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Examples of 1D-, 2D- and 3D- domain decomposition




1D-domain decomposition with overlapping

A Dyt
Qg4
Qe o
1;;1 k,";:‘ Ik}” kf';
p
Q= |J Q4 - computational domain,
g=1

Q, ={k{,...,k} - g-th subdomain,
Ay, Ay - overlapping,

—1 1 .
ki = kI, kj™ = kj, - non-overlapping
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Boundary Value Problem

Lu=f(r), reQ, lur=g,

Notations

P
Q=)o a=aJr. Q= Jr..
g=1

Mg = U Moq Taq = rqﬂﬁq’v q #q,
q' Ewgq
Qo — external domain, Qy = Qq U r,
Fgo="g ﬂ Qo =T, ﬂ I — external boundary of Q,

DNgq =4 ﬂ Qy — overlapping,
F4.q = [¢.q — Non-overlapping (A, = 0)
Q



Generalized Schwarz Decomposition

Lug(r) =1, 7€y,
/qu/(uq)}rq,q/ = gq7q/ = /quq(uq/) I_q/,q’

qlewqa lq,ququ,o =g, q=1,.., P,

Ouy
O‘quq+ﬁqa— e = 8q.¢ = QqUg + By 8nq,
q

/
»q

lag| +[Bql >0, ag-Bq >0,
Iterations:

n __ n o n—1
Ug = far laqtglr,y = lorqtig™Ir,



Dirichlet Boundary Value Problem for Poisson
Equation in the Square

3. h . . .
—Au=f, ur=g, Q=[0x1; Q" ={ij k},
h o h h h
(Au™)ijue = Ouj g = Uily o = Ujjr g —
h h h h __rh .
Uik T Uk T Uik T Uik = fig

ijok=1,.,M, fh={ft ) " ={d,}eR",
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Notations for 1D Grid Decomposition

N =dim(Q)), m=dim(Al), g=1,..., P,
N=ki—ki+1, m=ki—ki™"+1, M=PN—(P—1)m,
ug = (& T, uk = (=1, My e RV,
Block Tridiagonal Systems
—Agq-1Ug-1+ Agqlg — Aggritgrn =fq, g=1,..., P,

_ _ _ AT M2N,M2N
Ao = Appi1 =0, Aqq Aggrr = Agr1qg €R
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Block Jacobi Method

n=1,2... — number of iterations,
_ Tn—1 _ n—1 Vn—l
Aq.qUq f =1, +f + 1,
n— 1 n— 1
f qq 1uq 17 f q,q+luq+1a

(Aqqu )k = 1

-1

)u,’('q— ki l—fkq e
Vg__ll = qu 1 9” k = k1q>
(C 9/) kq+1 fkq + w +1’
Wg_:ll = u,’('q}rl - (9ul’('q 1 k = kj,
—up_y + Cuf —ug,, = £,

| k=kI+1,.. kS —1,
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(C=0Nu")k)ij = (6 = O)uljh — ik — Uihajk =

n n
—Uiji 1k~ ui,j+1,k}’

M2 - -
CeRM, 0elo,1], u,’('i,1 €Qy 1, ”ZKII € Qg

0 = 0 — Dirichlet Boundary Condition,
6 =1 — Neumann Boundary Condition,
0 < 6 <1 — Robin Boundary Condition,

6 — compensation parameter
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Iterations in Trace Spaces

Vg = Cqq-1Uq, Wq = Cgqi1tg, Agqt1 = Qqqx1Cqq+1,

Vi = Byg1wil + By g v 11+grq, g=2,....P,

v

wy = Bgq-1w, 14 Bq g+1V, 1 +&q, q=1,..,P—1,

Bio=Bppi1 =0,
8q = Cqq1A,, qf g = q,q+1Aq_,};fqa

Bq,q:l:l = Cq,q—lAq_ijq,qzl:la Bq,q:l:l = Cq,q—l—lAq_j;Qq:I:lv
Cpqi1 € RMNM _ axtension matrices,

RM2M2N

Qq.q+1 € — reduction matrices
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Preconditioned Equation in Trace Space

s=(m,va, ..., Wp_1, vp)T,

As = f,; s, f, € RV,

n=0,1,..:s"" =s"+ B '(f;, — As"),
s =T,s" +g"g" = B 'y,
T,=1—B;'A

n

s" s As=(-Tys=g
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Acceleration by Krylov Methods

Conjugate Direction Methods

CG: v=0 CR: v=1

P=g—As"=38" -5 ' =T+ g, p°=1r°,

n+l _ s" + Oéf,V)Pn, O!S,V) — PS,V)/5,(,V),

pW) = (A"r" r"), &%) = (Ap", AVp"),

S

rn—i—l — " agu)Z\pn’ pn+1 _ rn—i—l + B 1/) n 1/) _ pn+1/p

two-level : (r;?, ri?") /(£ ) < (e (n)) , (r" ) <2 (g,8)

In’ m
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Arnoldi  A*-orthogonalization (s

"=’ v v, (v ASVR) = d,(,s)5kn,
d® = (v, A%v"),

n

n
vt = Av" — E hﬂvk, vi=rl=f— AL,
k=1

(Av", Asvk) .
hsz, = W, k=1,...n+1, V= (" . v

I:In == {hk,n} == |i I;Il? :| E Rn-i—l,n’ Hn 6 Rn,n7

Knp1(r®, A) = span{v', ..., v"*} = span{r°® Ar°, ..., A"°}
FOM, A-FOM, GMRES, A-GMRES
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h ¥

Subdomains without overlapping

Q, Q,

\ A
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Even - Odd Deco




The Poincare - Steklov Operators (PSO)

P=2 A=0: —Au,="1, ur=g,q9=1,2,

8u1 8u2
—AU:f, U:U1UU2, |_172.u1:u2, —a—nl:a—nz,
”1:u2’r12>:>_A”2:fq7 quuq—ug, qg=1,2,

— _ _ 0
_Avq_o’ Vqlr_o VQ|F12 - u_u|—1’27

8v1 0V2 N 0u1 8ug
om * on, 14 <8n1 * 8n2)

v,
PSO: 6nz Sq1 =S, (q u(r)m),

Mo Au=(S;H+ Sy Hu =1,
ou? 8u2>

¢ (S +S )Ur12 B <8n1 + an2
20



Domain Decomposition Preconditioning

Au=BAu=By, B=S5 +5,
A= (S +S)(STH+S) =1+85S +1+855 =
=A + Ay, A =1+58571 A =1+5S51,

A1A; = AL + Ay = A)A; (commutative operators)

Eigenvalue Problems

Awe = Mewi, M($1551) = ALH(S,577),
M(A) =2+ M($15 1) + M(S571), k=1,2,...
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Block Cimmino Algorithm

A f
Au = : u=|: | =f AeRVN.u feRrR",

A, - block rows
Au="f, R eR" AeRMN k=1 .p N=PM,

n_ A+.n .n __ n + AT T\—-1
N

u"+1:u"+wg vy, n=0,1,..
k=1

w - iterative  parameter
29



Generalized Pseudo-Inverse Matrix

A = GAI(AGTIAD) ™, G e RMM —s.p.d.

n__ T n n_ aA+G._n
Gw =—-A"v], v/=A"r..

@ = A °A, - orthogonal projector
onto the range of A].
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Additive Schwarz Methods

Q=Q, Uﬁq, Q, = Q/Q, — complement
subdomain to Q,, ¢g=1,... P,

v= [ g" ] , Uy = Rqu, Ry =1[010] — restriction operator,
q

R, — extension operator, A= A" :

B, = R/ (R;AR] ) 'R, = B, - preconditioning operator,
u™t ="+ 30 By(f — Au),

P, = B4A, P2 = P, - orthogonal projector in the A-inner
product:
(Pqu,v)a=u"P]Av = uT AB;Av = (U, Pgv)a
24



Coarse Grid Correction

Arur = ff, ur, ff € 'R,Nf, Af € RNf’Nf,
Re RV M N, < Np, Ac € RVMe,
u}’“ = uf + (B: + Br)(fr — Aruy),

P
B.=RTA'Re RMM B =>"B,
g=1

Galerkin version:

RT = R{ - interpolation matrix,
A. = RoART, B. = RI(RyART)Ro

2K



WdTrO = 0, WdTApo = Oa (W17 (XD Wm) = Wd’
UO — u—l + WdAgl WdTr_l, ro = f — AUO’

p° = [l — WaAZH (AW, Ay = W] AW,
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Parallel Implementation

0 _ 0 _ 0 _ 0,0

Vg = Lqq-1Ug = {ui,j,kﬁfl—i-l Ou: ok i), =1, M},
0 .

Wq = C q+1U {U kq+ — Gui,j,kfﬂ' I, = 17"'a M}>

0 .0 o .
vq,W 1Qq = Qoars Vgyr, Wyg o Qg1 — Qq,

] fo+ Wy, k= kT,
—F= 9= a0, k=K,
£ k=ki+1,.. ki —1.

t"=Ap"=p"—q", q"=1Tp",
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Theoretical Speedup

Sp=Ti/Tp, Ep=5p/P,
Tp=TA+ Tp~ 1.V, + Ny(1o + 7 Vo),
TW = G MPN Y Ingjy |72,

T® ~ 20M? + G,

TE < Gy(7o + 21 M2N),
Sp=T2-PT2+TS)~P, Epn~l,
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Numerical results

Model problems 1.
Pu  Pu  O%u ou ou  Ou
Ox? * Oy? * 0z2 + Pox * q@ + "9z = fx.y.2),
(x,y,2) € Q, ulr =g(x,y,2)
Q=[0;1P, u(x,y,z)=x*+y*+ 2%, =0, e =10""
Model problem 2.

1 . .
V x (—v x E) — K2,E =0, ko = w\/Fofia,
[hr
waveguide: 0 < x < a=720<y<b=340<z<c=200
pr=1 ¢ =1-0.1i, w=6r-10%hz,
z:200:onﬁzgysin(wx/a)xﬁ; Elr = E; =0, z # 200,
E &, sin <E)s?nyz

a /sinvyc
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Problems 1, h=1/(M+1)

p=q=r=0, gjp=cc=10"3,P =2

M 29 99
a b ¢ d a b c d

=0 21 6 11 4 64 10 33 7
659 292 399 214 | 5542 1197 3094 920

0 =0.25 16 5 10 4 49 9 29 7
534 259 377 218 | 4430 1157 2803 990

=05 11 4 8 3 33 8 23 6
402 220 321 172 | 3164 1102 2325 990

0 =0.75 5 3 5 3 17 6 14 5
251 175 252 198 | 1844 961 1583 861

a:A=2Jac; b:A=2,CG; c:A=4,Jac; d: A=4CG
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Problem 2, e =107, A =0

grid N N,, number of nodes
2 4 8 16
Ny, | 1540 | 4678 10708 23052
8 x4 x20 21664 423392 n 9 13 21 258

tpe | 0,19 0,17 0,15 0,36
tor | 0,51 0,47 0,67 6,19

Ny, | 5210 | 16646 | 37670 | 78446

15 x7 x40 | 149874 | 3117779 | n 13 18 25 38
tpe | 2,56 1,26 0,63 0,40
tior | 5,88 4,00 3,12 3,15

N, | 20562 | 67084 | 151032 | 318108

29 x 14 x 80 | 1196026 | 25795767 | n 18 26 34 49
tpe | 108 39,9 14,9 5,29
tor | 173 85,6 43,3 32,94

1




Problems 1, s, =107, =0

PARDISO+FGMRES

t(P =1) = 15.9, 276, 969

grid/A 0 1 2 3 4

48 | 25 | 18 | 14 | 11

64> P=2 | 5443|4139 3.9
66 | 35 | 26 | 20 | 17

64> P=8 34|24 |42 |27]|29
70 | 38 | 27 | 21 | 18

1283 P =2|178 | 164 | 181 | 147 | 131
94 | 51 | 38 | 30 | 25

1283 P =8| 52 | 42 | 44 | 44 | 49

0




KRYLOV: integrated DDM environment

o interdisciplinary multiphysics problems

o different matrix structures & formats

o various DDM approaches

o direct & preconditioned iterative methods
e scalable parallelism (CPU, GPGPU)

@ not group but community project
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