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Possion Eigenvalue Problem

.

......


−∆u = λu, in Ω,

u = 0, on ∂Ω,∫
Ω |u|2dx = 1.

.Questions..

......

Design O(N) algorithm for eigenvalue problem
Parallelization for multi-eigenpairs
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Eigen value problem

.Weak Form..

......

Find (λ, u) ∈ R× H1
0(Ω) such that

a(u, v) = λb(u, v), ∀v ∈ H1
0(Ω),

where a(u, v) =
∫
Ω∇u · ∇v dx, b(u, v) =

∫
Ω uv dx.

.Discretization..

......

Find (λh, uh) ∈ R× V0h(Ω), V0h(Ω) ⊂ H1
0(Ω) such that

a(uh, vh) = λhb(uh, vh), ∀vh ∈ V0h(Ω).
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.Notation..

......

M(λi) =
{

w ∈ H1
0(Ω) : wis an eigenvector of λi, ∥w∥b = 1

}
,

δλi(h) = sup
w∈M(λi)

inf
v∈V0h(Ω)

∥w − v∥1,Ω,

ηΩ(h) = inf
vh∈V0h(Ω)

sup
∥w∥1,Ω=1

∥(L∗)−1w − vh)∥1,Ω.

.Error Estimate..

......

∥ui − ui,h∥1,Ω ≲ δλi(h),
∥ui − ui,h∥−1,Ω ≲ ηΩ(h)∥ui − ui,h∥1,Ω,

λi ≤ λi,h ≤ λi + Ciδ
2
λi(h).
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Algorithm

Construct V0H(Ω) ⊂ V0h(Ω) ⊂ H1
0(Ω)

.

......

Step 1 a(uH, ψ) = λHb(uH, ψ), ∀ψ ∈ V0H(Ω)

Step 2 a(ũh, χ) = λHb(uH, χ), ∀χ ∈ V0h(Ω)

Step 3 a(uH,h, φ) = λH,hb(uH,h, φ), ∀φ ∈ VH,h

where VH,h = V0H(Ω) + span{ũh}.

Hehu Xie, Yu Li ( The Institute of Computational Mathematics and Scientific/Engineering Computing of Chinese Academy of Sciences )multi grid, eigenvalue problem 2013 9 / 23



.Error Estimate..

......

∥u − uH,h∥−1,Ω ≲ ηΩ(H)δλ(h)
∥u − uH,h∥1,Ω ≲ δλ(h)

|λ− λH,h| ≲ δ2λ(h)
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Multilevel Correction

...1 Find (λH, uH) ∈ R× V0H(Ω) such that ∥uH∥b = 1

a(uH, vH) = λHb(uH, vH), ∀vH ∈ V0H(Ω).

...2 Let h0 = H and construct V0h0(Ω) ⊂ V0h1(Ω) ⊂ · · · ⊂ V0hN(Ω)
Do k = 0:N-1

Solve boundary value problem:
find ũhk+1

∈ V0hk+1
(Ω) such that ∀vhk+1

∈ V0hk+1
(Ω)

a(ũhk+1
, vhk+1

) = λhkb(uhk , vhk+1
),

define new finite-dimensional space VH,hk+1
= V0H(Ω) + span{ũhk+1

},
and solve eigenvalue problem:
find (λhk+1

, uhk+1
) ∈ R× VH,hk+1

such that ∀vH,hk+1
∈ VH,hk+1

a(uhk+1
, vH,hk+1

) = λhk+1
b(uhk+1

, vH,hk+1
),

satisfying ∥uhk+1
∥b = 1.

END Do
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Error Estimate

.

......

∥u − uhN∥1 ≲
N∑

k=0

ηΩ(H)N−kδλ(hk) ∼ hN

|λ− λhN | ≲
( N∑

k=0

ηΩ(H)N−kδλ(hk)
)2 ∼ h2N.

where hk = 2N−khN.
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Matrix Expression

V0H(Ω) ⊂ V0h1(Ω) ⊂ V0h2(Ω)

V0H(Ω) = span{ϕ1H, ϕ2H, . . . , ϕn0
H },

V0h1(Ω) = span{ϕ1h1
, ϕ2h1

, . . . , ϕn1
h1
},

V0h2(Ω) = span{ϕ1h2
, ϕ2h2

, . . . , ϕn2
h2
}.

And I2
1 ∈ Rn2×n1 , I2

0 ∈ Rn2×n0 such that

(ϕ1h1
, ϕ2h1

, . . . , ϕn1
h1
) = (ϕ1h2

, ϕ2h2
, . . . , ϕn2

h2
)I2

1 ,

(ϕ1H, ϕ
2
H, . . . , ϕ

n0
H ) = (ϕ1h2

, ϕ2h2
, . . . , ϕn2

h2
)I2

0
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One Step Correction I

...1 First, one knows an approximate of the eigenpair
(λh1 , uh1) ∈ R× V0h1(Ω), where uh1 = (ϕ1h1

, ϕ2h1
, . . . , ϕn1

h1
)Uh1 and

Uh1 ∈ Rn1 .
...2 Define the linear algebraic system:

Find Eh2 ∈ Rn2 satisfying

Ah2Eh2 = λh1Bh2I2
1Uh1 −Ah2I2

1Uh1 ,

where (Ah2)ij = a(ϕj
h2
, ϕi

h2
) and (Bh2)ij = b(ϕj

h2
, ϕi

h2
).

Then Ũh2 = I2
1Uh1 + Eh2 ∈ Rn2 and

ũh2 = (ϕ1h2
, ϕ2h2

, . . . , ϕn2
h2
)Ũh2 ∈ V0h2(Ω).
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One Step Correction II

...3 Define the auxiliary generalized eigenvalue problem:
Find (λh2 ,UH,h2) ∈ R×Rn0+1 such that UT

H,h2
UH,h2 = 1 and

AH,h2Uh2 = λH,h2BH,h2Uh2 ,

where

AH,h2 =

[
AH C
CT ŨT

h2
Ah2Ũh2

]
, BH,h2 =

[
BH D
DT ŨT

h2
Bh2Ũh2

]
,

(AH)ij = a(ϕj
H, ϕ

i
H), (BH)ij = b(ϕj

H, ϕ
i
H), (C)i = a(ũh2 , ϕ

i
H) and

(D)i = b(ũh2 , ϕ
i
H),

...4 Set uh2 = (ϕ1H, ϕ
2
H, . . . , ϕ

n0
H , ũh2)UH,h2 ∈ V0h2(Ω) and λh2 = λH,h2 .
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Numerical Tests I

.minimum eigenvalue, 7 level, maximum ndofs = 1050625..

......

MaxLevel NDofs Time Error Order
1 289 0.01 0.047645
2 1089 0.04 0.011896 2.00
3 4225 0.18 0.002973 2.00
4 16641 0.71 0.000743 1.99
5 66049 2.81 0.000186 1.99
6 263169 11.63 0.000046 2.01
7 1050625 48.38 0.000012 1.93

Achieve a linear algorithm for solving the eigenvalue problem
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Numerical Tests II

.128 eigenpairs, 5 level, Ti – run time in i-th level,
maximum ndofs = 1050625, minimum ndofs = 4225..

......

NProcs T1 T2 T3 T4 T5 TotalTime
1 1.33 18.68 29.43 80.75 250.09 380.28
2 1.34 11.48 16.80 48.56 202.19 280.37
4 1.32 7.16 11.31 34.33 135.71 135.71
8 1.33 4.91 7.43 20.13 75.51 109.31
16 1.33 3.84 5.55 13.46 47.57 71.75
32 1.35 3.44 4.69 10.21 35.89 55.58
64 1.33 3.23 4.16 8.56 27.12 44.40
128 1.38 3.03 4.04 7.73 23.41 39.58

Achieve a parallel algorithm for solving the eigenvalue problem

Hehu Xie, Yu Li ( The Institute of Computational Mathematics and Scientific/Engineering Computing of Chinese Academy of Sciences )multi grid, eigenvalue problem 2013 17 / 23



Steklov Eigenvalue problem

.Weak Form..

......

Find (λ, u) ∈ R× H1(Ω) such that

a(u, v) = λb(u, v), ∀v ∈ H1(Ω),

where a(u, v) =
∫
Ω(∇u · ∇v + uv) dΩ, b(u, v) =

∫
∂Ω uv ds.

.Discretization..

......

Find (λh, uh) ∈ R× Vh(Ω), such that

ah(uh, vh) = λhb(uh, vh), ∀vh ∈ Vh(Ω),

where ah(uh, vh) =
∑

K∈Th

∫
K(∇uh · ∇vh + uhvh) dK.
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.Notation..

......

CR element is define on the triangle partition and

Vh = {v ∈ L2(Ω) : v|K ∈ span{1, x, y},
∫

l
v|K1 ds =

∫
l
v|K2 ds,

when K1 ∩ K2 = l ∈ E i
h},

where K,K1,K2 ∈ Th and E i
h denotes the internal edge set.

Hehu Xie, Yu Li ( The Institute of Computational Mathematics and Scientific/Engineering Computing of Chinese Academy of Sciences )multi grid, eigenvalue problem 2013 19 / 23



Multilevel Correction I

...1 Find (λH, uH) ∈ R× VH(Ω) such that ∥uH∥b = 1

aH(uH, vH) = λHb(uH, vH), ∀vH ∈ VH(Ω).

...2 Let h0 = H and construct Vh1(Ω), · · · ,VhN(Ω) on the sequence of
nested meshes Th1 , · · · , ThN .
Do k = 0:N-1

Solve boundary value problem:
find ũhk+1

∈ Vhk+1
(Ω) such that ∀vhk+1

∈ Vhk+1
(Ω)

ahk+1
(ũhk+1

, vhk+1
) = λhkb(uhk , vhk+1

),
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Multilevel Correction II

define new finite-dimensional space VH,hk+1
= WH(Ω) + span{ũhk+1

},
and solve eigenvalue problem:
find (λhk+1

, uhk+1
) ∈ R× VH,hk+1

such that ∀vH,hk+1
∈ VH,hk+1

ahk+1
(uhk+1

, vH,hk+1
) = λhk+1

b(uhk+1
, vH,hk+1

),

satisfying ∥uhk+1
∥b = 1.

And WH(Ω) is conforming finite element space on the coarsest mesh TH.
END Do
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Thank You
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