
Îá óðàâíåíèè äëÿ âèõðÿ ïðè òå÷åíèè âÿçêîé

æèäêîñòè â èñêðèâëåííîì êàíàëå

Ñ. À. Âàñþòêèí, À. Ï. ×óïàõèí

Èíñòèòóò ãèäðîäèíàìèêè èì. Ëàâðåíòüåâà ÑÎ ÐÀÍ, ÍÃÓ

1 / 16



Îðòîãîíàëüíàÿ êðèâîëèíåéíàÿ ñèñòåìà êîîðäèíàò
[Milne− Thomson L. N.]

C � êàcàòåëüíûé âåêòîð t, ýëåìåíò äóãè ds, êðèâèçíà κs
N � êàcàòåëüíûé âåêòîð n, ýëåìåíò äóãè dn, êðèâèçíà κn

κs =
∂θ

∂s
, κn =

∂θ

∂n
,

Áàçèñ Ôðåíå - Ñåððå:

∂t

∂s
= κsn,

∂n

∂n
= −κnt,

∂t

∂n
= κnn,

∂n

∂s
= −κst.

▶ Åñòåñòâ. êîîðä. ïðèìåíÿþòñÿ ïðè àíàëèçå äâèæóùèõñÿ êðèâûõ

[Dall′Acqua A. (2014), Lin C. C. (2012), P. I. P lotnikov (2023)]
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Óðàâíåíèÿ Íàâüå - Ñòîêñà
[Milne− Thomson L. N.]

óñòàíîâèâøåãîñÿ òå÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè:

⟨q⃗,∇⟩q⃗ + 1

ρ
∇p = ν∆q⃗, ⟨∇, q⃗⟩ = 0,

ρ = const � ïëîòíîñòü æèä., ν = const � êèíåìàò. âÿçêîñòü.

Âåêòîð ñêîðîñòè:

q⃗ = qst+ qnn.

Äèôôåðåíöèàëüíûå îïåðàòîðû:

∇ = t
∂

∂s
+ n

∂

∂n
, ⟨q⃗,∇⟩ = qs

∂

∂s
+ qn

∂

∂n
.

Âåêòîð âèõðÿ: ω⃗ = ∇× q⃗
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Óðàâíåíèÿ Íàâüå - Ñòîêñà
[Milne− Thomson L. N.]

Åñëè ëèíèÿ C � ýòî ëèíèÿ òîêà, òî q⃗ = qt. Òîãäà

Òåîðåìà (1)

Óðàâíåíèÿ Íàâüå � Ñòîêñà â êîîðäèíàòàõ C,N èìåþò âèä

q
∂q

∂s
+

1

ρ

∂p

∂s
= ν

[
∂2q

∂s2
+

∂2q

∂n2
− κs

∂q

∂n
+ κn

∂q

∂s
− q(κ2s + κ2n)

]
,

q2κs +
1

ρ

∂p

∂n
= ν

[
2κs

∂q

∂s
+ 2κn

∂q

∂n
+ q

(
∂κs
∂s

+
∂κn
∂n

)]
,

∂q

∂s
+ κnq = 0.

Âåêòîð âèõðÿ: ω⃗ = ∇× q⃗ =
(
qκs − ∂q

∂n

)
t× n

ω =

(
qκs −

∂q

∂n

)
Âåçäå äàëåå êðèâèçíû κs, κn çàäàííûå ãëàäêèå ôóíêöèè. 4 / 16



Òåîðåìà (1)

Óðàâíåíèÿ Íàâüå � Ñòîêñà â êîîðäèíàòàõ C,N èìåþò âèä

q
∂q

∂s
+

1

ρ

∂p

∂s
= ν

[
∂2q

∂s2
+

∂2q

∂n2
− κs

∂q

∂n
+ κn

∂q

∂s
− q(κ2s + κ2n)

]
,

q2κs +
1

ρ

∂p

∂n
= ν

[
2κs

∂q

∂s
+ 2κn

∂q

∂n
+ q

(
∂κs
∂s

+
∂κn
∂n

)]
,

∂q

∂s
+ κnq = 0.

Ñèñòåìà 3-õ óðàâíåíèé Íàâüå - Ñòîêñà äëÿ 2-õ ôóíêöèé p è q ÿâëÿåòñÿ

ïåðåîïðåäåëåííîé, òàê êàê óðàâíåíèé áîëüøå, ÷åì èñêîìûõ ôóíêöèé.

ω =

(
qκs −

∂q

∂n

)
Äîïîëíÿÿ óðàâíåíèÿ Íàâüå - Ñòîêñà âûðàæåíèåì äëÿ âèõðÿ ïîëó÷àåì

ïåðåîïðåäåëåííóþ ñèñòåìó 4-õ óðàâíåíèé äëÿ 3-õ ôóíêöèé p, q è ω.

Cèñòåìà ^ ïîðîæäàåò óñëîâèÿ ñîâìåñòíîñòè.

[Pommaret, J. F.] 5 / 16



Òåîðåìà (1)

Óðàâíåíèÿ Íàâüå � Ñòîêñà â êîîðäèíàòàõ C,N èìåþò âèä

q
∂q

∂s
+

1

ρ

∂p

∂s
= ν

[
∂2q

∂s2
+

∂2q

∂n2
− κs

∂q

∂n
+ κn

∂q

∂s
− q(κ2

s + κ2
n)

]
,

q2κs +
1

ρ

∂p

∂n
= ν

[
2κs

∂q

∂s
+ 2κn

∂q

∂n
+ q

(
∂κs

∂s
+

∂κn

∂n

)]
,

∂q

∂s
+ κnq = 0.

ω =

(
qκs −

∂q

∂n

)
Cèñòåìà ^ ïîðîæäàåò óñëîâèÿ ñîâìåñòíîñòè.

[Pommaret, J. F.]

Íàøà öåëü � âûïèñûâàíèå ýòèõ óñëîâèé ñîâìåñòíîñòè, ò.å. ïðèâåäåíèå

ñèñòåìû ^ â èíâîëþöèþ.

Óñëîâèÿ ñ-òè äëÿ NS â äåêàðò. ñèñò. êîîðäèíàò � óðàâíåíèÿ äëÿ âèõðÿ.

Òå÷åíèå â áîëåå ñëîæíîé ãåîìåòðè÷åñêîé êîíôèãóðàöèè ïîðîæäàåò è

áîëåå ñëîæíûå óñëîâèÿ ñîâìåñòíîñòè, ÿâëÿþùèåñÿ

òàêæå óðàâíåíèÿìè äëÿ âèõðÿ â ýòîì ñëó÷àå. 6 / 16



Óñëîâèÿ ñîâìåñòíîñòè
Ïåðâûé ýòàï: Ñêîðîñòü

Èç óðàâíåíèÿ íåðàçðûâíîñòè è ïðåäñòàâëåíèÿ äëÿ âèõðÿ :

∂q

∂s
= −κnq,

∂q

∂n
= κsq − ω.

Ëåììà (1)

Óñëîâèå ñîâìåñòíîñòè ïåðåîïðåäåë¼ííîé ñèñòåìû ↖:

q

(
∂κs
∂s

+
∂κn
∂n

)
=

∂ω

∂s
+ κnω
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Óñëîâèÿ ñîâìåñòíîñòè
Ïåðâûé ýòàï: Ñêîðîñòü

Ëåììà (1)

Óñëîâèå ñîâìåñòíîñòè ïåðåîïðåäåë¼ííîé ñèñòåìû NS:

q

(
∂κs
∂s

+
∂κn
∂n

)
=

∂ω

∂s
+ κnω

Ïðè óñëîâèè

∂κs
∂s

+
∂κn
∂n

=
∂2θ

∂s2
+

∂2θ

∂n2
= ∆θ ̸= 0

Âûðàæåíèå ñêîðîñòè q òîëüêî ÷åðåç âèõðü ω:

q =
1

∆θ

(
∂ω

∂s
+

∂θ

∂n
ω

)
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Óñëîâèÿ ñîâìåñòíîñòè
Óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ

Èç ïðåäñòàâëåíèÿ ïðîèçâîäíûõ ñêîðîñòè è âòîðîãî

óðàâíåíèÿ èìïóëüñîâ èìååì:

κsq
2 − ν

(
∂κs
∂s

+
∂κn
∂n

)
q + 2νκnω +

1

ρ

∂p

∂n
= 0.

Èç ↗ ïðè óñëîâèè κs ̸= 0 ñëåäóåò

Lemma (∗)
Ðåøåíèå óðàâíåíèé NS ñóùåñòâóåò ïðè óñëîâèè

(ν∆θ)2 − 4
∂θ

∂s

(
2ν

∂θ

∂n
ω +

1

ρ

∂p

∂n

)
≥ 0.
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Óñëîâèÿ ñîâìåñòíîñòè
Âòîðîé ýòàï: Äàâëåíèå

Èç óðàâíåíèé ñîõðàíåíèÿ èìïóëüñà:

1

ρ

∂p

∂s
= κnq

2 − ν

[
∂ω

∂n
+ (κ2s + κ2n)q

]
,

1

ρ

∂p

∂n
= −κsq

2 + ν

[(
∂κs
∂s

+
∂κn
∂n

)
q − 2κnω

]
.

Ëåììà (2)

Óñëîâèå ñîâìåñòíîñòè ïåðåîïðåäåë¼ííîé ñèñòåìû ↑:

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+ κn

∂ω

∂s
− ω(κ2s + κ2n)−

∂κn
∂s

ω

]
+

+ q

[
νκs(κ

2
s + κ2n) + 2ν

(
κs

∂κs
∂n

+ κn
∂κn
∂n

)
+ κnω − ∂ω

∂s

]
= 0,
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Óñëîâèÿ ñîâìåñòíîñòè
Âòîðîé ýòàï: Äàâëåíèå

Ëåììà (2)

Óñëîâèå ñîâìåñòíîñòè ïåðåîïðåäåë¼ííîé ñèñòåìû NS:

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+ κn

∂ω

∂s
− ω(κ2s + κ2n)−

∂κn
∂s

ω

]
+

+ q

[
νκs(κ

2
s + κ2n) + 2ν

(
κs

∂κs
∂n

+ κn
∂κn
∂n

)
+ κnω − ∂ω

∂s

]
= 0

Ïðè óñëîâèè ∆θ ̸= 0 :

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+

∂θ

∂n

∂ω

∂s
− ω

(
|∇θ|2 + ∂2θ

∂n∂s

)]
+

+
1

∆θ

(
∂ω

∂s
+

∂θ

∂n
ω

)[
ν
∂θ

∂s
|∇θ|2 + ν

∂

∂n
|∇θ|2 + ∂θ

∂n
ω − ∂ω

∂s

]
= 0

Óðàâíåíèå äëÿ âèõðÿ ω íå âêëþ÷àþùåå ñêîðîñòü q.
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Óðàâíåíèå äëÿ âèõðÿ

⟨q⃗,∇⟩ω⃗ − ⟨ω⃗,∇⟩q⃗ = ν∆ω⃗

Ïðè óñëîâèè ∆θ ̸= 0 :

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+

∂θ

∂n

∂ω

∂s
− ω

(
|∇θ|2 + ∂2θ

∂n∂s

)]
+

+
1

∆θ

(
∂ω

∂s
+

∂θ

∂n
ω

)[
ν
∂θ

∂s
|∇θ|2 + ν

∂

∂n
|∇θ|2 + ∂θ

∂n
ω − ∂ω

∂s

]
= 0

Óðàâíåíèå äëÿ âèõðÿ ω íå âêëþ÷àþùåå ñêîðîñòü q.
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Óñëîâèÿ ñîâìåñòíîñòè

Òåîðåìà (2)

Óñëîâèÿìè ñîâìåñòíîñòè äâóìåðíûõ ñòàöèîíàðíûõ

óðàâíåíèé Íàâüå � Ñòîêñà â åñòåñòâåííûõ êîîðäèíàòàõ, â

êîòîðûõ ëèíèè òîêà ñîâïàäàþò ñ îäíîé èç êîîðäèíàòíûõ

ëèíèé, ÿâëÿþòñÿ óðàâíåíèÿ:

q

(
∂κs
∂s

+
∂κn
∂n

)
=

∂ω

∂s
+ κnω,

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+ κn

∂ω

∂s
− ω(κ2s + κ2n)−

∂κn
∂s

ω

]
+

+ q

[
νκs(κ

2
s + κ2n) + 2ν

(
κs

∂κs
∂n

+ κn
∂κn
∂n

)
+ κnω − ∂ω

∂s

]
= 0.

Óðàâíåíèÿ ↑ ÿâëÿþòñÿ óðàâíåíèÿìè äëÿ âèõðÿ â óêàçàííûõ

êîîðäèíàòàõ.
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Ïðè óñëîâèè ∆θ ̸= 0

Ðåøàåì íåëèíåéíîå äèôô. óðàâíåíèå è íàõîäèì âèõðü ω :

ν

[
∂2ω

∂s2
+

∂2ω

∂n2
+

∂θ

∂n

∂ω

∂s
− ω

(
|∇θ|2 + ∂2θ

∂n∂s

)]
+

+
1

∆θ

(
∂ω

∂s
+

∂θ

∂n
ω

)[
ν
∂θ

∂s
|∇θ|2 + ν

∂

∂n
|∇θ|2 + ∂θ

∂n
ω − ∂ω

∂s

]
= 0

Íàõîäèì ñêîðîñòü:

q =
1

∆θ

(
∂ω

∂s
+

∂θ

∂n
ω

)
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Òî÷íîå ðåøåíèå óðàâíåíèé Íàâüå - Ñòîêñà

Ïóñòü

θ = θ(s) è q = q(s)

Òîãäà

q = const è ω = qκs

Èç 2-ãî óñë. ñîâ-òè

κ′′
s − q

ν
κs = 0

⇓

κs = C1
ν

q
exp

( q

ν
s
)
+C2

Ëèíèè òîêà (òðàåêòîðèè) æèäêîé ÷àñòèöû

q = const, ω = q

(
C1

ν

q
exp

( q

ν
s
)
+ C2

)
,
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