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Bupg, paccMaTpuBaeMbix Mogenen

PaccmaTpuBaemblie mogenu (cuctemsl OLY n [1Y3A) umeloT cnenytowmin Bua.:

d
£y(t,p) = f(y(t,p),y(t — 7.p),p) = f(y,y-,p), t€(0,T)
y(tap) = h07 te [_Ta 0)7 y(oap) = Yo,
raey = [yt,...,yM] € RM — pewenune mogenm Ha untepsane (0, T),
p=I[p1,...,pL_1,7) € RF — BekTOp NapameTpoB Mogeu,

BKJIHOYAOLLMIM OAHY 3a4epXKKy T > 0,
ho W Yo — NOCTOAHHAsA GYHKLMSA NPEAbICTOPUMN M HaYya/IbHOE 3HAYEHME,



UaeHTUPMKauusa napamMeTpoB Mogenemn

Given a set of experimental data {y;i} for model variables i = 1, ..., M at time points

t; € (0,7),5=1,...,N,one can formulate an inverse problem to estimate the model
parameters. This typically involves minimization in the parameter space of some objective
function ®(p) which measures the discrepancy between the experimental data and the
model solution. A classical example of the objective function is the one used in the
ordinary least squares (OLS) method:

Pors(p) = Pors(p, ) ZH:U §0) = 9517



MeToa MakcuManbHoro I'IpaB,qOI'IO,D,OGMﬂ

The OLS estimates and MLE are equivalent under the following assumptions:

(a1) the errors between the true model solution and experimental data are independent at
successive time points ¢;,

(a2) the errors in the components of §; are independent,

(a3) the errors have the Gaussian distribution with the constant variance o2:
9; ~ N(y(t;,p),XZ;), where ¥, = diag{o,...,0}.

Under assumptions (a1-a3), the likelihood function is defined as

N
. 1 _ 1 oV 112
L(p) = L(ylp) = I I exp 207 [ly(t;,p)—3;l (1)

V2o

j=1



MeToa MakcuManbHoro I'IpaB,qOI'IO,D,OGMﬂ

The logarithm of likelihood function (log-likelihood function) is linked with the objective
function in the following way:

1 1 1
log L(p) = —=nNops 10g(27) — =ngps log(c?) — = ®oLs(p), (2)
2 2 20
where n.p, is the total number of experimental data points
(nops = M N for complete data sets).

The variance o2 can be estimated using the maximum likelihood method as well. The

estimate is given by
. 1 .
52 = —Pors(p),

obs

where p = argmin, ®os(p) is the vector of identified parameters. We will use this
estimate in the likelihood function (1), which gives the following number of degrees of
freedom: ngr = L + 1.



MH$opMaLMOHHO-TeOpeTUYeCKue KpUTepumn CpaBHEHUs Mogenen

PaccTosHne Kynnbbaka-Jlenbnepa ot pacnpegenexHus (Q Ao pacnpegeneHms P:
“+o0o
p(z)
D PQ:/ pxlog()dm
Ku(PIQ) = [ pw)tog (105
NHpopMaumoHHo-TeopeTudeckme kputepum (AIC, BIC):
parc(My) = —2log Ly, (§|Pk) + 2n4p, »
zndfk (ndfk + 1)
Nobs — Nafy, — 1’
paro(My) = —2log L, (9|pr) + nag, 108(1obs)-

/“LCAIC(M]C) = _QIOgLMk (Q'ﬁk) + anfk +

AIC n BIC cocToaT 13 cteneHun cornacus MOAeNu € AaHHbIMU U LWITpada Ha C/IOXKHOCTb
MOoZe/1, MPOMNOPLMOHAJIbHOrO Pa3MepPHOCTM 3a4a4M.



KpuTtepuit MUHMMaNbHOM A/IMHbI ONUCAHUSA

KpuTtepuin MUHUManbHOM AJIMHBI ONMUCAHMUS OCHOBbLIBAETCS Ha MOHATUAX
MHGOPMALIMOHHOM C/TIOXKHOCTU U CTPYKTYPHbIX PYHKLUMSAX No KosiMoroposy.

B HaweM cnyyae, ANMHY onucaHus [, Mmoaenun M MOXKHO onpeaesivTb Yepes
HOPMa/IM30BaHHYIO GYHKLMIO MaKCMMasibHOro npasgononobus (NML):

Iy = —logpNarr (9| My) = —log L, (91pk(9)) + 1Og/9 L, (91pk(9))dy

NML-dpyHKLUUIO MOXKHO MOHMMaTL KaK HablogaeMoe cornacue moaenu (c
3KCNEPUMEHTA/IbHBIMU AAHHBLIMMU {J) HOPMMPOBaHHOE Ha 06LLee corslacue A5 BCex
BO3MOXKHbIX PeasiM3aLmaxX C/IyHaHOM BEJIMUUHBI §j € §) BEKTOPA COCTOSIHUIA MOAENN.



Kputepuit MUHMManbHOM A4/IMHBI ONUCAHUS
(annpokcumauus Ha ocHoBe MHpopmauumn Guwepa)

Annpokcumauus MDL yepes nHbopmMaumoHHyo MaTpuuy Ouilepa:

O

Nobs
2b + log (/ vdet Ing, (Pk)dpk> ,
T e)

roe Iy, (p) — maTpuua Ouwiepa mogenun My, ¢ napaMeTpamu py,
© — rnepky6, 3agatoWmin AMana3oHbl 4ONYCTUMbIX 3HAYEHUI NapaMeTPOB ModEeNEN.

o 1
prra(My) = —log Ly, (9|pr) + o log

JlononHnTeNbHOE c/laraeMoe y4ymTbiBaeT FreOMEeTPUYECKYHO C/TIOXHOCTb MOAESN.



NHdopmaumoHHaa MaTtpuua Puwepa

Fisher information, which needs to be computed to determine pg; 4, is defined as the
variance of the sensitivity to the log-likelihood function with respect to parameters, also
called score. As the expected value of the score is zero, Fisher information matrix

I(p) € RL*L is given by:

I(p) = Ey~y ((;plegL(ylp)>2> = /Q ((ijlogL(ﬁlp)fL(ﬂp)dﬂ, (3)

where (r)? is understood as x - 2. Fisher matrix can be expressed, under certain regularity
conditions, as the expectation of the Hessian of negative log-likelihood or objective
function. For the given observation data g, it is called the observed Fisher matrix,

- 0? 5 1 02 ~
Lops(p) = Lops(p, ) = T o log L(7|p) = @TPQ‘POLS(% j) € REXE, (4)
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BbluncneHue matpuubl Puiepa

The score, i.e., the sensitivity to the log-likelihood, is given by sensitivities S(¢;) of the
model solution at time points ¢; as

N
9(9,p) = (a logL(ylp)) - % >SN () — d5),

Op o2
h
here S(f) _ ay(tj’p) _ [Sl(t) Sl\l(t')]T c RMX*L
i) = 78]) = )y j .
d of of of
fo0 = Yo 2] ov [
- [gyf] 0.yt =),

where, for the equation on the sensitivity to the delay 7, S;.(t) = S, (¢) we need to
compute the term y/(¢ — 7) in (6), which is nonzero for ¢t > 7 and can be computed as

y/(t—T):f(y(t—T),y(t—QT),p), t>T.
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BbluncneHue FeOMeTpM‘IeCKOﬁ CNOXXHOCTU MoAae/n

To compute Fisher information I(p), we need to estimate the expectation of

g(7,p) - (7, p)T over the state space (3). We use the properties of the expectation: by
sampling the random numbers y;, distributed as 7(y) = L(y|p) (for fixed p), the expectation
can be approximated as the mean value of observable matrices at sampling points:

Zg v p) - 9y, p) "

For a deterministic estimator, we use the inverse transform sampling with Sobol
quasi-random low-discrepancy sequences We generate Sobol sequences {s;}7, {z1}1,
sk € [0, 1]"ovbs, zi € [0, 1]”55, where nY, - and n, = are the number of observation points for
variables V' and E. The sample points y; = [V}, Ex]T are obtained through the quantile
functions of the independent Gaussian distributions associated with state vector
components: Vi, = Fy, ' (sx), Ex, = Fi* (2x)-
To compute the geometrical complexity term in (9), we need to take the integral of

det I(p) over the parameter space p € ©. Note that the parameter space O is a part of
model definition, and can be different for each model.
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[aHHble AMHAMUKUX SKCNepUMEeHTaNbHOM BUPYCHOM MHpeKuumn (BJTXM)
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KoHkypupyiouwme moaenu auHaMuku uieekumm BIXM

® Model 3 (M3):
M- + accounting for CTL division delay:

® Model 1 (M;): Basic predator-prey model
with logistic virus growth term:
V(t)

Gve=sve (1-52) - v,

%E(t) =0 V()E(t) — anE(t).

o Model 2 (Mo):
M, + saturation of CTL proliferation rate:
%V(t) = BV (t) (1 - %) -V E®),

Initial conditions:

d
dt
d
dt

E(t) = bs

V(t)

v = v (1- G

) CAVE®),

W —apE(t).

Osat + V(t)

o Model 4 (My):
M3 + accounting for CTL homeostasis:

L)
dt
d

—F
dt

V(0) = 200 virions, E(0) = 265 cells,
V (t) = 0 virions, E(t) = 265 cells, ¢

vy = v (1- 52

(t) = by

V()

Vit—1)E(t -

GSat + V(t)

<0 (for Ms, My).

) CAVE®),

T) — OCEE(t) +T".



KoHkypupyioume moaenu auHaMuku uieekumm BIXM

(mnpeHTUdPUKauma napametpos MMMN)
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KoHkypupyioume moaenu auHaMuku uieekumm BIXM
(aonycTuMblie AManasoHbl 3HAYEHUI NapaMeTpPOoB)

Parameter meaning, units Range

B8 Virus exponential growth rate, day™* (3, 5)

K Cgrrynng capacity for the virus, (10°,10°)
virions/spleen

v Virus elimination rate, 1/virions/day ~ (107%,107%)

by CTL stimulation rate, 1/virions/day (1078,1079)

{b;}+_,  CTL stimulation rate, day~* (0.1,10)

T CTL division time, days (1073,0.1)
Viral load for half-maximal CTL

Osar stimulation, virions/spleen (0,10)

ap CTL death rate, day~* (0.001,0.5)

T Homeostatic influx of specific CTLs (0,50)

into spleen, cells/spleen/day




PaH)xupoBaHue Mogeneun Ha ocHoBe KputepueB Akanke u M10

Maximum likelihood estimates of model parameters and the goodness-of-fit and complexity measures of the cor-
responding models.

Parameters M, Mo Ms My

I 4.61 4.51 4.62 4.61

K 2.7 x 10° 4.69 x 10° 5.01 x 10° 4.98 x 10°
~ 1.39 x107°% 8.04x 107° 329 x 107 2.96 x 1074
b; 9022 x 1077 1.42 1.14 1.16

054t - 0(3.23x107'7%) 879 x107°% 4.59 x 1076
T - — 438 x 1072 4.15x 1072
aE 929 x 1072  2.01 x 1071 1.02x 1071 1.02x 107!
T* - - - 1.09
Indicators M, Mo, M3 My

dors 6.54 x 1072 8 x 10T 1.71 x 102 1.65 x 10™?
& 6.6 x 10° 2.3 x 10° 3.4 x 10° 3.3 x 10°
Nay 6 7 8 9

HeAIC 467 443 464 478

UFTA 247 — 252 270




3aknwuyeHue

e Kakoi 13 kputepues ncnonbsosatsb (AIC, BIC, MDL, FIA)?

® MHO)KeCTBEHHas KPOCC-Ba/IMAALMSA MO 3HAYEHMAM OLUMBKM Ha Ba/IMAALMOHHbIX
Bbl6opKax (060611aeMOCTb MOAENIN HA HOBbIE AAaHHbIE).

® YckopeHue Bbluucaednin MDL/FIA.
e Bariecosckuin nogxon: BMS + Jeffreys priors

uBMsmagz-—bg/wL@mwwumymm
e
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Cnacubo 3a BHuUMaHue!
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