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Diffusion equation

−∇ · (κ∇u) = f in Ω,

u(x) = g on ∂Ω,

where
• κ is full anisotropic diffusion tensor

• f is the source



Some distorted meshes
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Introduction

Challenging problems

? negative temperature, non-physical oscillation

? violation of the second law of thermodynamics

The discrete method should preserve some
important properties of PDE:

conversation, monotonicity, maximum principle ...



Some requirements for scheme

The schemes should

? be locally conservative

? be monotone, or satisfy maximum principle

? be reliable on unstructured anisotropic meshes

? allow heterogeneous full diffusion tensor

? result in a sparse system with minimal number of non-zero
entries

? have second order accuracy



Recent progress (1)

? C. Le Potier (2005), C.C.Acad. Sci. Paris, Ser.
nonlinear monotone scheme, triangle meshes, ∆t

small enough.

? K. Lipnikov, M. Shashkov, D. Svyatskiy, Yu.
Vassilevski (2007), J. Comput. Phys.

specific definition of collocation points.



Recent progress(2)

? J.M. Nordbotten and I. Aavatsmark (2007),
Numer. Math.

It is impossible to construct linear nine-point
methods which unconditionally satisfy the
monotonicity criteria when the discretization satisfies
local conservation and exact reproduction of linear
solution.

? R.Liska, and M.Shashkov (2008), Commun.
Comput. Phys.

Two approaches have been suggested to enforce
discrete extremum principle for linear finite element
solutions on triangular meshes.



Recent progress(3)

? G.Yuan and Z. Sheng (2008), J. Comput.
Phys.
based on an adaptive approach of choosing stencil
no severe restrictions on meshes
no any special restriction for the choice of collocation
point
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Recent progress(4)

? Z. Sheng, J. Yue and G. Yuan (2009), SIAM J.
Sci. Comput.
present monotone finite volume scheme for
nonequilibrium radiation diffusion problems,
more efficient than nine point scheme

Comparison of computational efficient
it#nonlinear it#linear

monotone scheme 5.80 56.26
nine point scheme 15.39 99.42



Recent progress(5)

? K. Lipnikov, D. Svyatskiy, Y. Vassilevski(2009),
J. Comput. Phys.

An interpolation-free nonlinear monotone
scheme.

to (5) with an explicit value for one of the concentrations. For the Dirichlet boundary value problem, CD ¼ oX, substituting
(5) into (4), we obtain a system of NT equations with NT unknowns CT . Dirichlet and Neumann boundary conditions are con-
sidered in Section 3.3.

3.1. Notations

For every T in T , we define the barycenter x�T and a collocation interior point xT . Similarly, for every edge e 2 EB [ EJ , we
define the barycenter x�e and a collocation point xe. If e is the boundary edge, we set xe ¼ x�e. If the diffusion tensor is not chang-
ing across edges of T, we set xT ¼ x�T . Otherwise, the collocation point is selected according to the rules defined in Lemma 3.2.

For every T we define a set RT of nearby collocation points as follows. First, we add to RT the collocation point xT . Then, for
every interior edge e 2 ET n ðEJ [ EBÞ, we add the collocation point xT 0e , where T 0e is the cell, other than T, that has edge e. If
e 2 ET \ EJ , we add to RT the collocation point xe. Finally, for every boundary edge e 2 ET \ EB, we add the collocation point
xe. Let NðRTÞ denote the cardinality of RT .

We shall refer to collocation points on edges e 2 EJ [ EB as the secondary collocation points. They are introduced for math-
ematical convenience and will not enter the final algebraic system. In contrast, we shall refer to the other collation points as
the primary collocation points.

We assume that for every e 2 ET , there exist two points xe;1 and xe;2 in set RT such that the following two conditions are
hold. First, if

te;1 ¼ xe;1 � xT ; te;2 ¼ xe;2 � xT ;

and he;i, i ¼ 1;2, is the angle between te;i and the co-normal vector ‘e ¼ KT ne, then

he;1 < p; he;2 < p and he;1 þ he;2 < p: ð6Þ

Second, the vectors te;i and ‘e satisfy

te;1 � ‘e 6 0; te;2 � ‘e > 0: ð7Þ

In simple words, the co-normal vector ‘e is assumed to lie between vectors te;1 and te;2, as shown in Fig. 1, and all angles are less
than p. If conditions (6) and (7) are violated, we may add to the set RT the neighbors of already included collocation points.

Lemma 3.1. Under assumptions (6) and (7), there exist positive ae and be such that

1
j‘ej

‘e ¼
ae

jte;1j
te;1 þ

be

jte;2j
te;2: ð8Þ

Moreover,

ae ¼
sin he;2

sinðhe;1 þ he;2Þ
and be ¼

sin he;1

sinðhe;1 þ he;2Þ
:

The proof of Lemma may be found in [10].

3.2. Nonlinear two-point flux approximation for an interior edge

Let e be an interior edge. We denote by Tþ and T� the cells that share e and assume that ne is outward for Tþ. Let x� (or
xT� ) and x�� be the collocation point and the barycenter of T�, respectively. Let K� ¼ Kðx��Þ and C� (or CT� ) be the discrete
concentrations in T�.

Fig. 1. Notation: vector ‘e forms acute angles with vectors te;1 and te;2; the collocation points are marked by solid circles.

K. Lipnikov et al. / Journal of Computational Physics 228 (2009) 703–716 705

? A. Danilov, Y. Vassilevski(2009), Russ. J.
Numer. Anal. Math. Modelling.

It has been extended to three dimension.



Recent progress(6)

? K. Lipnikov, D. Svyatskiy, Y. Vassilevski
(2010), J. Comput. Phys.

A monotone finite volume method for
advection-diffusion equations on unstructured
polygonal meshes.

? K. Nikitin, Y. Vassilevski(2010), Russ. J.
Numer. Anal. Math. Modelling.

It has been extended to three dimension.



Recent progress(7)

? H. A. Friis, M.G. Edwards (2010, 2011), J.
Comput. Phys.

MPFA finite volume scheme with full
pressure support.

sub-interfaces do not necessarily give rise to a symmetric tensor approximation in the general case. The FPS scheme is given
in Section 4.

We note that the flux continuous FPS finite-volume framework presented here extends naturally to a polygonal grid,
resulting from any mesh/cell type. This is due to the interface pressure approximation being purely local with algebraic func-
tional dependence on cell centered pressures, with geometrical construction only requiring the position vectors that define
the vertices of the two connecting cell edges and the cell-centre position vector of the cells that share a common vertex.

4. Family of sub-cell flux-continuous schemes with full-pressure-support

Full pressure support is achieved by the introduction of sub-interface pressures located at the triangle edge mid-points
together with interface pressures at the triangle vertices. A piecewise bilinear approximation of pressure is then imposed
over each sub-cell that connects the four corner pressures of the subcell as described above c.f. Eq. (11). The method is pre-
sented for the grid segment (with example three cell cluster) shown in Fig. 2. Using a bi-linear approximation in each sub-
cell (see e.g. Fig. 2(a)), the three subcell pressure fields may be written in the local (n,g)-coordinate-system as

/1 ¼ U1 þ ðUA �U1Þnþ ðUC �U1Þgþ ðUD þU1 �UA �UCÞng; ð18Þ
/2 ¼ U2 þ ðUB �U2Þnþ ðUA �U2Þgþ ðUD þU2 �UB �UAÞng ð19Þ

and

/3 ¼ U3 þ ðUC �U3Þnþ ðUB �U3Þgþ ðUD þU3 �UC �UBÞng: ð20Þ

In this case the flux continuity equations read

FAD ¼ � T11j1ADðqÞðUA �U1Þ þ ðgT11Þj1ADðqÞðUD þU1 �UA �UCÞ þ T12j1ADðqÞðUD �UAÞ
� �

¼ T12j2ADðqÞðUD �UAÞ þ T22j2ADðqÞðUA �U2Þ þ ðnT22Þj2ADðqÞðUD þU2 �UB �UAÞ; ð21Þ

FBD ¼ � T11j2BDðqÞðUB �U2Þ þ ðgT11Þj2BDðqÞðUD þU2 �UB �UAÞ þ T12j2BDðqÞðUD �UBÞ
� �

¼ T12j3BDðqÞðUD �UBÞ þ T22j3BDðqÞðUB �U3Þ þ ðnT22Þ3BDðqÞðUD þU3 �UC �UBÞ; ð22Þ

and

FCD ¼ � T11j3CDðqÞðUC �U3Þ þ ðgT11Þ3CDðqÞðUD þU3 �UC �UBÞ þ T12j3CDðqÞðUD �UCÞ
� �

¼ T12j1CDðqÞðUD �UCÞ þ T22j1CDðqÞðUC �U1Þ þ ðnT22Þ1CDðqÞðUD þU1 �UA �UCÞ; ð23Þ

where a quadrature parametrization 0 6 q < 1 (Fig. 2(d)) is employed for the point-wise flux evaluations. The coefficients
multiplying the pressure differences result from physical space flux resolution and yield physical space approximations of
the general tensor T coefficients. The notation AD(q) serves to indicate their dependence on the quadrature parametrization.
Note that AD(0) = A and AD(1) = D, while 0 6 q < 1 defines points ~P along the line AD such that ~P ¼ ~Aþ qð~D�~AÞ (and analo-
gously along the lines BD and CD).

In order to close the above equation system (21)–(23) an additional equation is needed. For that purpose we utilize the
integral form of the partial differential equation over an auxiliary dual-cell (see Fig. 3 (a)) i.e.
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Fig. 3. Left (a) Example range of auxiliary control volumes (dashed) centered around the vertex D and depending on the parameter c. Right (b) Auxiliary
fluxes out of dual cell and quadrature parametrization indicating point-wise flux evaluation for a given value of the parameter p at the sub-interfaces in the
auxiliary dual-cell.

212 H.A. Friis, M.G. Edwards / Journal of Computational Physics 230 (2011) 205–231

? M.G. Edwards, H. Zheng (2011), SIAM J. Sci.
Comput.

It has been extended to three dimension.



Recent progress(8)

? Z. Sheng, G. Yuan (2011), J. Comput. Phys.
The nonlinear finite volume scheme preserving

maximum principle.

? J. Droniou, C. Le Potier (2011), SIAM J.
Numer. Anal.

Construction and analysis of scheme preserving
maximum principle.

? K. Lipnikov, D. Svyatskiy, Y. Vassilevski,
(2012), Russ. J. Numer. Anal. Math.
Modelling.

Minimal stencil finite volume scheme with the
discrete maximum principle.



Recent progress(9)

? Z. Sheng, G. Yuan (2012), J. Comput. Phys.
An improved monotone finite volume scheme.

? C. Cances, M. Cathala, and C. Le Potier,
(2013), Numer. Math.

The nonlinear technique to correct a general finite
volume scheme.

? ...
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The steady diffusion equation

−∇ · (κ∇u) = f in Ω, (1)
u(x) = g on ∂Ω. (2)



Construction of scheme

Integrate equation (1) over the cell K to obtain∑
σ∈EK

FK ,σ =

∫
K

f (x)dx ,

where the continuous flux on the edge σ is

FK ,σ = −
∫
σ
∇u(x) · κ(x)T~nKσdl .



The monotone scheme

The adaptive approach of choosing stencil
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The monotone scheme

The expression of continuous flux

FK ,σ = −
∫
σ
∇u(x) · κ(x)T~nKσdl .

Vector decomposition

κ(x)T~nKσ =?



Stencil and notation

1Kθ
2Kθ

1Lθ
2Lθ

Kn σ

Ln σ

T
Ln σκ

T
Kn σκ

3LMt2KMt

1KMt
4LMt

2O

1O

B

A

L

K

σ

1M

4M

3M

2M

1KP

3KP

2KP

4KP

4LP
3LP

2LP
1LP

K ,L, · · · cell and cell center,
A,B vertex,
M1,M2,M3,M4, · · · midpoint of edge,
~nKσ and ~nLσ unit outer normal vector,~tKMi and~tLMi unit
tangential vectors.



The expression of flux

Vector decomposition

κT~nKσ

|κT~nKσ|
=

sin θK2

sin θK
~tKM1 +

sin θK1

sin θK
~tKM2 .

FK ,σ = −
∫
σ
∇u(x) · κ(x)T~nKσdl

= −
∫
σ
∇u(x) · |κT (K )~nKσ|

(
sin θK2

sin θK
~tKM1 +

sin θK1

sin θK
~tKM2

)
dl

= −|κT (K )~nKσ|
(

sin θK2

sin θK

∫
σ
∇u(x) ·~tKM1dl

+
sin θK1

sin θK

∫
σ
∇u(x) ·~tKM2dl

)
≈ −|κT (K )~nKσ||σ|

(
sin θK2

sin θK

uM1 − uK

|KM1|
+

sin θK1

sin θK

uM2 − uK

|KM2|

)
≡ F1



The expression of flux

The expression of flux

F1 = −|κT (K )~nKσ||σ|
(

sin θK2

sin θK

uM1 − uK

|KM1|
+

sin θK1

sin θK

uM2 − uK

|KM2|

)
,

F2 = −|κT (L)~nLσ||σ|
(

sin θL2

sin θL

uM3 − uL

|LM3|
+

sin θL1

sin θL

uM4 − uL

|LM4|

)
.



The expression of flux

K

L1F 2F

, ,K LF Fσ σ=

The expression of conservative flux

FK ,σ = µ1F1 − µ2F2,

FL,σ = µ2F2 − µ1F1.



The expression of flux

The expression of conservative flux

FK ,σ = µ1
|κT (K )~nKσ||σ|

sin θK

(
sin θK2

|KM1|
+

sin θK1

|KM2|

)
uK

−µ2
|κT (L)~nLσ||σ|

sin θL

(
sin θL2

|LM3|
+

sin θL1

|LM4|

)
uL

−µ1
|κT (K )~nKσ||σ|

sin θK

(
sin θK2

|KM1|
uM1 +

sin θK1

|KM2|
uM2

)
+µ2
|κT (L)~nLσ||σ|

sin θL

(
sin θL2

|LM3|
uM3 +

sin θL1

|LM4|
uM4

)
.

µ1 and µ2 satisfy the following relation:{
µ1 + µ2 = 1

−a1µ1 + a2µ2 = 0

a1 = |κT (K )~nKσ||σ|
sin θK

(
sin θK2
|KM1|

uM1 +
sin θK1
|KM2|

uM2

)
, a2 = |κT (L)~nLσ||σ|

sin θL

(
sin θL2
|LM3|

uM3 +
sin θL1
|LM4|

uM4

)
.



The monotone scheme

Coefficient {
µ1 + µ2 = 1

−a1µ1 + a2µ2 = 0

? a1 + a2 6= 0
µ1 = a2

a1+a2
,

µ2 = a1
a1+a2

.

? a1 + a2 = 0
µ1 = µ2 = 1

2 ,



The monotone scheme

The expression of conservative flux

FK ,σ = AK ,σuK − AL,σuL,

where

AK ,σ = µ1
|κT (K )~nKσ||σ|

sin θK

(
sin θK2

|KM1|
+

sin θK1

|KM2|

)
,

AL,σ = µ2
|κT (L)~nLσ||σ|

sin θL

(
sin θL2

|LM3|
+

sin θL1

|LM4|

)
.

AK ,σ > 0, AL,σ > 0.



The monotone scheme

The expression of conservative flux

FK ,σ = AK ,σuK − AL,σuL,

where

AK ,σ = µ1
|κT (K )~nKσ||σ|

sin θK

(
sin θK2

|KM1|
+

sin θK1

|KM2|

)
,

AL,σ = µ2
|κT (L)~nLσ||σ|

sin θL

(
sin θL2

|LM3|
+

sin θL1

|LM4|

)
.

AK ,σ > 0, AL,σ > 0.



The monotone scheme

QuestionµHow to eliminate cell edge
unknownsº

1Mu

2Mu

Ku

5Mu

4Mu

3Mu

1Ku

2Ku

3Ku

8Ku
7Ku

6Ku

5Ku
4Ku

u(Mi) =
∑n

j=1 ωju(Kj) + O(h2).



The expression of cell edge unknowns

ku

ku
1ku +

1kx +

kx

,1knr

,2knr

,1kF

,2kF
A

kU∇

ke

1ke +

∇Uk · (x̄k+1 − xk ) = ūk+1 − uk ,

∇Uk · (x̄k − xk ) = ūk − uk ,

=⇒

∇Uk =
1
Tk

[R(x̄k − xk )(ūk+1 − uk )− R(x̄k+1 − xk )(ūk − uk )].



The expression of cell edge unknowns

The expression of flux on sub-edge

Fk ,1 = ωk ,1,1(ūk+1 − uk) + ωk ,1,2(ūk − uk),

Fk ,2 = ωk ,2,1(ūk+1 − uk) + ωk ,2,2(ūk − uk).

where

ωk ,1,1 = −|ek+1|
Tk

R(x̄k − xk ) · κT
k ~nk ,1,

ωk ,1,2 =
|ek+1|

Tk
R(x̄k+1 − xk ) · κT

k ~nk ,1,

ωk ,2,1 = −|ek |
Tk

R(x̄k − xk ) · κT
k ~nk ,2,

ωk ,2,2 =
|ek |
Tk

R(x̄k+1 − xk ) · κT
k ~nk ,2.



The expression of cell edge unknowns
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The expression of cell edge unknowns

The continuity of normal flux on the sub-edge

Fk ,1 + Fk+1,2 = 0

=⇒

ωk ,1,2ūk + (ωk ,1,1 + ωk+1,2,2)ūk+1 + ωk+1,2,1ūk+2

= (ωk ,1,1 + ωk ,1,2)uk + (ωk+1,2,1 + ωk+1,2,2)uk+1

=⇒

Aū = Bu

ūk =
N∑

j=1

ωk ,juj



The monotone scheme

Scheme∑
σ∈EK

FK ,σ = fK m(K ), ∀K ∈ Pin,

uMi = gMi , ∀Mi ∈ Pout .



The monotone scheme

The discrete system

A(U)U = F .

Solution procedureµ

Choose a small value εnon > 0 and initial vector
U0, and repeat for k = 1, 2, · · · ,

1. Solve A(Uk−1)Uk = F
2. Stop if ‖A(Uk)Uk − F‖ ≤ εnon‖A(U0)U0 − F‖.
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Example 1: The accuracy of scheme

Take κ = RDRT ,

R =

(
cos θ − sin θ
sin θ cos θ

)
, D =

(
k1 0
0 k2

)
,

where θ = 5π
12 , k1 = 1 + 2x2 + y2, k2 = 1 + x2 + 2y2. The exact

solution is u(x , y) = sin(πx) sin(πy).



Computational meshes
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The accuracy on random quadrilateral meshes

New monotone scheme

number of cell 144 576 2304 9216 36864
εu

2 3.96e-3 9.78e-4 2.74e-4 7.45e-5 2.27e-5
rate – 2.02 1.84 1.88 1.71
εF

2 9.33e-2 4.51e-2 2.33e-2 1.11e-2 5.49e-3
rate – 1.05 0.95 1.07 1.02

Existing monotone scheme (G. Yuan and Z. Sheng, JCP,2008)

number of cell 144 576 2304 9216 36864
εu

2 4.38e-3 1.00e-3 2.81e-4 6.76e-5 1.75e-5
rate – 2.13 1.83 2.06 1.95
εF

2 1.06e-1 5.42e-2 2.34e-2 1.09e-2 5.25e-3
rate – 0.97 1.21 1.10 1.05



The accuracy on Kershaw meshes

New monotone scheme

Number of cell 144 576 2304 9216 36864
εu

2 1.96e-2 5.91e-3 1.24e-3 3.47e-4 9.43e-5
rate – 1.73 2.25 1.84 1.88
εF

2 6.70e-1 2.66e-1 1.04e-1 3.85e-2 1.39e-2
rate – 1.33 1.35 1.43 1.47

Existing monotone scheme (G. Yuan and Z. Sheng, JCP,2008)

Number of cell 144 576 2304 9216 36864
εu

2 3.42e-2 2.14e-2 9.63e-3 3.22e-3 9.02e-4
rate – 0.68 1.15 1.58 1.84
εF

2 1.39 8.78e-1 4.23e-1 1.69e-1 6.33e-2
rate – 0.66 1.05 1.32 1.42



Example 2: The problem with point source

Take

κ =

(
cos θ sin θ
− sin θ cos θ

)(
k1 0
0 k2

)(
cos θ − sin θ
sin θ cos θ

)
,

where k1 = 10000, k2 = 1, θ = π/6.

f (x , y) =

{
101× 101 if (x , y) ∈ [50/101,51/101]2,

0 otherwise.



Computational meshes and numerical results
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Example 3: Positivity of numerical solutions

Take

κ =

(
y2 + εx2 + ε −(1− ε)xy
−(1− ε)xy εy2 + x2 + ε

)
, ε = 5 · 10−3,

f (x , y) =

{
1 if (x , y) ∈ [3/8,5/8]2,
0 otherwise.

We impose the homogeneous Dirichlet boundary condition on
∂Ω.



Computational domain



Random quadrilateral meshes
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Numerical results
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Exapmple 4: Heterogeneous diffusion tensor
Take

κ =

(
cos θ sin θ
− sin θ cos θ

)(
k1 0
0 k2

)(
cos θ − sin θ
sin θ cos θ

)
,

f (x , y) =

{
10000 if (x , y) ∈ [7/18,11/18]2,

0 otherwise.

2k
1k

2k 1k
2k

1k

2k1k
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Computational meshes
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Numerical results
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Conclusion

New monotone scheme

• Conservation
• Polygonal meshes
• Second order accuracy
• Reduce to the classical five point scheme

Perspective

• New expression of flux
• Method eliminating the auxiliary unknowns
• ...
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Thank you for your attention!
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