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Äàðâèí ïðåäïîëàãàë (íåïðàâèëüíî), ÷òî ïðè ãåíåòè÷åñêîé

ðåêîìáèíàöèè ïðèçíàêè (íàïðèìåð, ðîäèòåëåé) óñðåäíÿþòñÿ.

Òàêîé ïîäõîä ñâÿçàí ñ ôåäåðàòèâíûì îáó÷åíèåì.

Áóäåò ïðåäúÿâëåíî óðàâíåíèå äàðâèíîâñêîé ýâîëþöèè ñ ó÷åòîì

ãåíåòè÷åñêîé ðåêîìáèíàöèè óñðåäíåíèåì.



Òåîðèÿ îáó÷åíèÿ

Ïóñòü çàäàíà îáó÷àþùàÿ âûáîðêà {z l}, l = 1, . . . , L (íàáîð

èñïûòàíèé) è ôóíêöèÿ ïîòåðü L(z , x) ≥ 0 äëÿ èñïûòàíèÿ z è

ãèïîòåçû x (ïóñòü ïðîñòðàíñòâî ãèïîòåç åñòü Rd).

Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà åñòü çàäà÷à ìèíèìèçàöèè

ïî ãèïîòåçàì ñóììû ôóíêöèè ïîòåðü ïî âûáîðêå

f ({z}, x) = 1

L

L∑
l=1

L(z l , x) → min
x

. (1)



Ãðàäèåíòíûé ñïóñê � ÷èñëåííîå ðåøåíèå

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dx

dt
= −∇f (x),

òðàåêòîðèÿ èä¼ò â ëîêàëüíûé ìèíèìóì f .
Ïðè ÷èñëåííîé èòåðàöèè ñïóñêà âåêòîð x áóäåò èçìåíÿòüñÿ êàê

xk+1 = xk − αk∇f (xk).



Ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê

1) Äèíàìèêà Ëàíæåâåíà ñòîõàñòè÷åñêîãî ãðàäèåíòà

(stochastic gradient Langevin dynamics, SGLD)

xk+1 = xk + wk − αk∇f (xk),

wk � íåçàâèñèìûå ãàóññîâñêèå ñëó÷àéíûå âåêòîðà.

Ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå (ÑÄÓ)

dξi (t) =
√
2θdw i (t)− ∂f (ξ(t))

∂x i
dt, (2)

dw i (t) ñòîõàñòè÷åñêèé äèôôåðåíöèàë âèíåðîâñêîãî ïðîöåññà

dw i (t)dw j(t) = δijdt.

G. Parisi, Correlation functions and computer simulations, Nuclear

Physics B, 180(3), 378�384 (1981).

G. Parisi, Correlation functions and computer simulations II,

Nuclear Physics B, 205 (3), 337�344 (1982).



2) Mini-Batch stochastic gradient descent. Âñïîìíèì, ÷òî

ôóíêöèîíàë ýìïèðè÷åñêîãî ðèñêà åñòü ñóììà ïî âûáîðêå.

Äëÿ çàäà÷è ìèíèìèçàöèè (1) âûáåðåì ñëó÷àéíî ïîäìíîæåñòâî

I (mini-batch) âûáîðêè è ñîñòàâèì ñòîõàñòè÷åñêèé

�ïðîáàò÷åííûé� ãðàäèåíò, ãäå f i (x) = L(z i , x)

∇f (x , I) = 1

|I|
∑
i∈I

∇f i (x). (3)

Ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê åñòü ïðîöåäóðà ñ èòåðàöèåé

âèäà (ïîäìíîæåñòâî Ik âûáèðàåòñÿ ñëó÷àéíî íà êàæäîì øàãå)

xk+1 = xk − αk∇f (xk , Ik). (4)

Ñëó÷àéíûé âûáîð ïîäìíîæåñòâà Ik âíîñèò øóì â ïðîöåäóðó

îïòèìèçàöèè.

Robbins, H.; Monro, S. A Stochastic Approximation Method. The

Annals of Mathematical Statistics. 22 (3), 400 (1951).



Ôåäåðàòèâíîå îáó÷åíèå (Federated Learning)

Ðàññìîòðèì òåïåðü ïîïóëÿöèþ îáó÷àþùèõñÿ àãåíòîâ ñ

ïàðàìåòðàìè x i ; ñòàðòóþò îáó÷åíèå ñ îäíîãî çíà÷åíèÿ

ïàðàìåòðà x0; ñîâåðøàþò øàãè ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî

ñïóñêà âèäà

x ik+1 = x ik − αi
k∇f (x ik , z

i
k), i = 1, . . . ,m (5)

z ik åñòü âèäíàÿ i-ìó àãåíòó íà k-ì øàãå ÷àñòü âûáîðêè,

∇f (x ik , z
i
k) ñîîòâåòñòâóþùèé ñòîõàñòè÷åñêèé ãðàäèåíò âèäà (3).

Êîììóíèêàöèÿ:

Ðàç â K øàãîâ ÑÃÑ îáìåíèâàþòñÿ èíôîðìàöèåé: ïàðàìåòðû

êàæäîãî èç àãåíòîâ íà K -ì øàãå óñòàíàâëèâàþòñÿ êàê ñðåäíåå

x ′
i
K =

1

m

m∑
i=1

x iK . (6)

Ïîòîì ïðîöåäóðà ïîâòîðÿåòñÿ äî ñëåäóþùåé êîììóíèêàöèè.



Èñïîëüçóåòñÿ äëÿ ðàñïðåäåë¼ííîãî îáó÷åíèÿ â èíòåðíåòå �

èíôîðìàöèÿ î âûáîðêå ìîæåò õðàíèòüñÿ íà ðàçíûõ ñåðâåðàõ,

êîììóíèêàöèÿ åñòü îáìåí èíôîðìàöèåé î ïàðàìåòðàõ x iK .

J. Konecny, B. McMahan, D. Ramage, Federated optimization:

Distributed optimization beyond the datacenter, arXiv:1511.03575

(2015).

C. A. Uribe, S. Lee, A. Gasnikov, A. Nedic, Optimal Algorithms for

Distributed Optimization, arXiv:1712.00232 (2017).

Advances and Open Problems in Federated Learning, P. Kairouz, H.

B. McMahan et al., in: Foundations and Trends in Machine

Learning, 14 (1�2), (2021).

A Field Guide to Federated Optimization, J. Wang, Z. Charles et

al., arXiv:2107.06917 (2021).



Ïîïóëÿöèÿ àãåíòîâ åñòü àíàëîã ïîïóëÿöèè îñîáåé â áèîëîãèè,

êîììóíèêàöèÿ äëÿ ôåäåðàòèâíîãî îáó÷åíèÿ � àíàëîã

ãåíåòè÷åñêîé ðåêîìáèíàöèè â ïîïóëÿöèîííîé ãåíåòèêå.

Àëüòåðíàòèâíûå ïðîòîêîëû êîììóíèêàöèè: Äàðâèí

ïðåäïîëàãàë óñðåäíåíèå ïàðàìåòðîâ ïðè ðåêîìáèíàöèè, òî åñòü

ïîïàðíóþ êîììóíèêàöèþ ñî ñëó÷àéíûì âûáîðîì àãåíòîâ, è

ïðåîáðàçîâàíèå ïàðàìåòðîâ

z =
1

2
(x + y). (7)

Â ðåàëüíîñòè â ãåíåòèêå ðåêîìáèíàöèÿ èä¼ò äèñêðåòíî (çàêîíû

Ìåíäåëÿ).



Óðàâíåíèå äàðâèíîâñêîé ýâîëþöèè

Óðàâíåíèå Ôîêêåðà�Ïëàíêà äëÿ ñëó÷àéíîãî áëóæäàíèÿ SGLD

dξi (t) =
√
2θdw i (t)− ∂f (ξ(t))

∂x i
dt.

Óðàâíåíèå äèôôóçèè â ïîòåíöèàëå

∂u

∂t
= θ∆u +∇u · ∇f + u∆f , (8)

ãäå x ∈ Rd , u = u(x , t) åñòü ôóíêöèÿ ðàñïðåäåëåíèÿ, f = f (x)
åñòü ïîòåíöèàë, f ∈ C 2(Rd), θ > 0 åñòü òåìïåðàòóðà.

Ýêâèâàëåíòíî,

∂u

∂t
= θ div

[
e−βf grad

[
ueβf

]]
,

ãèááñîâñêîå ðàñïðåäåëåíèå e−βf , β = 1/θ ÿâëÿåòñÿ

ñòàöèîíàðíûì ðåøåíèåì óðàâíåíèÿ, è ðåøåíèå ñõîäèòñÿ ê

ãèááñîâñêîìó ðàñïðåäåëåíèþ (ïðè íåêîòîðûõ óñëîâèÿõ íà f ).



Äîáàâèì ÷ëåí, îòâå÷àþùèé ðåêîìáèíàöèè � ÷àñòèöû ñ

ïàðàìåòðàìè x è y çàìåíÿþòñÿ íà äâå ÷àñòèöû ñ ïàðàìåòðàìè

z = (x + y)/2.

2

∫
δ(x + y − 2z)u(x)u(y)dxdy −

∫
u(z)u(x)dx .

Óñëîâèå z = (x + y)/2 � ïðèçíàêè ïîòîìêîâ åñòü ñðåäíåå îò

ïðèçíàêîâ ïðåäêîâ (ïî Äàðâèíó).

Ïåðâûé ÷ëåí îïèñûâàåò âîçíèêíîâåíèå ÷àñòèöû ñ êîîðäèíàòîé

z = (x + y)/2 èç ÷àñòèö ñ êîîðäèíàòàìè x è y . Âòîðîé ÷ëåí

îïèñûâàåò èñ÷åçíîâåíèå ÷àñòèöû ñ êîîðäèíàòîé z çà ñ÷¼ò

ðåêîìáèíàöèè ñ äðóãèìè ÷àñòèöàìè. ×èñëî ÷àñòèö ñîõðàíÿåòñÿ

(èíòåãðàë îò ÷ëåíà ïî z ðàâåí íóëþ).



Ïîëó÷àåì óðàâíåíèå, êîòîðîå áóäåò îïèñûâàòü ôåäåðàòèâíîå

îáó÷åíèå ñ êîììóíèêàöèåé (7) è äàðâèíîâñêóþ ýâîëþöèþ, åñëè

å¼ ïîíèìàòü áóêâàëüíî ïî Äàðâèíó (ïðè ðåêîìáèíàöèè

ïðèçíàêè ïîòîìêîâ åñòü ñðåäíåå ïðèçíàêîâ ïðåäêîâ).

∂u(z)

∂t
= θ∆u +∇u · ∇f + u∆f+ (9)

+η

[
2

∫
δ(x + y − 2z)u(x)u(y)dxdy −

∫
u(z)u(x)dx

]
.

Çäåñü η åñòü ñêîðîñòü ðåêîìáèíàöèè.

Âòîðîé ÷ëåí ìîæíî ïåðåïèñàòü êàê∫
u(x)(2u(2z − x)− u(z))dx .

Äàðâèíîâñêàÿ äàðâèíîâñêàÿ ýâîëþöèÿ (íå òîëüêî ìóòàöèè ñ

îòáîðîì, íî è ðåêîìáèíàöèÿ ïî Äàðâèíó).

Êîøìàð Äæåíêèíà (swamping argument) � îòëè÷àþùèåñÿ

ïðèçíàêè áóäóò óñðåäíÿòüñÿ, ïîïóëÿöèÿ áóäåò ñòðåìèòüñÿ ê

óçêîìó ðàñïðåäåëåíèþ.


