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                         The Eigen’s Quasispecies Model 
 
                              Selection is introduced by the set of fitness landscape: 

𝐌𝐌 = 𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝 𝒎𝒎𝟏𝟏, … ,𝒎𝒎𝒍𝒍 , 
                              Mutation  is described by a stochastic matrix:  

𝐐𝐐 = 𝐪𝐪𝒊𝒊𝒊𝒊 𝒍𝒍×𝒍𝒍
, 

                                         𝒒𝒒𝒊𝒊𝒊𝒊 𝒊𝒊𝒊𝒊 probability of  transition 𝑗𝑗→𝑖𝑖: 
𝒒𝒒𝒊𝒊𝒊𝒊 = 𝒒𝒒𝑵𝑵−𝒅𝒅𝒊𝒊𝒊𝒊 𝟏𝟏 − 𝒒𝒒 𝒅𝒅𝒊𝒊𝒊𝒊 , 

 
                𝑞𝑞 – errorless replication rate per unit, 𝒅𝒅𝒊𝒊𝒊𝒊  − Hamming distance for 𝑖𝑖 and 𝑗𝑗. 
 

𝒑̇𝒑𝒋𝒋 =  �𝒒𝒒𝒋𝒋𝒋𝒋𝒎𝒎𝒊𝒊𝒑𝒑𝒊𝒊  −𝒎𝒎� 𝒕𝒕 𝒑𝒑𝒋𝒋,  𝒋𝒋 = 𝟏𝟏, … ,𝟐𝟐𝑵𝑵
𝒍𝒍

𝒊𝒊=𝟏𝟏

. 

𝒑̇𝒑 = 𝐐𝐐𝑴𝑴𝒑𝒑−𝒎𝒎� 𝒕𝒕 𝒑𝒑, 

𝒎𝒎� 𝒕𝒕 =  �𝒎𝒎𝒋𝒋𝒑𝒑𝒋𝒋 𝒕𝒕
𝒍𝒍

𝒋𝒋=𝟏𝟏

= 𝒎𝒎 ⋅ 𝒑𝒑 𝑡𝑡 . 
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                                The Crow-Kimura model 
 
• 𝑙𝑙 − Hamming distance to the reference sequence 𝑆𝑆0 = 0, … , 0  
• 𝑁𝑁 + 1 equations for Hamming classes  
• 𝑃𝑃𝑙𝑙 𝑡𝑡 − probabilities for Hamming classes 𝑙𝑙 

 
 

𝑑𝑑𝑃𝑃𝑙𝑙
𝑑𝑑𝑑𝑑

= 𝑃𝑃𝑙𝑙𝑁𝑁 𝑚𝑚𝑙𝑙  − 𝜇𝜇 + 𝜇𝜇 N − l + 1 P𝑙𝑙−1 + 𝜇𝜇 𝑙𝑙 + 1 𝑃𝑃𝑙𝑙+1 − 𝑃𝑃𝑙𝑙�𝑚𝑚𝑙𝑙𝑃𝑃𝑙𝑙
𝑙𝑙

, 

𝜇𝜇 − mutation rate, 𝑚𝑚𝑙𝑙  − fitness function for the symmetric fitness landscape and distance 𝑙𝑙. 
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Matrix form for the Crow-Kimura  
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𝒑̇𝒑 𝑡𝑡 = 𝑴𝑴 + 𝜇𝜇𝑸𝑸 𝒑𝒑 𝑡𝑡 − 𝑚𝑚� 𝑡𝑡 𝒑𝒑 𝑡𝑡 , 

𝑚𝑚� 𝑡𝑡 = 𝒎𝒎 ⋅ 𝒑𝒑 𝑡𝑡 =  �𝑚𝑚𝑖𝑖𝑝𝑝𝑖𝑖 𝑡𝑡
𝑁𝑁

𝑖𝑖=0

. 

 



 Open Quasispecies Model 
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Consider the mutation-selection process with explicit death rates under a different assumption: 
 

𝑸𝑸 = 𝒒𝒒𝒊𝒊𝒊𝒊 , 𝑴𝑴 = 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅(𝒎𝒎𝟏𝟏, … ,𝒎𝒎𝒏𝒏) 
 

                   
𝒅𝒅𝒅𝒅(𝒕𝒕)
𝒅𝒅𝒅𝒅

= F(S(t))𝑸𝑸𝒎𝒎𝒖𝒖(𝒕𝒕) −𝑫𝑫𝑫𝑫(𝒕𝒕),                𝑸𝑸𝒎𝒎 = 𝑸𝑸𝑸𝑸,        𝑺𝑺 𝒕𝒕 = ∑𝒖𝒖𝒊𝒊(𝒕𝒕) 
𝒖𝒖 𝟎𝟎 = 𝒖𝒖𝟎𝟎 > 𝟎𝟎 

   SF(S) is restricted  function and has only one maximum (S>0). Examples: F(S)= 𝒆𝒆𝒆𝒆𝒆𝒆 −𝜸𝜸𝜸𝜸  or F(S) =(K-S), K>0. 
  We introduce the new definition of fitness function for ∑ 𝒖𝒖𝒊𝒊 > 𝟎𝟎𝒏𝒏

𝒊𝒊=𝟏𝟏 : 
 

𝒇𝒇 𝒕𝒕 =
∑𝒖𝒖𝒊𝒊(𝒕𝒕)𝒎𝒎𝒊𝒊

∑𝒅𝒅𝒊𝒊𝒖𝒖𝒊𝒊(𝒕𝒕)
   

Ivan Yegorov, Artem Novozhilov, and Alexander Bratus. Open 
Quasispecies Models: Stability, Optimization, and Distributed 
Extension. 2021 Math. Analysis and Application. 



 Open Quasispecies Model: Properties  
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• There are exist a  unique smooth non-negative solution open quasispecies equations. 
                                      If 𝒅𝒅𝒊𝒊 > 𝒅𝒅 > 𝟎𝟎, then 𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟 𝑺𝑺 𝒕𝒕  is restricted.  
                               The steady-state is described by the following eigenvalue problem: 
 

𝑫𝑫−𝟏𝟏𝑸𝑸𝒎𝒎𝒖𝒖� = 𝐞𝐞𝐞𝐞𝐞𝐞 𝜸𝜸𝜸𝜸 𝒖𝒖� 𝒖𝒖� , 𝜸𝜸 > 𝟎𝟎 
                                             Were D being diagonal death rates matrix. 

 
• For irreducible matrices 𝑸𝑸𝒎𝒎, one can find the maximal of real eigenvalue 𝝀𝝀∗ and  

corresponding positive eigenvector: 𝒖𝒖∗ ≥ 𝟎𝟎  
•                                       𝑺𝑺 𝒖𝒖� = 𝜸𝜸−𝟏𝟏𝒍𝒍𝒍𝒍𝝀𝝀∗, 𝝀𝝀∗ = ∑ 𝒎𝒎𝒊𝒊𝒖𝒖�𝒊𝒊𝒏𝒏

𝒊𝒊=𝟏𝟏
∑ 𝒅𝒅𝒊𝒊𝒖𝒖�𝒊𝒊𝒏𝒏
𝒊𝒊=𝟏𝟏

  

                      The last expression is  mean steady state fitness value. 
                                                       𝒖𝒖�𝒊𝒊 = 𝐥𝐥𝐥𝐥𝐥𝐥

𝑻𝑻→∞
𝟏𝟏
𝑻𝑻 ∫ 𝒖𝒖 𝒕𝒕 𝒅𝒅𝒅𝒅𝑻𝑻

𝟎𝟎  



Proposed 
Postulate: 
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• The specific time of the evolutionary 

adaptation (evolutionary time) for 
fitness landscape and mutations matrix 
elements is much slower than time 
describing the active dynamics system 
up to stabilization in a steady-state. 

• Evolutionary changes happen  during in 
evolutionary time on restricted set of 
possible fitness landscape and  
mutation matrix elements.  

• Fisher’s fundamental theorem of 
natural selection is valid in evolutionary 
time scale. 
 
 



 Mathematical Justification  
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Problem Statement: Fitness Landscape and Mutation matrix changing in 
the scale on evolutionary time  
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             𝑴𝑴 𝝉𝝉 = 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝐦𝐦𝟏𝟏 𝝉𝝉 , …𝒎𝒎𝒏𝒏 𝝉𝝉 ,   𝒎𝒎𝒊𝒊 𝝉𝝉 ≥ 𝟎𝟎 
 
The total available resource of fitness landscape elements is restricted by value K. 
 
                           𝑴𝑴𝒌𝒌 𝝉𝝉 = ∑ 𝒎𝒎𝒊𝒊 𝝉𝝉𝒏𝒏

𝒊𝒊 =𝟏𝟏 ≤ 𝑲𝑲,∀𝝉𝝉 ≥ 𝟎𝟎 ,𝑲𝑲 > 𝟎𝟎 
 
The total available resource of mutation matrix satisfied the following restrictions:  

𝑹𝑹 𝝉𝝉 = 𝐐𝐐 𝝉𝝉 = 𝒒𝒒𝒊𝒊𝒊𝒊 𝒊𝒊,𝒋𝒋=𝟏𝟏
𝒏𝒏 :𝒒𝒒𝒊𝒊𝒊𝒊 ≥ 𝟎𝟎, 𝒊𝒊 ≠ 𝒋𝒋,𝒒𝒒𝒊𝒊𝒊𝒊 ≥ 𝒉𝒉 > 𝟎𝟎,�𝒒𝒒𝒊𝒊𝒊𝒊 = 𝟏𝟏

𝒏𝒏

𝒋𝒋=𝟏𝟏

 

 



 
   Reducing to Mathematical Programming Eigenvalue Problem.    
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                                                           Eigenvalue problem: 
 

𝑫𝑫−𝟏𝟏𝑸𝑸𝒎𝒎 𝝉𝝉  𝒖𝒖� 𝝉𝝉 = 𝝀𝝀 𝒖𝒖� 𝝉𝝉 , 
 
                                                           D is a death rate matrix 
 
                𝝀𝝀 𝝉𝝉 = 𝐞𝐞𝐞𝐞𝐞𝐞 𝜸𝜸𝜸𝜸 𝒖𝒖� 𝝉𝝉 = ∑𝒎𝒎𝒊𝒊 𝒖𝒖𝒊𝒊

∑𝒅𝒅𝒊𝒊𝒖𝒖𝒊𝒊
= (mean steady state fitness on evolutionary time) 

 
                                        Mathematical programming problem: 

𝝀𝝀 𝝉𝝉 → 𝒎𝒎𝒎𝒎𝒎𝒎   
𝑴𝑴 𝝉𝝉 ∈ 𝑴𝑴𝒌𝒌 𝝉𝝉 , 𝑸𝑸 𝝉𝝉 ∈ 𝑹𝑹 𝝉𝝉 ,∀𝝉𝝉 ≥ 𝟎𝟎 

 
 



 
                                         Theorem 
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         Let D = diag d1, … , dn , d > 0 be a fixed death rate matrix. 
 
            𝑀𝑀 𝜏𝜏 ∈ 𝑀𝑀𝑘𝑘 𝜏𝜏 , 𝑄𝑄 𝜏𝜏 ∈ 𝑅𝑅 𝜏𝜏 ,∀𝜏𝜏 ≥ 0  
 
are convex set of restriction on elements of landscape and mutation matrix.  
                                  
Then there exists a unique solution of mathematical programming extreme problem  
 

𝑈𝑈𝜏𝜏 = 𝑢𝑢� 𝜏𝜏 ∈ ℝ+
𝑛𝑛 , 𝑆𝑆 𝑢𝑢� 𝜏𝜏 ≤ 𝑆̂𝑆 = 𝛾𝛾−1 ln

𝐾𝐾
𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚

 

 



 
                             Numerical Maximization Method 
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                                  Fitness variation in evolutionary time. 
 
                                          𝜹𝜹𝒇𝒇� = 𝜹𝜹𝝀𝝀∗ = (𝐃𝐃−𝟏𝟏 𝜹𝜹𝑸𝑸𝒎𝒎 𝝉𝝉 𝒖𝒖� 𝝉𝝉 , 𝐯𝐯�(𝝉𝝉))  
 

𝑫𝑫−𝟏𝟏𝑸𝑸𝒕𝒕𝒎𝒎𝒗𝒗� = 𝐞𝐞𝐞𝐞𝐞𝐞 𝜸𝜸𝜸𝜸 𝒗𝒗 𝒗𝒗� , 𝜸𝜸 > 𝟎𝟎 
 
The maximization process takes the form of the multiple solutions of linear programming problem: 
 

𝜹𝜹𝒇𝒇� 𝝉𝝉 → 𝒎𝒎𝒎𝒎𝒎𝒎 

�𝜹𝜹𝒎𝒎𝒊𝒊 𝝉𝝉 = 𝟎𝟎, 
𝒏𝒏

𝒊𝒊=𝟏𝟏

�𝜹𝜹𝒒𝒒𝒊𝒊𝒊𝒊 𝝉𝝉 = 𝟎𝟎, 
𝒏𝒏

𝒋𝒋=𝟏𝟏

𝜹𝜹𝒒𝒒𝒊𝒊𝒊𝒊 ≥ 𝟎𝟎 

 
 



Example 1. 
 The result of the iteration algorithm of 
evolutionary process: numerical calculations in 
case, only the fitness landscape variations.  
Genome length  

𝒍𝒍 = 𝟏𝟏𝟏𝟏, 𝒒𝒒 = 𝟎𝟎.𝟔𝟔, 𝒑𝒑 = 𝟎𝟎.𝟗𝟗 

•                                   M=(1,0,…,0)  
• At the beginning, the first species m0 dominate, 

and its mortalities was a small. Increase mortality  
m0. 

• 𝑫𝑫 = diag(0.1, 0.001, 0.001, 0.00051, 0.001, 
0.00051, 0.00051,  0.00034, 0.001, 0.00051, 
0.00051,0.00034, 0.00051, 0.00034, 0.00034, 
0.00026) 
 

•  After the evolution -  third  type dominates :  m3=1  
• The mean fitness increase in ~3.4 times 
• The first species lost  priority due to its high death 

rate 
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                             Example 1 
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Example 2. 
 The result of the iteration algorithm of 
evolutionary process: fitness landscape and 
mutation matrix variations.  

𝒍𝒍 = 𝟏𝟏𝟔𝟔,𝒒𝒒 = 𝟎𝟎.𝟔𝟔,𝒑𝒑 =  𝟎𝟎.𝟗𝟗 
 
At the beginning of evolutionary adaptation 
first species  dominates and its mortalities   
was a small. 
      M=diag(0.0625, 0.0625, …,0.0625) 

𝑫𝑫 =  𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅(𝟎𝟎.𝟏𝟏,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎, 
 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,  
𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎, 

 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎,𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎). 
 
 After evolution dominate the last one: 
m16=1. Fitness increased by almost 1.6 
times. 
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                             Example 2 
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Example 2. The result of the iteration algorithm of evolutionary process: fitness 
matrix change 
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             Open Crow-Kimura system with competition 
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                             Example 3 
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                             Example 3 
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Conclusion  
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• Proposed evolutionary adaptation 
process of the fitness landscape and 
mutation matrix using the adopted 
hypothesis showed  change in the 
population structure based on birth-
death balance and competition 
interaction. 

• During evolutionary adaptation, the 
mean fitness considerably increase.  

• Replicator systems react on stress with 
population  diversification, providing 
variation landscapes and mutations 
together with the fitness growth.  
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Спасибо за внимание! 

 
Questions? 
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