðãåíöèè

−
∑
σ∈∂ω

|σ|n · ∇p = −
∑
σ∈∂ω

qσi = |ω|b

Ïîòîêè ÷åðåç ãðàíè

qσi = |σ|ni · ∇p

Êîíå÷íûå ðàçíîñòè

(xσi − x1) · ∇p = pσi − p1

Óðàâíåíèÿ íà ãðàíÿõ: ðàâåíñòâî ïîòîêîâ.

Ðèñ. 31: Ñìåøàííî



Óðàâíåíèå Ïóàññîíà (ÌÎÎ)

Ïîòîêè â ìàòðè÷íîì âèäå:

Q =

 qσ1
...

qσm

 , N =

 |σ1|nT1
...

|σm|nTm

 , Q = N∇p

Äèâåðãåíöèÿ:

−1TQ = |ω|b

Ðàçíîñòè â ìàòðè÷íîì âèäå:

Pσ =

 pσ1
...

pσm

 , R =

 xTσ1 − xT1
...

xTσm
− x1

 , R∇p = Pσ−1p1

Ðèñ. 32: Ñìåøàííî



Óðàâíåíèå Ïóàññîíà (ÌÎÎ)

Çàïèøåì âñå óñëîâèÿ â âèäå ñèñòåìû:

 −R I −1
−N I

−1T




∇p
Q
Pσ

p1

 =

 0

0

|ω|b


Ïóñòü ∃W ∈ Rm×m : WR = N, èñêëþ÷èì ∇p è âûíåñåì Q â ïðàâóþ

÷àñòü: [
W −W 1

−1TW 1TW 1

] [
Pσ

p1

]
=

[
Q
|ω|b

]
Åñëè W - ñèììåòðè÷íî, òî â èòîãå ïîëó÷èì ñèììåòðè÷íóþ ñèñòåìó, íî

íå îáÿçàòåëüíî Ì-ìàòðèöó.



Óðàâíåíèå Ïóàññîíà (ÌÎÎ)

Âûáîð ñèììåòðè÷íîé ìàòðèöû WR = N:

W = N
(
NTR

)−1
NT + µ

(
I− R

(
RTR

)−1
RT

)
Âòîðîå ñëàãàåìîå - äîïîëíåíèå äî ïîëíîãî ðàíãà.

Ãåîìåòðè÷åñêîå ñîîòíîøåíèå:

NTR =
∑
σi∈∂ω

|σi |nσi (xσi − x1)
T = |ω|I

(
≈

∮
ω
dSxT =

∫
∇xTdV

)



Óðàâíåíèå Ïóàññîíà (ñâîéñòâà)

Çàäà÷à ýëëèïòè÷åñêîãî òèïà

Áóäåì îáîçíà÷àòü äèñêðåòíûé îïåðàòîð êàê L, íàïðèìåð Lp = b

Äëÿ ñèñòåìû õàðàêòåðíà ñèììåòðèÿ

Íà �õîðîøèõ� ñåòêàõ è ìåòîäàõ âûïîëíÿþòñÿ ñâîéñòâà ñëàáî

äèàãîíàëüíî-äîìèíàíòíîé Ì-ìàòðèöû: ïðèíöèï ìàêñèìóìà

×èñëî îáóñëîâëåííîñòè L ðàñòåò êàê O
(
1/h2

)



Óðàâíåíèå òåïëîïðîâîäíîñòè

Óðàâíåíèå âèäà ∂tT − κ∆T = b.

Àïïðîêñèìàöèÿ ïðîèçâîäíîé ïî âðåìåíè ìåòîäîì Ýéëåðà:

∂tT ≈
T n+1
i ,j − T n

i ,j

∆t
,

Cäâèã äèàãîíàëè ñèñòåìû íà 1/∆t:

(
1

∆t
+ κL

)
T n+1 = b +

1

∆t
T n

Ðèñ. 33: Øàáëîí

Çàäà÷ó ëåã÷å ðåøàòü ïðè ìàëûõ øàãàõ ïî âðåìåíè - ÷èñëî

îáóñëîâëåííîñòè óìåíüøàåòñÿ



Óðàâíåíèå ïåðåíîñà (ÌÊÐ)

Ââåäåì íåèçâåñòíûå â óçëàõ íà ñåòêå ñ øàãîì h.

Äëÿ çàäàííîãî âåêòîðà ñêîðîñòè u⃗:

(u⃗ · ∇)C = u
∂C

∂x
+ v

∂C

∂y
= b, u⃗ =

[
u
v

]
Èñïîëüçóåì íàïðàâëåííûå ðàçíîñòè:

u
∂C

∂x
≈ u

h

{
Ci ,j − Ci−1,j u > 0

Ci+1,j − Ci ,j u < 0
(1)

Ïîëîæèòåëüíûé êîýôôèöèåíò ïðè

äèàãîíàëüíîì ýëåìåíòå, îòðèöàòåëüíûå ïðè

âíå-äèàãîíàëüíûõ ýëåìåíòàõ: íåñèììåòðè÷íàÿ

ñëàáî äèàãîíàëüíî-äîìèíàíòíàÿ M-ìàòðèöà.

Ðèñ. 34: Â óçëàõ



Óðàâíåíèå ïåðåíîñà (ÌÊÎ)

Â äèâåðãåíòíîé ôîðìå:

div(u⃗C ) = b (= (u⃗ · ∇)C + Cdiv(u⃗))

Ïðîèíòåãðèðóåì ïî îáúåìó ω:∫
ω
div(u⃗C )dV =

∫
ω
b dV

Èñïîëüçóåì òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà:∮
∂ω

dS · u⃗C =

∫
ω
b dV

Ðèñ. 35: Â ÿ÷åéêàõ



Óðàâíåíèå ïåðåíîñà (ÌÊÎ)

Èñïîëüçóåì òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà:∮
∂ω

dS · u⃗C =

∫
ω
b dV

Àïïðîêñèìèðóåì ñî âòîðûì ïîðÿäêîì:∑
σ∈∂ω

|σ|n · u⃗C = |ω|b

Òðåáóåòñÿ îïðåäåëèòü ïîòîê: q = n · u⃗C .

Ðèñ. 36: Ïîòîê



Óðàâíåíèå ïåðåíîñà (ÌÊÎ)

Òðåáóåòñÿ îïðåäåëèòü ïîòîê: q = n · u⃗C .
Ñõåìà ïðîòèâ ïîòîêà ïåðâîãî ïîðÿäêà:

q ≈
{

n · u⃗C1 n · u⃗ > 0

n · u⃗C2 n · u⃗ < 0

Íà ãðàíèöå òèïà Äèðèõëå:

q ≈
{

n · u⃗C1 n · u⃗ > 0

n · u⃗Cb n · u⃗ < 0

Íà ãðàíèöå òèïà Íåéìàíà q = n · u⃗C1. Âòîê èç

ãðàíèöû òèïà Íåéìàíà ôèçè÷åñêè íå êîððåêòåí.

Ðèñ. 37: Ïîòîê

Ðèñ. 38: Ãðàíèöà



Óðàâíåíèå ïåðåíîñà (ñâîéñòâà)

Çàäà÷à ãèïåðáîëè÷åñêîãî òèïà

Îáîçíà÷èì äèñêðåòíûé îïåðàòîð C
Äëÿ ñèñòåìû íå õàðàêòåðíà ñèììåòðèÿ

Ïðè óñëîâèè div(u⃗) = 0 âûïîëíÿþòñÿ ñâîéñòâà ñëàáî

äèàãîíàëüíî-äîìèíàíòíîé Ì-ìàòðèöû: íåò íîâûõ ýêñòðåìóì

×èñëî îáóñëîâëåííîñòè C ðàñòåò êàê O(1/h).



Ðàçíåñåííàÿ ñåòêà

Ðèñ. 39: Ðàçíåñåííàÿ ñåòêà

Ðèñ. 40: Ñòåïåíè ñâîáîäû

Ñåòêà Ëåáåäåâà (1964), Harlow-Welch (1965), Arakawa C-grid (1977)



Ðàñïîëîæåíèå ñòåïåíåé ñâîáîäû

Ðèñ. 41: Âÿ÷åñëàâ
Ëåáåäåâ, 1930-2010

Ðèñ. 42: Ôðýíñèñ
Õàðëîó, 1928-2016

Ðèñ. 43: Àêèî Àðàêàâà,
1927-2021



Óðàâíåíèå Ñòîêñà

Îïèñûâàåò òå÷åíèå âÿçêîé íåñæèìàåìîé

æèäêîñòè

Íåèçâåñòíûå: ñêîðîñòü æèäêîñòè u⃗ = [u, v ]T è

äàâëåíèå p.

Ñèñòåìà óðàâíåíèé:

−µ∆u⃗ +∇p = b

div(u⃗) = 0

µ - âÿçêîñòü æèäêîñòè.

Ðèñ. 44: Ñòåïåíè
ñâîáîäû



Óðàâíåíèå Ñòîêñà

Âåêòîðíûé îïåðàòîð Ëàïëàñà:

−∆u⃗ = −
[
∂xxu + ∂yyu
∂xxv + ∂yyv

]
=

[
Lu
Lv

]
Ãðàäèåíò äàâëåíèÿ ∇p äëÿ ui ,j , vi ,j :

∂xp ≈
pi ,j − pi−1,j

h
, ∂yp ≈

pi ,j − pi ,j−1
h

Äèâåðãåíöèÿ:

div(u⃗) = ∂xu + ∂yv ≈
ui+1,j − ui ,j

h
+

vi ,j+1 − vi ,j
h

Ãðàíè÷íûå óñëîâèå: ïðèëèïàíèå, ñêîëüæåíèå,

çàäàííîå äàâëåíèå.

Ðèñ. 45: Ñòåïåíè
ñâîáîäû



Óðàâíåíèå Ñòîêñà

Ïîëó÷èì êâàçè-îïðåäåëåííóþ ñèñòåìó ñ îòðèöàòåëüíîé ïîñëåäíåé

ñòðîêîé:  µL G
µL G

−GT −GT

 u
v
p

 =

 bu
bv
0

 .

Â ýòîé çàïèñè G - øàáëîí ãðàäèåíòà.

×èñëî îáóñëîâëåííîñòè äèêòóåòñÿ ýëëèïòè÷åñêîé ÷àñòüþ, íî äî íåå

íàäî äîáðàòüñÿ!



Óðàâíåíèå Áèî

Îïèñûâàåò âçàèìîäåéñòâèå æèäêîñòè è

âìåùàþùåé óïðóãîé ñðåäû.

Íåèçâåñòíûå: ñìåùåíèå ïîðîäû u⃗ = [u, v ]T è

äàâëåíèå æèäêîñòè p.

Ñèñòåìà óðàâíåíèé:

−µ∆u⃗ − (µ+ λ)∇div(u⃗) + α∇p = b

∂t (ζp + αdiv(u⃗))− κ∆p = q

µ, λ - ïàðàìåòðû Ëàìý, κ - ïðîíèöàåìîñòü

ñðåäû, α - êîýôôèöèåíò Áèî, ζ - ¼ìêîñòü

ïîðîäû, θ = ζp + αdiv(u⃗) - ïîðèñòîñòü.

Ãðàíè÷íûå óñëîâèÿ íà æèäêîñòü: íåïðîòåêàíèå

Ãðàíè÷íûå óñëîâèÿ íà ïîðîäó: ôèêñàöèÿ,

ðîëëåð, îòñóòñòâèå òðåíèÿ

Ðèñ. 46: Ñòåïåíè
ñâîáîäû



Óðàâíåíèå Áèî

Ïîëó÷èì êâàçè-îïðåäåëåííóþ ñèñòåìó ñ îòðèöàòåëüíîé è

ìàñøòàáèðîâàííîé ñòðîêîé: (µ+ λ)Lxx + µL (µ+ λ)Lyx αG
(µ+ λ)Lxy (µ+ λ)Lyy + µL αG
− α

∆tG
T − α

∆tG
T

(
ζ
∆t + κL

)

 u

v
p

 =

 bu
bv
q̃


Ïðàâàÿ ÷àñòü (ïðî ñêâàæèíó äàëåå):

q̃ = q +
ζ

∆t
pn − α

∆t

(
GTun + GT vn

)
×èñëî îáóñëîâëåííîñòè äèêòóåòñÿ ýëëèïòè÷åñêîé ÷àñòüþ, íî äî íåå

íàäî äîáðàòüñÿ!



Óðàâíåíèå äâóõôàçíîé ôèëüòðàöèè

Îïèñûâàþò âûòåñíåíèå íåôòè âîäîé.

Íåèçâåñòíûå: S ∈ [0, 1] - íàñûùåííîñòü íåôòè, p
- äàâëåíèå âîäû.

Ñèñòåìà óðàâíåíèé:{
ϕ∂tS − div (Sκ∇p) = qo

ϕ∂t(1− S)− div ((1− S)κ∇p) = qw

Ãðàíè÷íûå óñëîâèÿ: íåïðîòåêàíèå.

Ñêâàæèíà ðàäèóñà r ñ çàáîéíûì äàâëåíèåì pbhp:

q = 2πκ(p − pbhp)/ log
(
14

√
2h

100r

)
, qo = Sq, qw =

(1− S)q.

Ðèñ. 47: Ñòåïåíè
ñâîáîäû



Óðàâíåíèå äâóõôàçíîé ôèëüòðàöèè

Ïîëó÷èì áëî÷íóþ ñèñòåìó ñ ýëëèïòè÷åñêèìè è ãèïåðáîëè÷åñêèìè

áëîêàìè: (
ϕ
∆t + C

)
SκL

−
(

ϕ
∆t + C

)
(1− S)κL

[
S
p

]
=

[
qo +

ϕ
∆tS

n

qw − ϕ
∆tS

n

]

×èñëî îáóñëîâëåííîñòè äèêòóåòñÿ ýëëèïòè÷åñêîé ÷àñòüþ, íî äî íåå

íàäî äîáðàòüñÿ!



Áèãàðìîíè÷åñêîå óðàâíåíèå

Îïèñûâàåò ýëàñòè÷íóþ ïëàñòèíêó

Óðàâíåíèå:

∆2p = ∂xxxxp + 2∂xxyyp + ∂yyyyp = b

Ñèñòåìà ñèììåòðè÷íàÿ, íî íå M-ìàòðèöà

×èñëî îáóñëîâëåííîñòè ðàñòåò êàê O
(
1
h4

)
.

Ëåãêî óïåðåòüñÿ â ïðåäåë ìàøèííîé

òî÷íîñòè Ðèñ. 48: Øàáëîí



Áèãàðìîíè÷åñêîå óðàâíåíèå

Ìîæíî ñäåëàòü ñèñòåìó óðàâíåíèé:[
∆
−I ∆

] [
q
p

]
=

[
b
0

]
Òîãäà ÷èñëî îáóñëîâëåííîñòè ðàñòåò êàê O

(
1
h2

)
è ïðèìåíèìû

ïîäõîäû äëÿ ðåøåíèÿ ýëëèïòè÷åñêèõ ñèñòåì.



Ñëîæíîñòü ðåøåíèÿ

Ñëîæíîñòü ðåøåíèÿ ìåòîäîì Ãàóññà: O(N3).

Ñëîæíîñòü èòåðàöèîííûõ ìåòîäîâ çàâèñèò îò çàäàííîé òî÷íîñòè

è ÷èñëà îáóñëîâëåííîñòè ñèñòåìû. ×èñëî îáóñëîâëåííîñòè

âîçìîæíî ñíèçèòü. Îöåíêè íà ñëåäóþùåé ëåêöèè.

Äëÿ ýëëèïòè÷åñêèõ ñèñòåì ñóùåñòâóþò ðåàëèçàöèè

ìíîãîñåòî÷íûõ ìåòîäîâ ñ àñèìïòîòèêîé O(N).

Ìåòîä íå ïðèìåíèì ê ñèñòåìàì îáùåãî âèäà, íåîáõîäèìî

âûäåëÿòü ýëëèïòè÷åñêóþ ÷àñòü!



Ïàêåòû ïðîãðàìì

Ïðÿìûå Èòåðàöèîííûå Ìíîãîñåòî÷íûå

Îòêðûòûå SuperLU, MUMPS Petsc†, Trilinos† Hypre, AMGCL
Çàêðûòûå Pardiso ILUPACK, Paralution† SAMG

Òàáëèöà 1: Ïàêåòû. †Âêëþ÷àþò ìíîãîñåòî÷íûå ïîäõîäû.

Ïðÿìûå: âñåãäà ðåøàò ñèñòåìó, íî íåáîëüøèõ ðàçìåðîâ, âîçìîæíî

áûñòðåå, ÷åì èòåðàöèîííûå. Îñíîâíàÿ ïðîáëåìà - îáúåì

òðåáóåìîé ïàìÿòè.

Èòåðàöèîííûå: ìåíåå íàäåæíûå, íî ïðèìåíèìû ê áîëüøèì

ñèñòåìàì.

Ìíîãîñåòî÷íûå: â ïåðâóþ î÷åðåäü äëÿ ýëëèïòè÷åñêèõ ñèñòåì.

SAMG: ìíîãîñåòî÷íûé ìåòîä è ñòðàòåãèè äëÿ áëî÷íûõ ñèñòåì

ILUPACK: íåïîëíàÿ ôàêòîðèçàöèÿ è ìíîãîóðîâíåâûé ìåòîä

Ìíîãîå äîñòóïíî èç python: scipy, pymumps, petsc4py, pyamg



Python

Ïðèìåð (Êîìàíäû â python)

scipy.sparse.csr_matrix � ñîçäàòü ìàòðèöó â ôîðìàòå CSR;

scipy.sparse.coo_matrix � ñîçäàòü ìàòðèöó â ôîðìàòå COO;

scipy.io.mmread � ñ÷èòàòü ôàéë ôîðìàòà it MatrixMarker;

matplotlib.pylab.spy � îòðèñîâàòü �ñëåä� ìàòðèöû;

scipy.linalg.solve � ðåøèòü ñèñòåìó (ïî óìîë÷àíèþ èñïîëüçóåòñÿ

ïàêåò UMFPACK).



Îáùèé ïëàí

Îáùèé ïëàí ëåêöèé

Èòåðàöèîííûå ìåòîäû

Ìåòîäû íåïîëíîé

ôàêòîðèçàöèè

Ìàñøòàáèðîâàíèå è

ïåðåóïîðÿäî÷èâàíèå

Ìíîãîñåòî÷íûé ìåòîä

Ìíîãîóðîâíåâûé ìåòîä

Ìåòîäû ðåøåíèÿ ñåäëîâûõ è

áëî÷íûõ çàäà÷

Ìåòîäû ðåøåíèÿ íåëèíåéíûõ

ñèñòåì

Ïîèñê íåñêîëüêèõ ðåøåíèé

íåëèíåéíûõ ñèñòåì

Âàðèàíòû çàäàíèé

Ïðîñòîå çàäàíèå:

Ñîáðàòü ñòàòèñòèêó ïî
êàæäîìó èç ìåòîäó ðåøåíèé
íà ñèñòåìàõ ñ ðîñòîì N;
Ïðèìåð ïîðîóïðóãîñòè:
ìàðø ïî âðåìåíè.

Ñëîæíîå çàäàíèå:

2-ôàçíàÿ ôèëüòðàöèÿ íà
äàííûõ SPE10;
2-ôàçíàÿ ïîðîóïðóãîñòü íà
äàííûõ SPE10.



Ìàòåðèàëû

http://dodo.inm.ras.ru/terekhov/lect1/

https://github.com/kirill-terekhov/mipt-solvers

https://www.spe.org/web/csp/datasets/set02.htm#download

Ýòà ïðåçåíòàöèÿ:

https://dodo.inm.ras.ru/terekhov/lect1/01/presentation.pdf

http://dodo.inm.ras.ru/terekhov/lect1/
https://github.com/kirill-terekhov/mipt-solvers
https://www.spe.org/web/csp/datasets/set02.htm#download
https://dodo.inm.ras.ru/terekhov/lect1/01/presentation.pdf
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