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@ Introduction
© Possion Eigenvalue Problem

© Steklov Eigenvalue problem
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Possion Eigenvalue Problem

—Au = Au, in§,
u = 0, on0S,
JoluPdx = 1.

o’

@ Design O(N) algorithm for eigenvalue problem

o Parallelization for multi-eigenpairs
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Eigen value problem

Find (A, u) € R x H() such that
a(u,v) = Mb(u,v), Vve H)Q),

where a(u, v) fQVu Vv dx, b(u,v) fQ uv dx.

vy

Find (An, tp) € R x Von(€), Von(R) C H5(R) such that

a(uh, Vh) = )\hb(uh, Vh), Vv, € Voh(Q).
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M) = {we HL () : wis an eigenvector of \;, ||wl|, = 1},
oy, (h) = sup inf [jlw— V|10,

(£) weM(A;) VEVon(©) | '
na(h) = inf - sup (L) T w— vh)[1e.

VhEVo( ) || w1, 0=1

v

Error Estimate

< a(h),
lui—uinll-1,0 < na(h)|ui— v,
Ai<Xin < i+ Gy (h).

[ui = uinll,0

5\
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Algorithm

Construct Vou(2) C Von(Q) C H5(Q)

Step 1 a(un,¥) = Aub(up,¥), V¢ € Vor(Q)
Step 2 a(",x) = Aub(up, x), Vx € Von(Q)
Step 3 a(upp,©) = Aunb(Unp, @), Yo € Vup

where Vi p = Vou(Q) + span{i}.
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Error Estimate

lu—unnll-10 S na(H)dA(h)
lu—unnllie < Oa(h)
A= Aunl S 63(h)
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Multilevel Correction

Q@ Find (Ay, upy) € R x Vou(R2) such that |luyl|lp =1
a(uH, VH) = )\Hb(UH, VH), Yvy € VOH(Q).

@ Let hg = H and construct Vpu, (£2) C Vo, (2) C -+ C Vo, (2)
Do k = 0:N-1
e Solve boundary value problem:
find Hhk+1 S V()hk_*_1 (Q) such that Vvhk“ S VOhk+1 (Q)

a(Tthl’ th+1) = )\hkb(uhk’ th+1)’

o define new finite-dimensional space Vi p,., = Vou(2) + span{up,_, },
and solve eigenvalue problem:
find ()\hk+17uhk+l) ER X VH,hk_H such that VVH,hk+1 S \/,A-/,/.,k_*_1

a(uhk+17 VH7hk+1) = >\hk+1 b(uhk+17 VH7hk+1)7

satisfying ||up,,, [l = 1.

END Do
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Error Estimate

N
Ju— uhN”l S ZUQ(H)N_ké)\(hk) ~ hy
k=0
& 2
M=l S O na(H)NRox(he))” ~ hR
k=0
where hy = 2N-khpy,. ,
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Matrix Expression

VOH(Q) C V0h1 (Q) C V0h2 (Q)

Vor(£2)
V0h1 (Q)

Vth (Q)

And T2 € R™*m | T2

(Bhy> Py - -
27 7¢r[1?) =

(Dh,

span{ ¢y, o, - -
span{qﬁ}u, gb%l, .
span{gb}m, ¢%127 .

€ RM*M gych that

s Ohy)

(Ohys Phys - - -
(¢h27¢h27' ..

7¢rfl;)}v

a¢21}7
Py b

, Ope)IT,
, ) Lo
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One Step Correction |

@ First, one knows an approximate of the eigenpair
(Anys Upy) € R X Voop, (R2), where up, = (gb,ln, %1, ooy Oy ) Un, and
Up, € R™M.

@ Define the linear algebraic system:
Find &p, € R satisfying

AnEh = AnBrLilly, — An, iUy, ,

where (Ap,); = a(¢,,, ¢h,) and (Bh,); = b(d1,,, dh.).

Then Up, = ZiUp, + Epy, € R™ and
I]h2 = (¢>},2: %127 ce ¢Z§ )uhQ € Von, (Q)
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One Step Correction Il

© Define the auxiliary generalized eigenvalue problem:
Find ()\hQauH,hg) € R x R+l sych that Z/{I:II—,hQUH7h2 =1 and

A, hyUny = A, by BH,hoUhy »

where

.A . .AH C B o BH " D "
he =T U ApUn, | 7 T DT UT BryUn,)

(An)j = (S, ), (Br)g = ¢y, 6jy). (C)i = a(Uny., ) and
(D); = bl@hy, B},
Q Set Up, = ((Z)}_I, %_,, ey ’;?,ﬂhQ)uH’hQ S Vth(Q) and )\h2 = )\H,hg'
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Numerical Tests |

minimum eigenvalue, 7 level, maximum ndofs = 1050625
MaxLevel NDofs  Time Error Order

1 289 0.01 0.047645
1089 0.04 0.011896 2.00
4225 0.18 0.002973 2.00
16641 0.71 0.000743 1.99
66049 2.81 0.000186 1.99
263169 11.63 0.000046 2.01
1050625 48.38 0.000012 1.93

~NOo ok~ wDN

@ Achieve a linear algorithm for solving the eigenvalue problem
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Numerical Tests Il

128 eigenpairs, 5 level, Ti — run time in i-th level,

maximum ndofs = 1050625, minimum ndofs = 4225

NProcs T1 T2 T3 T4 T5 TotalTime
1 1.33 18.68 29.43 80.75 250.09 380.28
2 1.34 11.48 16.80 48.56 202.19 280.37
4 132 716 11.31 34.33 135.71 135.71
8 133 491 743 20.13 7551 109.31
16 133 3.84 555 13.46 47.57 71.75
32 135 344 469 1021 35.89 55.58
64 133 323 416 856 27.12 44.40
128 1.38 3.03 4.04 773 2341 39.58

@ Achieve a parallel algorithm for solving the eigenvalue problem
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Steklov Eigenvalue problem

Find (A, u) € R x H'(Q) such that
a(u,v) = Mb(u,v), Vve H(Q),

where a(u,v) = [(Vu-Vv+uv) dQ, b(u,v) = [, uv ds.

Discretization

Find (Ap, up) € R x V4(Q), such that

ah(uh, Vh) = )\hb(uh, Vh), Vv, € Vh(Q),

where ap(up, vh) = > ke J(Vup - Vvy + upvp) dK.

A\
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CR element is define on the triangle partition and

Ve — {veB(m:v|Kespan{1,x,y},/v|K1 dsz/vm ds,
| |

when K1 N Ky = 1€ &},

where K, K1, Ky € Tp, and 5,’; denotes the internal edge set.
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Multilevel Correction |

Q@ Find ()\H, UH) ER x VH(Q) such that HUHHb =1

aH(uH, VH) = )\Hb(UH, VH), Vvy € VH(Q)

@ Let hy = H and construct Vj, (Q),-- -, V4, () on the sequence of
nested meshes 7y, -, Th,-
Do k = 0:N-1

e Solve boundary value problem:
find Hhk-{-l S th+1(Q) such that Vth_'_1 € th+1 (Q)

Ahyiq (Ehk+1’ th+1) = )‘hkb(uhw th+1)7
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Multilevel Correction Il

o define new finite-dimensional space Vi p,., = Wy(2) + span{up,_, },
and solve eigenvalue problem:
find (Anpis Unyy) € R X Vg, such that Vvyp, . € Vi,

Ayt (uhk+1’ VH7hk+1) = >\hk+1 b(uhk+1’ VH7hk+1)’

satisfying ||up,,, [lb = 1.
And Wy(92) is conforming finite element space on the coarsest mesh Tp.

END Do
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Initial mesh: H=1/8
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Thank You
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