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Illustrative example
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The boundary value problem for one-dimensional paraboli equation:

∂u

∂t
−

∂2u

∂x2
= 0, 0 < x < l, 0 < t ≤ T.

u(0, t) = 0, u(l, t) = 0,

u(x, 0) = u0(x), 0 < x < l.



Expliit sheme
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yn+1

i − yni
τ

−
yni+1 − 2yni + yni−1

h2
= 0.

The stability:

τ ≤
1

2
h2.

The onvergene:

‖zn‖ ≤ M(h2 + τ ).



Expliit-impliit sheme
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A red-blak point-wise deomposition:

χi =

{

0, i− even,

1, i− odd.

ADI type sheme:

y
n+1/2
i − yni

τ
−χi

y
n+1/2
i+1

− 2y
n+1/2
i + y

n+1/2
i−1

h2
− (1−χi)

yni+1 − 2yni + yni−1

h2
= 0,

yn+1

i − yni
τ

−χi

y
n+1/2
i+1

− 2y
n+1/2
i + y

n+1/2
i−1

h2
− (1−χi)

yn+1

i+1
− 2yn+1

i + yn+1

i−1

h2
= 0.

The onvergene:

‖zn‖ ≤ M

(

h2 +

(

σ −
1

2

)

τ + τ2 +
τ

h

)

.



Alternating triangle method

© Petr Vabishhevih The Third Russian-Chinese Workshop, September 11 � 13, 2013, Mosow, Russia

y
n+1/2
i − yni

τ
−

y
n+1/2
i+1

− y
n+1/2
i

h2
+

yni − yni−1

h2
= 0,

yn+1

i − yni
τ

−
y
n+1/2
i+1

− y
n+1/2
i

h2
+

yn+1

i − yn+1

i−1

h2
= 0.

The onvergene:

‖zn‖ ≤ M

(

h2 +

(

σ −
1

2

)

τ + τ2 +
τ2

h2

)

.
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West period:
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Operator formulation
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The Cauhy problem:

du

dt
+Au = f(t), 0 < t ≤ T,

u(0) = u0.

The triangular splitting:

A = A∗ ≥ 0, A = A1 +A2, A1 = A∗
2.

1D problem:

(A1u)i = −
ui+1 − ui

h2
, (A2u)i =

ui − ui−1

h2
.



Alternating triangle method
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Two-level sheme

B
yn+1 − yn

τ
+Ayn = ϕn,

where

B = (E + στA1)(E + στA2).

We have

B = E + στA+ σ2τ2A1A2,

A1A2 ≥ 0, A1A2 = (A1A2)
∗ (B = B∗).



Stability and onvergene
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A neessary and su�ient ondition for stability in HA (Samarskii, 1967):

B ≥
τ

2
A.

For the alternating triangular method: σ ≥ 0.5.

An a priori estimate:

‖yn+1‖A ≤ ‖yn‖A + τ‖ϕn‖.

The onvergene:

‖zn‖A ≤ M

(

h2 +

(

σ −
1

2

)

τ + τ2 + τ2
∥

∥

∥

∥

A1A2

du

dt

∥

∥

∥

∥

)

.



Modi�ed alternating triangle method



Tree-level sheme
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Standard sheme

(E + στA)
yn+1 − yn

τ
+ σ2τ2A1A2

yn+1 − yn

τ
+Ayn = ϕn.

Modi�ation:

(E+στA)
yn+1 − yn

τ
+σ2τ2A1A2

yn+1 − yn

τ
−σ2τ2A1A2

yn − yn−1

τ
+Ayn = ϕn.

Another form:

(E + στA)
yn+1 − yn

τ
+ σ2τ3A1A2

yn+1 − 2yn + yn−1

τ2
+Ayn = ϕn.



The main result
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The stability ondition: σ ≥ 0.5.

The onvergene:

‖zn‖A ≤ M

(

h2 +

(

σ −
1

2

)

τ + τ2 + τ3
∥

∥

∥

∥

A1A2

d2u

dt2

∥

∥

∥

∥

)

.

1D problem:

‖zn‖A ≤ M

(

h2 +

(

σ −
1

2

)

τ + τ2 +
τ3

h2

)

.
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