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Abstract 

We use a mathematical model of one-dimensional blood flow in a network of blood vessels for in 

silico evaluation of haemodynamic significance of stenoses during the multivessel coronary 

disease. We address two cases: (1) two stenosed vessels with different diameters and with the same 

degree of occlusion, (2) two serial stenoses in the same vessel. We show that two criteria for the 

evaluation of haemodynamic significance, the degree of the stenosis and the fractional flow 

reserve (FFR), may give contradictory indications for a surgical intervention. We also show that 

FFR computation originally proposed for a single stenosis should be modified in the case of 

multivessel stenotic disease.   
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1. Introduction 

The coronary heart disease is the main cause of death of working age patients in Russia. 

Contemporary treatment of the disease requires a detailed assessment of coronary blood flow. The 

fractional flow reserve (FFR) is the golden standard for decision-making in coronary 

revascularization since it is shown to be the independent prognosticator in patients with the 

coronary artery disease [4]. FFR is measured during the invasive coronary angiography. Multiple 

lesions in coronary vasculature fuzzify the FFR notion and thus complicate surgical 

decision-making in coronary revascularization. In silico evaluation of haemodynamic significance 

of stenoses can greatly facilitate angiosurgical decision-making and individualize the therapy. 

Standard coronary computed tomography (CT) data sets provide patient-specific haemodynamic 

simulation on the basis of physiological models, computational fluid dynamics and quantitative 

anatomic models. Computational patient-specific model of coronary haemodynamics helps to 

extend the FFR notion to the case of multiple occlusions and thus to facilitate angiosurgical 

decision-making.  

We have developed a mathematical model of blood flow in coronary vessels based on 
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patient-specific data [3,2,7]. Using this model we evaluated FFR in silico for two patients with 

multiple lesions of coronary vessels [3], and performed numerical study of FFR sensitivity to the 

stroke volume variability [3], to the heart rate variability and joint heart rate and stroke volume 

variability [7]. In this work we present the numerical study of FFR for the following cases: (1) two 

stenosed vessels with different diameters and with the same degree of stenosis, (2) two serial 

stenoses in the same vessel. These results clarify the role of FFR in the assessment of 

haemodynamic significance of the stenoses during the multivessel stenotic disease.  

2. Methods 

Mathematical model of the blood flow. We sketch briefly the mathematical model of 

one-dimensional (1D) blood flow in a network of blood vessels [6]. For a detailed description we 

refer to [3,6] and references therein. The flow in a single linear vessel or its segment is described 

by mass and momentum balance equations  

   0k k kS t S u x        (1) 

  2 2k k k fru t u p x f           (2) 

where k  is the index of the vessel, t  is the time, x  is the coordinate along the vessel,   is the 

blood density,  kS t x  is the vessel cross-section area, kp  is the blood pressure,  ku t x  is the 

linear velocity averaged over the cross-section, trf  is the friction force. Elastic properties of the 

vessel wall material are described by function  

    2
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where  kf S  is a monotone S-like function, kp  is the external pressure due to myocard 

contraction, m  is the density of the vessel’s wall material, kc  is the velocity of small 

disturbances propagation in the vessel wall. The values kc  are set according to [5].  

Boundary conditions. At the input to the arterial part of the network, the blood flow is given by 

the flux  

      0 0 inu t S t Q t     (4) 

where  inQ t  is the heart ejection profile. At the output from the venous part the pressure is set to 

8mmHg . At each nodal junction of M  vessels with indexes 1 2 Mk k k … k      we impose the 

mass conservation and the total pressure conservation in the form  
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The nodes of arterial-venous junctions are imitated by short rigid tubes with increased hydraulic 

resistance where the Poiseuille pressure drop condition is postulated:  



 1 2k node k k k k Mp p R S u k k k … k         (6) 

Here kR  is the hydraulic resistance of the tube, 1k    for incoming and 1k    for outgoing 

vessel, nodep  is the pressure in the node.  

Vascular network structure. The 1D structure (Fig.1(3)) of the coronary arteries network is 

taken from [3]. The structure was extracted and identified from patient-specific data. Fig.1 

represents the stages of data processing: (1) 3D segmentation, (2) centerlines extraction, (3) 

generation of a 3D graph with straight edges applicable for 1D haemodynamics simulations (see 

[2,7] for more details). The venous part is constructed on the basis of the same 1D structure by 

modification of functional parameters according to [3].   

  

Figure 1. Coronary arteries network reconstruction. (1) 3D segmentation of CT scans, (2) centerlines 

extraction, (3) 1D network (3D graph with straight edges), (4) scheme of two serial stenoses. 

FFR evaluation. FFR is measured during the maximum possible hyperemia caused by vasodilator 

administration. In the numerical model the hyperemia is simulated by a reduction of the peripheral 

resistance in coronary arterio-venous junctions. The values of kR  are set to 340kBa s cm   

(instead of the normal value 3200kBa s cm  ).  

In the case of single stenosis, FFR is defined conventionally as the ratio of the average pressure 

distal to the stenosis ( distP ) and the average aortic pressure ( aorP )  

 dist

aor

PFFR
P

  (7) 

measured during the maximum possible hyperemia [8].  

In the case of several serial stenoses, formula (7) may give deceiving results due to 

interaction between the stenoses. We adopt the definition of haemodynamic significance of every 

stenosis in the consecutive multivessel stenotic disease [1] to the case of the stenotic configuration 

shown in Fig. 1(4)  
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where a d m vP P P P    are average pressures at the appropriate locations. We compare pred

AFFR , 



pred

BFFR  with the straightforward usage of FFR  from (7) under different degrees of the stenoses 

 1 100stS

S
%   , where stS  denotes the minimal area of the lumen.  

3. Results 

In the first series of numerical experiments we compare FFR (7) in vessels with different 

diameters and with the same degree of the single stenosis  . The stenosis is located in the middle 

of the left anterior descending artery (LAD) (vessel 15 in Fig. 1(3)). We consider two values of the 

LAD diameter ( LADd ), 2mm  and 3mm . FFR is calculated for different degrees of the stenosis   

in the range from 50%  up to 99% . Computed FFR in Fig. 2 clearly shows that different LAD 

with the same degree of the stenosis may have different FFR values. This is the basis for 

sometimes contradictory indications to surgical intervention produced by values of   and FFR. 

Indeed, when the degree of the stenosis   is used for decision-making, the cases with 70%   

should undergo stenting procedure [4]. On the other hand, FFR-based decision-making appoints a 

surgical intervention in cases with 0 75FFR   , whereas decision in the group of patients with 

0 75 0 8FFR     is ambiguous. The surgery-indication boundaries are shown in Fig. 2 by the 

dashed horizontal and vertical lines. In particular, for LAD with 2LADd mm  surgical treatment 

is FFR-indicated or probably indicated ( 0 8FFR   ) even if the degree of the stenosis lies in the 

range 57 70% %   (curve 2 from a  to b ). On the contrary, for LAD with 3LADd mm  

surgical treatment is not FFR-indicated or probably not indicated ( 0 75FFR   ) even if the degree 

of the stenosis lies in the range 70 83% %   (curve 1 from b  to c ).  

  

Figure 2. Comparison of FFR (7) for single stenosis of the same degree   in LAD. Curve 1 corresponds to 

LAD with 3LADd mm , curve 2 corresponds to LAD with 2LADd mm . 

In the second series of numerical experiments we consider the case of two serial stenoses in 



LAD. Configuration and notation of the stenoses are shown in Fig. 1(4). The degree of the stenosis 

A is fixed ( 96A %  ) and the degree of the stenosis B ( B ) is varied from 50% up to 99%, 

2LADd mm . The values of AFFR  and BFFR  are calculated by (7), (8) and compared in Fig. 3.  

  

Figure 3. Comparison of FFR for two serial stenoses calculated by  (7) and (8) during B  variations. Left: 

FFR at stenosis A  during variation of B , curve 1 shows AFFR  for 0B %   (single stenosis A ), curve 

2 shows AFFR  (7), curve 3 shows AFFR  (8); Right: FFR at stenosis B  during variation of B ; curve 1 

shows BFFR  for 0A %   (single stenosis B ), curve 2 shows BFFR  (7), curve 3 shows BFFR  (8). 

Curves 1 and 3 in Fig. 3 demonstrate that FFR calculated by (8) for both stenoses is almost 

the same as FFR calculated by (7) during the absence of the other stenosis. This justifies, at least 

theoretically, the usability of (8) in endovascular monitoring of haemodynamic significance for 

each of multiple lesions of coronary vessels. On the other hand, the straightforward usage of (7) 

may give incorrect results (curves 2): (1) stenosis A  computed by (7) tends to be 

haemodynamically insignificant as B  increases whereas (2) stenosis B  computed by (7) is 

haemodynamically significant even for low values of B . The reason for (1) is as follows: the 

increase of B  causes the increase of hydraulic resistance of B  and the increase of mP ; 

therefore, the difference between aP  and mP  reduces. The reason for (2) is the impact of 

substantial pressure drop due to stenosis A  which is not taken into account in (7).  

4. Conclusions 

Based on the numerical haemodynamic model we showed that the degree of the stenosis   

is not the reliable criterion for evaluation of haemodynamic significance even of a single stenosis: 

it may result in substantial underestimation or overestimation of the specific case. FFR-based 

estimation is the more reliable measure of haemodynamic significance [4]. In the case of the 

multivessel coronary disease, FFR estimate provides the personalized tool for measuring 

haemodynamic significance of every stenosis. However, the method should be refined further to 

account stenoses localizations. 
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, 

%  

1  2   

51  0.85 0.95  

75  0.66 0.88  

91  0.27 0.58  

96  0.16 0.27  

99  0.09 0.10  

 

Table 1. Data for Fig. 2. 

 

B

, 

%  

1 2 3  

51  0.20  0.21  0.20  

75  0.20  0.22  0.20  

91  0.20  0.33  0.20  

96  0.20  0.59  0.20  

99  0.20  0.94  0.17  

 

Table 2. Data for Fig. 3, left. 

 

B

,%  

1  2  3   

51  0.89  0.20  0.95  

75  0.81  0.20  0.83  

91  0.46  0.18  0.44  

96  0.20  0.15  0.19  

99  0.10  0.10  0.10  

 

Table 3. Data for Fig. 3, right. 

 


