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Examples of 1D-, 2D- and 3D- domain deomposition
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1D-domain deomposition with overlapping
Ω =

P
⋃q=1Ωq - omputational domain,

Ωq = {kq1 , ..., kqN} - q-th subdomain,
∆q,∆q+1 - overlapping,kq1 = kq−1N , kq+11 = kqN - non-overlapping6



Ω̄p ≡ Ωp ⋃ Γ1p...⋃ Γ∆p ,
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Boundary Value ProblemLu = f (~r), ~r ∈ Ω; lu|Γ = g ,Notations
Ω =

P
⋃q=1Ωq, Ω̄ = Ω

⋃

Γ, Ω̄q = Ωq ⋃ Γq,
Γq = ⋃q′∈ωq Γq,q′ , Γq,q′ = Γq ⋂ Ω̄q′ , q′ 6= q,

Ω0 − external domain, Ω̄0 = Ω0⋃ Γ,

Γq,0 = Γq ⋂ Ω̄0 = Γq ⋂ Γ− external boundary of Ωq,
∆q,q′ = Ωq ⋂Ωq′ − overlapping,
Γq,q′ = Γq′,q − non-overlapping (∆q,q′ = 0)8



Generalized Shwarz DeompositionLuq(~r) = fq, ~r ∈ Ωq,lq,q′(uq)∣∣Γq,q′ = gq,q′ ≡ lq′,q(uq′)∣∣Γq′,q ,q′ ∈ ωq, lq,0uq|Γq,0 = g , q = 1, ...,P,
αquq + βq ∂uq

∂nq ∣∣Γq,q′ = gq,q′ ≡ αq′uq + βq′ ∂uq′
∂nq′ ∣∣Γq′,q ,

|αq|+ |βq| > 0, αq · βq ≥ 0,Iterations:Lunq = fq, lq,q′unq |Γq,q′ = lq′,qun−1q′ |Γq′,q ,9



Example:Dirihlet Boundary Value Problem for PoissonEquation in the Square
−∆u = f , u|Γ = g , Ω = [0× 1]3; Ωh = {i , j , k},
(Auh)i ,j ,k = 6uhi ,j ,k − uhi−1,j ,k − uhi ,j−1,k −
−uhi+1,j ,k − uhi ,j+1,k − uhi ,j ,k−1 − uhi ,j ,k+1 = f hi ,j ,k;i , j , k = 1, ...,M, f h = {f hi ,j ,k}, uh = {uhi ,j ,k} ∈ RM3

,
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Notations for 1D Grid Deomposition
N = dim(Ωhq), m = dim(∆hq), q = 1, ...,P,N = kqN − kq1 + 1, m = kqN − kq+11 + 1, M = PN − (P − 1)m,uq = (ukq1 , ..., ukqN )T ), ukql = {ui ,j ,kql ; i , j ,= 1, ...,M} ∈ RM2

,Blok Tridiagonal Systems
−Aq,q−1uq−1 + Aq,quq − Aq,q+1uq+1 = fq, q = 1, ...,P,A1,0 = AP,P+1 = 0, Aq,q,Aq,q±1 = ATq±1,q ∈ RM2N,M2N11



Blok Jaobi Methodn = 1, 2...− number of iterations,Aq,qunq = f̄ n−1q ≡ fq + f̂ n−1q + f̌ n−1q ,f̂ n−1q = Aq,q−1un−1q−1, f̌ n−1q = Aq,q+1un−1q+1,
(Aq,qunq)k =











































(C − θI )unkq1 − unkq1−1 = fkq1 + v n−1q−1 ,v n−1q−1 = un−1kq1−1 − θun−1kq1 , k = kq1 ,
(C − θI )unkqN − unkqN+1 = fkqN + w n−1q+1 ,w n−1q+1 = un−1kqN+1 − θun−1kqN , k = kqN ,
−unk−1 + Cunk − unk+1 = fk ,k = kq1 + 1, ..., kqN − 1,12



(C − θI )un)k)i ,j = {(6− θ)uni ,j ,k − uni−1,j ,k − uni+1,j ,k −
−uni ,j−1,k − uni ,j+1,k},C ∈ RM2
, θ ∈ [0, 1], un−1kq1 ∈ Ωq−1, un−1kqN ∈ Ωq+1,

θ = 0−Dirihlet Boundary Condition,
θ = 1−Neumann Boundary Condition,0 < θ < 1− Robin Boundary Condition,
θ − ompensation parameter13



Iterations in Trae Spaesvq = Cq,q−1uq, wq = Cq,q+1uq, Aq,q±1 = Qq,q±1Cq,q±1,v nq = B̂q,q−1w n−1q−1 + B̂q,q+1v n−1q+1 + ĝq, q = 2, ...,P,w nq = B̌q,q−1w n−1q−1 + B̌q,q+1v n−1q+1 + ǧq, q = 1, ...,P − 1,B̂1,0 = B̂P,P+1 = 0,ĝq = Cq,q−1A−1q,qfq, ǧq = Cq,q+1A−1q,qfq,B̂q,q±1 = Cq,q−1A−1q,qQq,q±1, B̌q,q±1 = Cq,q+1A−1q,qQq±1,Cq,q±1 ∈ RM2N,M2 − extension matries,Qq,q±1 ∈ RM2
,M2N − redution matries14



Preonditioned Equation in Trae Spae
s = (w1, v2, ...,wp−1, vp)T ,As = ftr ; s, ftr ∈ RNtr ,n = 0, 1, ... : sn+1 = sn + B−1n (ftr − Asn),sn+1 = Tnsn + g n, g n = B−1n ftr ,Tn = I − B−1n Asn → s : Āns ≡ (I − Tn)s = g n15



Aeleration by Krylov MethodsConjugate Diretion MethodsCG : ν = 0 CR : ν = 1r 0 = g − Ās0 = ŝ1 − s0, ŝ1 = Ts0 + g , p0 = r 0,sn+1 = sn + α(ν)n pn, α(ν)n = ρ(ν)n /δ(ν)n ,

ρ(ν)n = (Āνr n, r n), δ(ν)n = (Āpn, Āνpn),r n+1 = r n − α(ν)n Āpn, pn+1 = r n+1 + β(ν)n pn, β(ν)n = ρ
(ν)n+1/ρ(ν)n ,two-level : (r nqin , r nqin )/(f nq , f nq ) ≤ (ε

(n)in )2, (r n, r n) ≤ ε2ex(g , g)16



Arnoldi As-orthogonalization (s = 0, 1)un = u0 + y1v n + ...+ ynv n, (v n,Asv k) = d (s)n δk,n,d (s)n = (v n,Asv n),v n+1 = Av n − n
∑k=1 h(s)k,nv k , v 1 = r 0 = f − Au0,h(s)k,n = (Av n,Asv k)

(Asv k , v k) , k = 1, ..., n + 1, Vn+1 = (v 1, ..., v n+1)H̄n = {hk,n} =

[ Hnetn ]

∈ Rn+1,n, Hn ∈ Rn,n,
Kn+1(r 0,A) = span{v 1, ..., v n+1} = span{r 0,Ar 0, ...,Anr 0}FOM, A-FOM, GMRES, A-GMRES17



Subdomains without overlapping
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Even - Odd Deomposition
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The Poinare - Steklov Operators (PSO)P = 2, ∆ = 0 : −∆uq = fq, u|Γ = g , q = 1, 2,
−∆u = f , u = u1⋃ u2; Γ1,2 : u1 = u2, −∂u1

∂n1 =
∂u2
∂n2 ,u1 = u2∣∣Γ1,2 ,⇒ −∆u0q = fq, vq ≡ uq − u0q, q = 1, 2,

−∆vq = 0, vq|Γ = 0, vq|Γ1,2 = u − u0Γ1,2 ,
∂v1
∂n1 +

∂v2
∂n2 = ϕ ≡ −

(∂u01
∂n1 +

∂u02
∂n2 ),PSO: ∂vq

∂nq = S−1q vq = S−1q (uq − u0Γ1,2),
Γ1,2 : Au ≡ (S−11 + S−12 )u = ψ,

ψ = (S−11 + S−12 )u0Γ1,2 − (∂u01
∂n1 +

∂u02
∂n2 )20



Domain Deomposition PreonditioningĀu ≡ BAu = Bψ, B = S1 + S2,Ā = (S1 + S2)(S−11 + S−12 ) = I + S1S−12 + I + S2S−11 =

= A1 + A2, A1 = I + S1S−12 , A2 = I + S2S−11 ,A1A2 = A1 + A2 = A2A1 (ommutative operators)Eigenvalue ProblemsĀwk = λkwk , λk(S1S−12 ) = λ−1k (S2S−11 ),

λk(Ā) = 2+ λk(S1S−12 ) + λk(S2S−11 ), k = 1, 2, ...21



Blok Cimmino Algorithm
Au ≡





A1...Ap 

 u =





f1...fp 

 ≡ f , A ∈ RN,N ; u, f ∈ RN ,Aq - blok rowsAku = fk , fk ∈ RM , Ak ∈ RM,N , k = 1, ..., p, N = PM,v nk = A+k r nk , r nk = fk − Akun, A+ = ATk (AkATk )−1,un+1 = un + ω
N
∑k=1 v nk , n = 0, 1, ...

ω - iterative parameter 22



Generalized Pseudo-Inverse Matrix
A+Gk = G−1ATk (AkG−1ATk )−1, Gk ∈ RM,M − s.p.d .

[ G ATkG 0 ] [ w nkv nk ]

=

[ 0r nk ]

,Gw nk = −AT v nk , v nk = A+Gk r nk .Q = A+Gk Ak - orthogonal projetoronto the range of ATk .23



Additive Shwarz Methods
Ω = Ωq ⋃ Ω̃q, Ω̃q = Ω/Ωq − omplementsubdomain to Ωq, q = 1, ...,P,u =

[ uqũq ]

, uq = Rqu, Rq = [0 I 0]− restrition operator,RTq − extension operator, A = AT :Bq = RTq (RqARTq )−1Rq = BTq - preonditioning operator,un+1 = un +∑pq=1 Bq(f − Aun),Pq = BqA, P2q = Pq - orthogonal projetor in the A-innerprodut:
(Pqu, v)A = uTPTq Av = uTABqAv = (U,Pqv)A24



Coarse Grid CorretionAf uF = ff , uf , ff ∈ RNf , Af ∈ RNf ,Nf ,R ∈ RNf ,Nf , N ≪ Nf , A ∈ RN ,N ,un+1f = unf + (B + Bf )(ff − Af uf ),B = RTA−1 R ∈ RNf ,Nf , Bf = P
∑q=1 BqGalerkin version:RT = RT0 - interpolation matrix,A = R0ART0 , B = RT0 (R0ART0 )R025



De�ation
W Td r 0 = 0, W Td Ap0 = 0, (w1, ...,wm) = Wd ,u0 = u−1 +WdA−1d W Td r−1, r 0 = f − Au0,p0 = [I −WdA−1d (AW Td )]r 0, Ad = W Td AWd
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Parallel Implementationv 0q = Cq,q−1u0q = {u0i ,j ,kq−1N +1 − θu0i ,j ,kq−1N ; i , j ,= 1, ...,M},w 0q = Cq,q+1u0q = {u0i ,j ,kq+11 −1 − θu0i ,j ,kq+11 ; i , j ,= 1, ...,M},v 0q ,w 0q : Ωq → Ωq±1; v 0q+1,w 0q−1 : Ωq±1 → Ωq,Aq,q û1q = f̄q = [f qk =







fkq1 + w 0q−1, k = kq1 ,fkqN + v 0q+1, k = kqN ,fk , k = kq1 + 1, ..., kqN − 1. ]

tn ≡ Āpn = pn − qn, qn = Tpn,27



Theoretial Speedup
SP = T1/TP , EP = SP/P,TP = T aP + T P ≈ τaVa + Na(τ0 + τV),T (1)a = C1M2Nγ+1|lnεin|τa,T (3)a ≈ 20M2 + C2,T P ≤ C3(τ0 + 2τM2N),SP = T aP · P/(T aP + T P) ≈ P, EP ≈ 1,28



Numerial resultsModel problems 1.
∂2u
∂x2 +

∂2u
∂y 2 +

∂2u
∂z2 + p∂u

∂x + q∂u
∂y + r ∂u

∂z = f (x , y , z),
(x , y , z) ∈ Ω, u|Γ = g(x , y , z)
Ω = [0; 1]3, u(x , y , z) = x2 + y 2 + z2, u0 = 0, ε = 10−7Model problem 2.
∇×

( 1
µr∇× ~E)− k20 ε̇r~E = 0, k0 = ω

√
ε0µ0,waveguide: 0 < x < a = 72, 0 < y < b = 34, 0 < z <  = 200mm

µr = 1, ε̇r = 1− 0.1i , ω = 6π · 109hz ,z = 200 : ~E0 × ~n = ~ey sin(π × /a)× ~n; ~E |Γ = ~E0 = 0, z 6= 200,
~E = ~ey sin(πxa )sin γzsin γ 29



Problems 1, h=1/(M+1)p = q = r = 0, εin = εe = 10−3,P = 2M 29 99a b  d a b  d
θ = 0 21 6 11 4 64 10 33 7659 292 399 214 5542 1197 3094 920
θ = 0.25 16 5 10 4 49 9 29 7534 259 377 218 4430 1157 2803 990
θ = 0.5 11 4 8 3 33 8 23 6402 220 321 172 3164 1102 2325 990
θ = 0.75 5 3 5 3 17 6 14 5251 175 252 198 1844 961 1583 861a : ∆ = 2, Ja; b : ∆ = 2,CG ;  : ∆ = 4, Ja; d : ∆ = 4,CG30



Problem 2, ε = 10−7,∆ = 0grid N Nnz number of nodes2 4 8 16Nb 1540 4678 10708 230528× 4× 20 21664 423392 n 9 13 21 258tfa 0,19 0,17 0,15 0,36ttot 0,51 0,47 0,67 6,19Nb 5210 16646 37670 7844615× 7× 40 149874 3117779 n 13 18 25 38tfa 2,56 1,26 0,63 0,40ttot 5,88 4,00 3,12 3,15Nb 20562 67084 151032 31810829× 14× 80 1196026 25795767 n 18 26 34 49tfa 108 39,9 14,9 5,29ttot 173 85,6 43,3 32,9431



Problems 1, εe = 10−7, θ = 0PARDISO+FGMRESt(P = 1) = 15.9, 276, 969grid/∆ 0 1 2 3 448 25 18 14 11643 P = 2 5.4 4.3 4.1 3.9 3.966 35 26 20 17643 P = 8 3.4 2.4 4.2 2.7 2.970 38 27 21 181283 P = 2 178 164 181 147 13194 51 38 30 251283 P = 8 52 42 44 44 4932



KRYLOV: integrated DDM environment
interdisiplinary multiphysis problemsdi�erent matrix strutures & formatsvarious DDM approahesdiret & preonditioned iterative methodssalable parallelism (CPU, GPGPU)not group but ommunity projet
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