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1. Introduction

e Dirac equation is a relativistic wave equation
in particle physics, formulated by Paul Dirac in
1928, and describes fields corresponding to
elementary spin-Y particles (such as the
electron) as a vector of four complex numbers
(a bi-spinor), in contrast to the Schrodinger
equation which describes a field of only one
complex value.

Paul Dirac shared the 1933 Nobel Prize for physics with Erwin Schrodinger
"for the discovery of new productive forms of atomic theory."
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1. Introduction

Dirac equation in the covariant form

1
ETTFFML{“" map =0

where {~" ~' ~? 47} are four contravariant gamma matrices, also
known as the Dirac matrices

10 0 0 0 0 01 000 — 0 01 0
o 01 0 o0 o o 1o o _[00i0 a_ |0 00 -1
T=loo -1 o] "o 100l 7 l0oi0o0] TT[-100 0
00 0 -1 1 0 00 —i 00 0 0 10 0

. . . . . metric
satisfying the anticommutation relation: tensor Do
{727 ="+ =29 [0 100

. n =
0 0 1 0
0 0 0 1
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1. Introduction

Dirac equation in the rest frame

iﬁ_ﬂﬂ'gjsf) _ (lﬂ v -|-ﬂm) P(x,t)

L

where m is the rest mass of spin-%2 particle (electron), the reduced

Planck constantis: r= % — 1.054 571 68(18) x 107 J -5,

The matrices are all Hermitian and have squares equal to the identity
matrix, and they all mutually anticommute:

aiz :,82 =1,, oa;+a,q =0, a.f+ po, =0, 1 # |
They are usually taken as

g [ 0 - 0 o
o -1 “T o 0
where F; is Pauli matrix

(0 1 (0 = (1 0
“1=1\1 0/ 27 \; o) 27 \o -1



1. Introduction

e [t is consistent with both the principles of
guantum mechanics and the theory of special
relativity, and is the first theory to account fully
for relativity in the context of quantum
mechanics.

It implies the existence of a new form of matter,
antimatter, hitherto  unsuspected and
unobserved, and actually predated its
experimental discovery.
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1. Introduction

 The nonlinear Dirac (NLD) system in quantum field theory
is used to model extended particles by the spinor field
equation.

 To make the resulting NLD model to be Lorentz invariable,
the so-called self-interaction Lagrangian can be built up
from the bilinear (in the spinor) covariant which are
categorized into five types: scalar, pseudoscalar vector

Classific Covariant Form of Components

axial vector and tensor.

fas
Scalar JLI ' l.*) 1

* Different self-interactions give rise to|...... S’ 1

different NLD models. Dyt .

Axial Vector UYs f}f.ff- o 4

or| WO per W 6

Taotal 16
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1. Introduction

 For example, (1+1)-d Soler model (based on the scalar bilinear
covariant)

10,y = |:—i(71@X +Mo, - ZZ(WTJCJ,”)GJ W

(01 (0 —i (1 0
“1=\10) 2=\ o) 2= \o -1

which is a classical spinorial model with scalar self-interaction.

e A key feature of the NLD equation is that it allows solitary wave

solutions or particle-like solutions: the stable localized solutions
with finite energy and charge.

e It describes the motion of the positive & negative electrons with
high-speed.

M. Soler, Phys. Rev. D 1 (1970) 2766. M.F. Raflada, Phys. Rev. D 30 (1984) 1830.
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1. Introduction

e Standing wave solution

swoo oo (VITDY AR —iar
Y [‘“”‘(w;“-‘cx,r))‘(iBm)f ’

0= A<m,
A(x) \/ %(m;z — A2)(m + A)cosh(y/(m* — A2)x)
Xl= 3 00
. lim2 — A2
m ‘I‘ 141 C0511(2 (.”H A )x) E(f) — f dx [hn(lll{‘(l*ax 111{{2 + ljf;(}x 1!!1)
\/%(m‘Z — A%)(m = A)sinh(y/ (m? = A%)x) +m ([ = [al?) = 2 (1 ? = 192 ?)°]

B(x)= . 00

m+ Acosh(2y/ (m* — A%)x) | _ f dx pp(x. 1),

Q)= f dx (|1jf]|2 + |1//2|2) = f dx pg(x,1),
M. Soler, Phys. Rev. D 1 (1970) 2766. o0 —o0



1.

e solitary wave solution

0 I L

1 ! I ¥ 1 L
2 0 2 4 6 8 10

y =1IN1-V*, K= y(x=x - wt),E = y(t-v(x-X,))

U (x — xp, 1) = (y!,rfs(x — X0, 1), Y5 (x — xo, r))

Introduction

T

g/fi“(x — X0, 1)

1 ) -1 .
: j Y " (X, 1) + sign( t‘)'\/iﬁ”ifm“ ')

For 0<A<m/2, two-humped solition (with
two peaks) in the charge density;

For m/2<A<m, one-humped soliton;

For A=m, V" (x—x0,1)=0

S.H. Shao & H.Z. Tang, Phys. Lett. A, 345(2005), Z__.
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1. Introduction

 Motion of Dirac solitary waves

100

AN N | &
o Q w0 1
-10 40
-5 i 35

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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1. Introduction

(DA. Alvarez, B. Carreras, Phys. Lett. A 86 (1981) 327.
@ A. Alvarez, PY. Kuo, L. Vazquez, Appl. Math. Comput. 13(1983) 1.
(3 A. Alvarez, JCP 99 (1992) 348.

(D J. De Frutos, J.M. Sanz-serna, JCP 83 (1989) 407.

(DZ.-Q. Wang, B.-Y. Guo, J. Comput. Math. 22 (2004) 457.
(DJ.L. Hong, C. Li, JCP 211(2006), 448—472.

(1)S.H. Shao & H.Z. Tang, PLA 2005; DCDS-B 2006; CiCP 2008.

2 H. Wang & H.Z. Tang, JCP 2007.
(3. Xu, S.H. Shao & H.Z. Tang, JCP 2013.
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2~ Multi-hump solitary waves

The two-hump profile is first pointed out by Shao and
Tang [Phys. Lett. A, 345(2005), 119] and later gotten

noticed by other researchers e.g. [Phys. Rev. E 82,
036604 (2010)].

Question: Is there the multi-hump profile in Dirac
solitary wave?

J. Xu, S.H. Shao, H.Z. Tang, and D.Y. Wei, Multi-hump solitary waves of nonlinear Dirac
equation, submitted, 2013.



2\ Multi-hump solitary waves

. r}LI
(1~f ﬂ)p, —m)¥ ‘|‘ — =0, - the Euler-Lagrange equation ()“(r)l: ()(()FlP)) L, =)

Lagrangian L reads L = Lp + L.
Dirac Lagrangian Ly = - (249, % — (9,%)7"¥) — m¥¥.

General linear combined self-interaction Ls = 0¥ = [ ° — |Ty)* € R,

Lp = —i®~"® = 2Im(U;0,) € R,

Ly = s(Lg)*™ + p(Lp)** + v(Ly)z*+D, o
Ly = 94" 0¥y, P,

sell-nteraction Lagrangian [y is a nonlinear functional of the spinors ¥ and @ L = 9> 0y, 7*

and is invariant under the Lorentz transformation. Lyv = —La
It is also subject to conservation laws for the current vector and the
energy-momentum tensor

n o - =y,
dug* =0,

i, o
(25 — JEREA o . —J e . s
9, T = 0. T Q(mp-}f PY — (V) T) — L.
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2~ Multi-hump solitary waves

Consider solitary wave solution in the form

"I'(I f) — Q_thT,L’[I). ’d}'[;}[‘) _ (?:(1}) _ R(l) ( C'EJ‘S (9(4)) )
X(7) i sin (6(x))

L1 = (R(z))** )G ()

e When w=m >0

0(x) = cot™*(2mkz) € (0, )
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2~ Multi-hump solitary waves

—

l

e Whenw >m >0
A(x) = tan™! ( tan (—Ff\/w'z — m?r)) € (—5.
1

0s (20(1)) — w) 2F
R(r)= = (??E.(L%(_TQ(I)) ) ,
(I(I)

The physical solutions are with which the total charge Q(t) is finite.

Therefore, the physical solutions may exist only in the situation:
keZ and m>w >0

et

W —1m

W+ m

)

o] =

We may further analyze the hump number for the above solitary

waves of NLD.

J. Xu, S.H. Shao, H.Z. Tang, and D.Y. Wei, Multi-hump solitary waves of nonlinear Dirac
equation, submitted, 2013.
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2~ Multi-hump solitary waves

Lemma:

For a given integer k, the hump number in the charge density
is not bigger than 4, while that in the energy density is not
bigger than 3.

Remarks:

1. Those upper bounds can only be achieved in the situation
of higher nonlinearity, namely, k &€{5, 6, 7, - - - } for the
charge density and kK &{3,5;, 7, - - - } for the energy
density;

2. The momentum density has the same multi-hump
structure as the energy density;

3. More than two humps (resp. one hump) in the charge
(resp. energy) density can only happen under the linear
combination of the pseudoscalar self-interaction and at

least one of the scalar and vector (or axial vector) self-
interactions.
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2~ Multi-hump solitary waves

1.2

0.2+
O | 1 1 1 | 4 humps | | |
-3 -2 -1 0 1 2 2 05 04 03 02 01 0 01 02 03 04

J. Xu, S.H. Shao, H.Z. Tang, and D.Y. Wei, Multi-hump solitary waves of nonlinear Dirac
equation, submitted, 2013.
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3. RKDG method

(D W.H. Reed and T. R. Hill, Los Alarnoo Scientific Laboratory, LA-UR-73-479, 1973.
(2 B. Cockburn and C.-W. Shu, Math. Comp., 52(1989), 411-435.

(3 B. Cockburn, S.-Y. Lin and C.-W. Shu, JCP, 84(1989), 90-113.

(@) B. Cockburn, S. Hou and C.-W. Shu, Math. Comp., 54(1990), 545-581.

(® B. Cockburn and C.-W. Shu, JCP, 141(1998), 199-224.

(® B. Cockburn and C.W. Shu, J. Sci. Comput., 16(2001), 173-261.

The natural features of the RKDG methods are their
formal high order accuracy, their nonlinear stability, their
ability to capture the discontinuities or strong gradients
of the exact solution without producing spurious
oscillations, and their excellent parallel efficiency. Up to
now, the DG methods have been successfully extended
to various problems.
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3. RKDG method

e |[VP of (1+1)-d Soler model
Orihy + Opthg + 1maby + 21A(
Oehg + Op1n — Imabe + 21\ (

r (2,0) = VY(x),  alw,0) =5 (x).

(e

1

V()| — 0 as || — +o0, i = 1,2

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.




3. RKDG method

Proposition 1 (Conservation laws). Assume that lim, . [Y(2,t)] = 0 and
im |, — 4 oe [Op(2,t)| < 400 hold uniformly for t > 0. The energy E. the linear
d d
momentum P, and the charge Q defined above satisfy: EQ(t} = 0, &P(t) = 0,
d
d —FE(t) =0.
and (1)

A8 = /]Rdx (T (¢ Dptha + Y59:001) + m([i1 |7 — [¢2]?)

— A2 = 2] = [ dwpee ),
J R

P(t) = /Rdg; I (7 Otpr + 30:402)] =: /Rde(%t):

Q) = [ dw(unl? + val®) = [ dapoe.n).

J R

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

For any given partition of the domain

IJ%:(XJ-,XJ-H),hj%:Xj =X, X, —(x +X;)/2

j+1

For each t, find approximate solution
Y = (V1,h,%2,n)

where

Re(y; ), Im(y, ) €V = {@| or) € PUL ) if o € I 1. Y] EZ}

P?(I;,1) denotes the space of the real-valued polynomials
on 1... of degree at most g.

it+3

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

a-'g.-"'!]_ h —~ ~ a(:)

' T, J... Y R R o 1+ Iy 71 -

/ D1 — da + (l_sz-gﬁ-')l )j—l—l — ('?;--‘2@1 )j - o p—— du
{ 1 I 1

Ot O

j_l_i j‘|‘§

B / i (m 4 20 f(|V1n]? [V2,0]?)) Y1 pérde = 0
I

11
J-|—2

a-;g.-';JQ h ~ ~ a@

[ T 3 - - ; 'Il'i -|'- - g ';1 J' —I_ 'Il‘ : 2 T

/ Gy dw + (V103 )41 — (V103 )5 — Y1rh— - de
7 ) (‘)f T 1 (_)'Jl-

.'H-g j—|—§

- / i (m = 2Xg([v1,nl?, [2,n]?)) 2,ndade =0,
I

R
.H—Q

(677); = ¢i(;+0), (07 )jr1 = di(wj11—0) (l/ji)j ~ l//i,h(xj )

T 1

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

e Numerical flux
(0i); == hi (Y (5 — 0.8), by (25 +0.1)).  ha(ep,2h) =y, i =1,2

For example:
By = H(@0F + W)y — )} + (0)7)
(2); = 5 ((a)f + (W)} — W) + (20);)

where ()7 = vy n(rg +0,1) and ()5 = viple; = 0,t), i =12,

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

Proposition 2. If assume Qp(0) = f[«‘g () + [09(2)|*)dx < oo, then the solu-
tion to the weak formulation (26)-(29) sati sﬁeq

d

_Qh( ) H

/(\uh +\zgh\) x <0,

or Qp(t) < Qn(0) for all t > 0.

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

* |n practical computation, the solution may be
written as
Vi, t) = (e, t) + 1) (e, t), 1=1,2.
satisfying
Opth] + Opthg — mab] — 2N f ([ )%, [a)
E)t "i‘f-:'f.-"iq -+ E)_T 15 -+ m ?-*';’?1 - 2)\f( |11| : "i‘f-:'j-‘2|
Oyt + Opthy + maby — 2Ag(|Un

{)ti“g —|—{)Tf_1—ﬂ“1t2+2)\j |i"1| ‘l2|2

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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J AT
I., 1

da

=

/ D10y da

I. 1

f L dua
Ir. 1

f D50p5 da
I, 1

J—Fg

RKDG method

+ (D5 )1 — (5T, — / Y30, 07 dw

Ij+%

N f (2 + 2XF (|01 |2 [42])) w50 da = 0,
I._|_ 1
I35

+ (D505 )41 — (305 — f V5025 du
I.;f—l--%_)—

N / (m + 23 F(|01]2, [2[2) T of do = 0,
I., 1
J—|—§

@O ) — ety — [ woset do
IJ—I—%

[ =229l e s de o0,
I. 1
it+ts

+ (D505 )1 — (55T — f V305 dur
Ij+{;

— [ (= 2290 va?)) 4508 de = 0.
I

J—I—%

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

choose the Legendre polynomials P;(&) as local basis functions

1
2
/ Fi(§)Pr(§) d§ = 57——=01k, 1<k,

q 1 P(1) =1 P(-1) = (-1

/ [ l . .
ﬁ’?f(il't):ZJ?*w(Jr)g() :3(432(1) —’Lfﬂﬂ(t t). li;EEIj_I_%
[=

where ¢ = 1, 2, the superscript z = r or s. and

(E) . - u(if—élfj+L)

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.



3. RKDG method

Fo 1 1 . .
i+ a (1) o I r o (1) L
(23 4 1) ar 1.+ % + 5 j41 — (—1)"3 /I ) Vo i+ 1 Or D’ PRE] d

i+ 5
‘ (1) 1,
— ('}T1.+2Af(|-i;.!1,j_|_%| |L2_,}_|_l| ))11_;,-4_1@ A da = 0,
Ij+%
Fo 1 cl o~
g+ =5 ) S {I) /TS ) o L I S o fyS - S,{E) ..
i+ =
, . 2 2 .8, (1) 1.
—+ / ('”’1 -+ 2)\.}0(|?+"-’1,j—|—%| ; |'?—""2,j—|—%| ))1;_?4_% @i,j—l—% da = 0,

hoj 1 d :I_’a_.f-,(g) o I T o o 7)) I,
G4

1
=
+/ ('?n.—2Ag(|-¢"ﬁ*1,j_|_%| Nt s 125 54y ‘fj_% Ao — 0.
it+3 d _,8.(1) ) I s 8 . S8.(1) 1.
<23. + 1) ae 2y T T — (DR f; R A R
_— y e ‘)A aly 2 3 (E) 1 - — O
7 (?Tl = g(|t”1._’}—|—%| |€ 2_’}'+1| )3‘23_|_1(‘) -,_?—F% a.ur = *
i+ 5

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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3. RKDG method

.-'fz!(z) -
Vigrs (V) =

i+%

mtegrals will be computed numerically.

20+ 1 f =
vy (i,
h’j+% I 1

(D N
_-”Jrg(i)di,

e.¢. by using Gaussian quadrature.

drr 7
LU(t) = L(U)
UL =™ 4+ AtL(U™).
7@ — 3[,” IU(” +ALU®), !
i o =U"+ S AL(U"),
gt Ly 3@-‘ ®) 4 JALL(U®). 1
. 70 =0+ AL ()
At _ g o - g +AfL(L”)
Ar = 2qg+1

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.

| |
el - g Lop L gl g +5NL(U(3))
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RKDG method

Real part of «7° Imaginary part of «»7°
N 1.7 error order L~ error order | L? error order L.~ error order
280 1.95e-022 - 9.68e-03 - T.30e-03 - 4.08e-03 -
Pt 560 2.46e-03 2.99 1.27e-03 2.93 9.50e-04 2.94 5.7T6e-04 2.82
1120 | 3.08e-041 2.99 1.79e-041 2.88 1.26e-041 2.92 9. 81le-05 2.69
2240 | 3.84e-05 3.00 2.94e-05 2.78 1.89e-05 2.86 2.13e-05 2.53
140 5.35e-04 - 5.13e-04 - 3.18e-04 - 2.51le-04 -
P2 280 2.25e-05 4.57 4.57Te-05 3.49 1.80e-05 4.14 2.36e-05 3.41
560 2.14e-06 3.98 5.21e-06 3.31 1.88e-06 3.70 3.35e-06 3.11
1120 2.59e-07 3.67 6G.31e-07 3.22 2.32e-07 3.47 4.30e-07 3.06
70 2.10e-041 - 3.03e-041 - 1.50e-041 - 1.26e-041 -
72140 6.73e-06 4.96 1.44e-05 4.40 4.99e-06 4.91 1.14e-05 3.47
280 4.13e-07 4.50 9.36e-07 417 3.05e-07 4.47 T.27Te-07 3.72
560 2. 77e-08 4.30 5.93e-08 4.11 2.01le-08 4.29 4.7T0e-08 3.80
Real part of +/5% Imaginary part of «+»5°
N 1.7 error order L~ error order | L? error order L. error order
280 4.06e-03 - 3.45e-03 - 3.40e-03 - 1.75e-03 -
! 560 5.35e-041 2.92 1.98e-01 2.7T9 4.6Te-041 2.86 2.89e-041 2.60
1120 7.48e-05 2.88 85.66e-05 2.66 7.50e-05 2.75H 7T.26e-05 2.30
2240 | 1.25e-05 2.78 1.83e-05 2.52 1.50e-05 2.61 1.95e-05 2.16
140 1.96e-04 - 2.45e-04 - 1.57e-04 - 2.50e-04 -
P2 280 1.61e-05 3.61 3.48e-05 2.82 1.69e-05 3.22 2.91le-05 3.10
560 1.91e-06 3.34 4. 7THe-06 2.84 2.10e-06 3.11 3.61le-06 3.06
1120 2.38e-07 3.23 6.06e-07 2.89 2.63e-07 3.07 A4.50e-07 3.04
70 1.18e-041 - 1.73e-041 - 2.54e-05 - 1.75e-041 -
P2 140 G.10e-06 4.27 1.29e-05 3.75 5.18e-06 4.04 1.19e-05 3.88
280 3.81le-07 4.14 S.84e-07 3.51 3.26e-07 4.02 7.45e-07 3.94
560 2.39e-08 4.09 5.62¢-08 3.86 2.10e-08 4.00 4. 7T8e-08 3.95
S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623. = 50
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RKDG method

_}jﬁ

3

-Ejl

_F}H

ﬁJ

AR50

A Eso

AR50

AFExo

AR50

A Fso

140
280
560

1120

-1.99¢-03
-2.52e-04
-3.15e-05

-2.42¢-03
-3.64e-04
-5.98¢-05

-4.86e-05
-1.39e-06
-4.90e-08
-1.54e-09

-6.45¢-05
-2.35e-06
_1.05e-07
~4.95e-09

-1.35e-07
-1.08e-09

6.84e-07
5.32e-08

-1.02e-11  3.42e-09

where AQso — (Qu(50) — Qu(0))/Qu(0) AEso = (En(50) — Ex(0))/En(0)

—-11
10
— 2

E-1.4141128
i
i
Q-1.49999999999

S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.
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4. Moving mesh method

* Itis also known as r-method (redistribution),
and relocates mesh / gird points having a
fixed number of nodes in such a way that the
nodes remain concentrated in regions of
rapid variation of the solution.




4. Moving mesh method

e Equi-distribution principle [C. de Boor, In Lecture Notes in
Mathematics, vol.363, Springer-Verlag, 1973]: an appropriately
chosen mesh should equally distribute some measure of
the solution variation or computational error over the
entire domain.

e Spring analogy scheme])T. Batina, AIAA 89-0115]: each edge of
the mesh Is represented by a spring whose stiffness is
proportional to the reciprocal of the length of the edge.

e Grid generation based on the variational method[A. Winslow,
JCP, 1973]. |

. e Sl S
...... : E 7
e Lagrange method in CFD. o5 o -
C.J. Budd, W. Huang & R.D. Russell, Acta Numerica 18 (2009), 111-241. , ﬁ

W. Huang and R. D. Russell, Adaptive Moving Mesh Methods, Springer, 2011,
T. Tang & J.C. Xu, Adaptive Computations: Theory and Algorithms, Science Pub., 2007.
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4. Moving mesh method

Two decoupled steps:
— Redistribute the mesh points iteratively

e Solve coarse mesh equation an iterative step

e Divide the coarse mesh cell into several uniform fine
cells

e Remap solution from the “old” fine mesh to the “new”

— Solve NLD eq. on a fixed fine mesh

-3
)

K AN

J
H. Wang, H.Z. Tang, JCP, 222(2007) /
H.Z. Tang & T. Tang, SINUM, 41(2003) \f

E0)
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4. Moving mesh method
e (1+1)-d Dirac eq.

au | af(u) (u) (quasi-linear) balance law

(VN

Ot Ox
( ,
Vs

;1
:
1/
\ ) \ys/

w= (W, ) s(u) = g(x, 0 (), —w, s, vh)”
l/jf(xat) o / (x f) 11 / (.X‘-,f), I = 132

=

S

flu) = Au =

o = O O
—_— o O O
S

o O O =
o O = O

H. Wang, H.Z. Tang, JCP, 222(2007)
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4. Moving mesh method

e 1D (quasi-linear) balance law
ou N of (u)

= S(U
po (u)
® ulnitialﬂ meSh &. data 1:n+1 } i I
X Gl
-~ I Xj
< 1 X"
N j+1
] U, z—h” an u(x,t ) dx
j+1/2 ! t | |
X" X" X"

H.Z. Tang & T. Tang, SINUM, 41(2003)
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4. Moving mesh method

* Question: Howtoget {x'*u'},}?

* Redistribute the mesh points iteratively

s\ Og

(v)
Xj+1

14

) (v+1) )y _
+1/2( Xj _Xj—l)_o

v=012,..,u

( (v+1) (v)
Wj _Xj )_Wj+1/2

(0) ._ yn ,(0) ._ ,n :
Xj " Xj’uj+1/2 '_uj+1/2’

n+l . (u) (0 (1)
Xj '_Xj ’uj+1/2 '_uj+1/2

H.Z. Tang & T. Tang, SINUM, 41(2003)

[
»

n+1 n+1 N4l
Xj—l XJ Xj+1
: ; |
n+1 :
YN )T 2)
Xj_l XE ) i Xj+l
RV I o ®
Xj Xj Xja
| i [ .
| 1 1 >
n n n
t Xj—l Xj Xj+1
n
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4. Moving mesh method

* Remap the solution, that is, get 5:/1)2

X = % = D (£) =XV (§) — eV (¢)

EJ—]- "..."'j_l
f G(x) dr = f wle —elz)) (1 —e'(x)) de
Ty T

"..."'j_l
= [T - @) - @) do
Ty

b S
o RCCRCRL N 04D _ ) )
j+12j+1/2 — VU412 j+1/ 2

)
—(cu)j + (cu)y’

T,f—l
:f ulax) d:a‘—l;liffu:lj+1—'ifﬂ;|j;|.~
£

Conservative remap

v) (V) (v+1) (V) (v+1) |, (v+D)
{7 Uiy =06 Ui k=46 U,

H.Z. Tang & T. Tang, SINUM, 41(2003)
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4. Moving mesh method

» Solve Dirac ed. by finite volume method

n+1 , ,n+l N+l N

n
ivo¥ii2 = MUy =7 (fj-l-l_ fj )

n+l An
+Tn j-I—l/ZSj-I-]./Z

' =1f(uj ,uip), f(u,u) = f(u)

n+1 (u) (u+l) n+1
Xj _X uj+1/2 uj+1/2 :>uj+1/2

H. Wang, H.Z. Tang, JCP, 222(2007)
H.Z. Tang & T. Tang, SINUM, 41(2003)

n+1

u L
X.
J
i i i
n+1 n+1 n+1
Xj1 j Xja
| | |
n+1 | vn‘|"1 Yn|+l
T , A7 PJFT
X Xin
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4. Moving mesh method
((O

2

* Move the coarse mesh points
Iteratively the mesh equation:

‘3’-3' (-EEII) (’41—]1 IL-P_”) 0 (tﬂ‘_] : ) (_tj}l_]] _EL-:]]) 0 v=0,1,---,u—1

m = \/1 + alu|” + plu,|

by solving

e Move fine mesh points “X” by uniformly dividing
each coarse mesh cell. J-

w

-3
)
Ry

© C)\
O %

>

T

H. Wang, H.Z. Tanqg, JCP, 222(2007)



Accuracy test:

PIFPE

4. Moving mesh method

N 100 200 400 800 1600 3200

I-error order 3782 4.725¢-1 5.848e-2 7.331e-3 9.293e—4 [.184¢-04
- 3.00 3.01 3.00 298 297

P-error order 2989 3.715¢-1 4.504e-2 5.463¢-3 6.597e—4 7.775e~-05
- 3.01 3.04 3.04 3.05 3.08

[*-error order [.003 [.156e-1 [.435%-2 [.775¢-3 2177e-4 2.858e-05
- 312 3.01 3.02 3.03 293

CPU time (s) [.04 343 12.20 48.89 [83.70 707.75

H. Wang, H.Z. Tang, JCP, 222(2007)
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4. Moving mesh method

8 | 80 8 80

mesh densities (solid line) and charge densities (black dot) at # = 100

6 A 160 6} 160
|
o
|
| n !
| al“uf‘f:g.
I
4 i e 4
BN
i
i ;. Elll
R
2t U 120 2t 120
A\
I ] ] | | \\_ A | 0 I ] | 0

5 10 15 20 25 25 2 15 -0 -5 0 5 10 15 20 25
Figure: Charge and mesh densities.  ©=10, 30; N=800

H. Wang, H.Z. Tang, JCP, 222(2007)



4. Moving mesh method

8 I I I I

80

Charge anmnd mesh

4 60

4 40

420

T
) !
0 | | | | | | | 0

10 15 20 25

Figure: Charge and mesh densities.

H. Wang, H.Z. Tang, JCP, 222(2007)

1=10; N=800

19.95 T T T T T T T T T 6.02
densities._ re=—10; N =00
19.93 | 16,018
IE
B
19.91 | Y 1
T
19.89 '. 16,014
Q
19.87 | 16,012
19.85 | | | | | | | | | 6.01
0 10 20 30 40 50 60 70 80 90 100



4. Moving mesh method

1EN ]
mesh densities (solid line) and charge densities (black dot) at 7 = 100

T T 150

et —
—

1125 25

!
&
¢ N
:f‘\\/\: “ -
i | .
H i .
H - . *
i i g "
i
H

\ : fio 2t

T

T

R ——
-

| | 1125
[ :

1100

i
; : {75 15
i |

175

150 1

150
3 M 125 0.5 i ; ' il 12
Ml B
1}|:IL‘J|:U|] A
I I Y [~ 0

0
5 10 15 20 25 -

45 -0 - 25
Figure: Charge and mesh densities. N=1600
H. Wang, H.Z. Tang, JCP, 222(2007)
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4. Moving mesh method

| | — Un'rformI mesh 27 | | | — Uniforlm mesh
[ x Algorithm 0 [ x  Algorithm 0
% « Algorithm 1 + Algorithm 1
mesh densities [)Lﬁﬂlld line) and Lhdlge densities (black dot) at r = 100,
.. 3 |
h ]‘ Ji 25+ ﬁ' %
| I § i !
| ¥ 24| i % : E
I | 1
) 1 [
iy j % 231 L L
| . i P
| 3 £
! | 31 22l 3 t
P71, ] 1 \
. t 1{\1 : ] ;
N /\J A 211 4 i -
N e ! X X
S ,@.} xl\n; xt % )ew‘g - ] % E E(
| | | | | | 2 | I | | | | Al |
-18 -16 -14 -12 -10 -8 -5 -4 -3 -2 -1 0 1 3 4

Figure: Close-up of the charge densities. N=1600 vs 10000

H. Wang, H.Z. Tang, JCP, 222(2007)
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4. Moving mesh method

The time evolution of the charge density

10.

Charge densities. u

Figure:

H. Wang, H.Z. Tang, JCP, 222(2007)
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5. Numerical experiments

Test1: left& = S o e —
right two- U AU i ot s At s i .
humped solitons;
Interact with the | |
one-humped

|

Collapsing ~
phenomenon ,_

— 119

98

94

86

82

78

74

67
6 —

4 M

-40 -30 =20 30 40

S.H. Shao & H.Z. Tang, Phys. Lett. A, 345(2005), 119. A=A =0LA, =0C

60

; : 0
! |
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Test 2: two,,

one-
humped
solitons at

rest interact| |

each other

|

oscillating
state with
a long
lifetime

25 e

1.5

S
=30

-2p %

p_(0,1)
I:2I T

The tlme evolutlorfof the charge den5|ty

26, .

2 e

Numerical experiments

794
775
72 198

15k

1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 0

1 1 1 1
500 600 700 800

Charge and enegy densities at x = 0 as a function of time.
S.H. Shao & H.Z. Tang, DCDS. B, 6(2006), 623.

Ar=A.=0.6
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5. Numerical experiments

Test 3: left & Pa “The time evolution of the charge den5|ty |
right one- ' | S A
humped

solitons interact ==+
with the two-
humped

|

A short-lived

140

bound state In 2er - —
i
the ternar = 7 ) i
TS y S sp ——V_—M/\\_//\\/\II I |I ll \/ W
collisions s J |/ ,f y
.|, Charge density atx=0as a functlon of time. |
t A=A, =09 A, =0.1

S.H. Shao & H.Z. Tang, Phys. Lett. A, 345(2005), 119.
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5. Numerical experiments

Test 4: Three ~ The time evolution of the charge dens
one-humped f}“ U -
solitons interact g 140
each other | |
! [
Along-lived ..o | “\ o
i o ) | .
bound state In . 5 5
the ternary B | -
collisions z /
oLy . " Charge den5|tv at X = 0 as.a functlon of tlmgoo

S.H. Shao & H.Z. Tang, Phys. Lett. A, 345(2005), 119. A=A, =A =05
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5\ Numerlcal experlments

Test 5:
Interaction of
two one-
humped
solitons with a=
phase shift  -{—

TEmHHERESBRORAANE

hEAHRMEHERSRERdWH

" - : R P A
] o ime ure evoiutio "Of t:_ € Cridlge ugrnsity!
T A=A, =05, yy=-0,=02, =0,

S.H. Shao & H.Z. Tang, CiCP., 3 (2008), 950.
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5. Numerical experiments

Test 5:
Interaction of
two one-
humped
solitons with a
phase shift

phase ptne method 180

their relative phase
may vary with
the Interaction

270

S.H. Shao & H.Z. Tang, CiCP., 3 (2008), 950.
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5. Numerical experiments
Test 6: Method Charge Energy Linear momentum tim{?
CN Conserved Conserved Not conserved Reversible
Compara LCNI1 Not conserved Not conserved Not conserved Not reversible
Of seve ral LCN2 Conserved Not conserved Not conserved Not reversible
SI Not conserved Not conserved Not conserved Reversible
methOdS HP Not conserved Not conserved Not conserved Reversible
LF Not conserved Not conserved Not conserved Reversible
WENO Not conserved Not conserved Not conserved Not reversible
DG Not conserved Not conserved Not conserved Not reversible
(ON) Conserved Not conserved Not conserved Reversible
Method linearized stability Truncation errer L~ error Scheme
CN Stable O(7% + h?) Linear increasing Implicit.nonlinear
LCN1  Conditional stable O(72 + h?) Linear increasing Implicit
LCN2 Stable O(72 + h?) Linear increasing Implicit
S Conditional stable O(72 + h?) Linear increasing Implicit
HP Conditional stable O(72 + h?) Linear increasing Explicit
LF Conditional stable O(72 + h?) Linear increasing Explicit
WENO  Conditional stable O(t* + h?) Linear increasing Explicit
DG Conditional stable O(* + h') Oscillating Explicit
0OS Conditional stable o) Linear increasing Explicit

] Zhao. S H Shao & HZ Tang JCP 245(2013) 131.
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5.

I
5=25/T4
s=0.2

Test 6:
Compara.

of several |
methods  ~ |
1"~ errors of

all schemes
increase almost -

linearly with
the time.

-0

|
1077 |
.I II
ok | 'TI |l
|
10
-1

j'l

Linearized CN1

J. Zhao, S.H. Shao & H.Z. Tang, JCP, 245(2013), 131.

Numerical experiments

bhSE
==t

Crank-Nicolson

I II| ll.'
ok -:. /
Ty
af i
wndl! |
107 M 4*\,’
!
-18

error history.

| |
|
A

[ /

u'A ."I:II:

Linearized CN2




Test 6:
Compara.
of several
methods

1 « errors of
all schemes

increase with
t too.

The smaller the
slope is, the
longer time the

scheme could
simulate to.

10° 0
——Y —
:
-2 J -2
10 —:a 10 .‘ f—
10 10 [
10~ ) 10
107 ‘ -'*]I' 107
."r
107" I},-'I w10
w 107
-u. Illll I.II . . . .
- Semi-implicit -
I'
1c"6fn[ fdm 10 Iea pfrOg
0™ 10”
1L - 07
10’ 10’
0.2
— [—d 10 —
o° ——s— 04 _
10"
0 The [ error history.
-
107
107
WENOS ol P4-DG
A ASASALY AALS VANLAY
[~ ./\‘_(\f YAy ;"-/\\i R . — ]
L /7 j\’r\/\{ ]
‘34“\»-'— f' —
I 107
1 1 1 1 1 1 1 1 1 1D-E 1 1 1
0 5 10 15 20 25 30 35 40 45 50 ) 10 15 20 25 a0 3 40 45
t p

J. Zhao. S.H. Shao & H.Z. Tang. JCP. 245(2013). 131.
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5. Numerical experiments

T 7. Real part of ¥
e St * e N | L= —error order | L' error order | IrL? error order
RKDG for 10 > 10 5.02e-03 — 1.48e-03 — 1.11e-03 —
(1+2)-d 4 20 = 20 2.15e-04 4.54 5.41e-05 4.T8 4. T2e-05 4.56
Dirac eq 40 > 40 T.820e-006 4.79 1.72e-06 4 98 1.56e-06 4.92
20 = B0 2.21e-07 5.14 5.36e-02 5.01 4. 90e-0= 4.99
real part of W real part of iy

X. Ji, S.H. Shao & H.Z. Tang, preprint, 2012.
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6. Conclusions

e For (1+1)-d NLD eq. with a general self-interaction, a linear

combination of the scalar, pseudoscalar, vector and axial vector self-
Interactions to the power of the integer k, its soliton solutions are
analytically derived, and the number of soliton humps in the charge and
energy densities Is proved in theory: the number of soliton humps in
charge (or energy / momentum) density Is not bigger than 4 (or 3).

Several numerical methods are discussed and compared. Interaction
dynamics for Dirac solitons is studied. Some new phenomena are
observed: (a) a new quasi-stable long-lived oscillating bound state from
binary collisions of a single-humped soliton & a two-humped soliton; (b)
collapse in binary & ternary collisions; (c) strongly inelastic interaction
In ternary collisions; and (d) bound states with a short or long lifetime
from ternary collisions. Phase plane method reveals that the relative
phase of those waves may vary with the interaction.
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In 2004 readers of (Physics World ) voted for their

favourite equation “The greatest equations ” :

No.1 The Maxwell's Eqs.
oD

JB
VxE=—-—— 5

No.4 Pythagorean Theorem

.fyHﬁzﬁ

No.7 No.8 The de Broglie
1+1=2 Relations
p=hk

F = hw

No.3 Newton's 2nd

No.2 Euler's Identity Law of Motion

i
"1 1=20 F =ma
No.5 Mass—energy No.6 The Schrodinger Eq.
Equivalence d .
h—W(r, t) = H¥(r, ¢
Ey = me’ "ot (r; ¢) (x, 1)

No.10 The Length of the
Circumference of a Circle

f&) = [ f@) e a

No.9 The Fourier Transform

c = 27r
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