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Ïîñòàíîâêà çàäà÷è

Ðèñ.: Ñõåìàòè÷íîå óïðîùåííîå ïðåäñòàâëåíèå ËÓ: âíåøíÿÿ

îáëàñòü ñ íèçêèì ãèäðàâëè÷åñêèì ñîïðîòèâëåíèåì è

âíóòðåííÿÿ îáëàñòü, â êîòîðîé ëèìôà âñàñûâàåòñÿ â êðîâü
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Ïîñòàíîâêà çàäà÷è

Ôèëüòðàöèÿ îïèñûâàåòñÿ çàêîíîì Äàðñè, âî âíóòðåíåé
îáëàñòè ïðîèñõîäèò àáñîðáöèÿ:

v(x) = −κi
µ
∇p(x) x ∈ Ωi , i = 1, 2.

∇ · v(x) = 0, x ∈ Ω1,

∇ · v(x) = −LbA(p(x)− pb + σ ·∆π), x ∈ Ω2;

Ïàðàìåòðû ìîäåëè: κi � êîýôôèöèåíò ãèäðàâëè÷åñêîé
ïðîâîäèìîñòè â îáëàñòè Ωi , i = 1, 2, µ � äèíàìè÷åñêàÿ
âÿçêîñòü ëèìôû, Lb � êîýôôèöèåíò âñàñûâàíèÿ â êðîâü,
A � ïëîùàäü ïîâåðõíîñòè êàïïèëÿðîâ, pb � äàâëåíèå â ÊÑ,
∆π ñðåäíÿÿ ðàçíîñòü îíêîòè÷åñêîãî äàâëåíèÿ â êðîâè è
ëèìôå, σ � êîýôôèöèåíò îíêîòè÷åñêîãî îòðàæåíèÿ.
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Âíåøíÿÿ ãðàíèöà ðàçäåëÿåòñÿ íà òðè ÷àñòè:
Σ1 = Σ0

⋃
Σq
⋃

Σp. Âíóòðåííÿ ãðàíèöà Σ2 îäíîðîäíà.
n(x) · v−(x)− ξ(x) = f0(x), x ∈ Σ1;

p−(x) = ψ(x), x ∈ Σp;

n(x) · (v+(x)− v−(x)) = 0, x ∈ Σ2;

p+(x)− p−(x) = 0, x ∈ Σ2.

Çäåñü f0(x) � èçâåñòíàÿ ñêîðîñòü òå÷åíèÿ ëèìôû,
f0(x) ≡ 0, x ̸∈ Σq. ψ(x) � èçâåñòíîå äàâëåíèå íà Σp,
ξ(x) � íåèçâåñòíàÿ ñêîðîñòè òå÷åíèÿ ÷åðåç Σp,
ξ(x) ≡ 0, x ̸∈ Σp.
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Ïîòåíöèàëû ïðîñòîãî è äâîéíîãî ñëîÿ ñ ÿäðîì

Ãåëüìãîëüöà

Wλ[Σ, h](x) =

∫
Σ

h(y)Fλ(x − y)dσy , F (r) =
e−λr

4πr
,

Uλ[Σ, g ](x) =

∫
Σ

g(y)
∂Fλ(x − y)

∂ny
dσy , x ∈ R3 \ Σ.
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Ñêîðîñòü è äàâëåíèå

Ïîëå ñêîðîñòåé è äàâëåíèé â îáëàñòÿõ Ω1, Ω2 èùþòñÿ â
ñëåäóþùåì âèäå:

v = ∇Wλi
[Σ1, h] +∇Uλi

[Σ2, g ] +∇Wλi
[Σ2, h],

p = −αi (Wλi
[Σ1, h] + Uλi

[Σ2, g ] +Wλi
[Σ2, h]) + χΩ2

pv .

Ïàðàìåòðû:

αi =
µ

κi
, L = LbA, pv = pb − σ ·∆π,

λ1 = 0 â Ω1 è λ2 =
√
Lα2 â Ω2, χΩ2

� èíäèêàòîð Ω2.
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Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé

h1

2
+n ·∇W0[Σ1, h] +n ·∇U0[Σ2, h] +n ·∇W0[Σ2, h]− ξ = f0

α1W0[Σ1, h]− α2Wλ[Σ1, h] + +α1U0[Σ2, h]− α2Uλ[Σ2, h]+

+
α1 + α2

2
g + α1W0[Σ2, h]− α2Wλ[Σ2, h] = −pv

n·(∇W0[Σ1, h]−∇Wλ[Σ1, h])+n·(∇U0[Σ2, h]−∇Uλ[Σ2, h])−
− h2 + n · (∇W0[Σ2, h]−∇Wλ[Σ2, h]) = 0
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Ðåçóëüòàòû

Ðèñ.: Ïîëå ñêîðîñòåé è äàâëåíèé â öåíòðàëüíîì ñå÷åíèè ËÓ
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Ýêñïåðèìåíòàëüíûå äàííûå

Q1 � ïîòîê ëèìôû ÷åðåç àôôåðåíòíîå (âõîäíîå)
îòâåðñòèå,

Q2 � ïîòîê ëèìôû ÷åðåç ýôôåðåíòíîå (âûõîäíîå)
îòâåðñòèå

pb � äàâëåíèå â ê.ñ.,

∆π � ðàçíîñòü îíêîòè÷åñêèõ äàâëåíèé â êðîâè è
ëèìôå,

P1 � äàâëåíèå â àôôåðåíòíîì îòâåñòèè,

P2 � äàâëåíèå â ýôôåðåíòíîì îòâåðñòèè.
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Ïàðàìåòðû ìîäåëè

L ∈ [10−1, 102] � êîýôôèöèåíò âñàñûâàíèÿ ëèìôû â
êðîâü;

α1 ∈ [10−5, 10−2] � ãèäðàâëè÷åñêîå ñîïðîòèâëåíèå âî
âíåøíåé îáëàñòè Ω1;

α2 ∈ [10−4, 102] � ãèäðàâëè÷åñêîå ñîïðîòèâëåíèå âî
âíóòðåííåé îáëàñòè Ω2.
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Ïðèáëèæåíèå ýêñïåðèìåíòàëüíûõ äàííûõ

Ïðàâàÿ ÷àñòü ñèñòåìû âûðàæàåòñÿ ÷åðåç Q1, P2, pb, ∆π.

f0(x) = −Q1

r 2
0
− |x − xin|2

S1
, S1 =

∫
Σq

(r 2
0
− |x − xin|2)dσ;

ψ(x) = P2, x ∈ Σp;

pv = pb − σ ·∆π, σ ∈ [0.8, 0.9].

Ïîñëå ðåøåíèÿ ñèñòåìû è íàõîæäåíèÿ v , p, âû÷èñëÿþòñÿ
Q̄2, P̄1.

Q̄2 =
∑
σi∈Σp

1

ni · v−
i · si , P̄1 =

∑
σi∈Σq

1
p−i · si∑

σi∈Σq
1
si

Òðåòüÿêîâà Ð.Ì. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äðåíàæíîé ôóíêöèè ëèìôàòè÷åñêîãî óçëà ñ ïîìîùüþ íåéðîííûõ ñåòåé



Ïðèáëèæåíèå ýêñïåðèìåíòàëüíûõ äàííûõ

Ýêñïåðèìåíòàëüíûå äàííûå Q2, P1 ñðàâíèâàëèñü ñ
ðåçóëüòàòàìè ðàñ÷åòîâ P̄1 è Q̄2. Îïòèìàëüíûå çíà÷åíèÿ
θ = (L, α1, α2) � ìèíèìóì ôóíêöèîíàëà Φerr ïî âñåì
ýêñïåðèìåíòàì.

Φerr (θ) =

(
Nexp∑
i=1

(Q i
2
− Q̄ i

2
(θ))2

meani(Q i
2
)2

+
(P i

1
− P̄ i

1
(θ))2

meani(P i
1
)2

) 1
2

,

ãäå mean � ñðåäíåå àðèôìåòè÷åñêîå. Èñïîëüçîâàëñÿ ìåòîä
Íåëäåðà-Ìèäà.

Òðåòüÿêîâà Ð.Ì. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äðåíàæíîé ôóíêöèè ëèìôàòè÷åñêîãî óçëà ñ ïîìîùüþ íåéðîííûõ ñåòåé



Dog Φerr L α1 α2

1 0.16 6.22 1.2·10−3 3.08
2 0.26 8.42 0.7·10−3 4.46
3 0.24 7.94 0.6·10−3 3.67
4 0.19 6.17 0.7·10−3 3.49
5 0.45 6.89 0.7·10−3 3.11
6 0.38 10.66 0.5·10−3 2.05

Òàáëèöà: Ïàðàìåòðû, îáåñïå÷èâàþùèå îïòèìàëüíîå

ïðèáëèæåíèå ê ýêñïåðèìåíòàëüíûì äàííûì ïî øåñòè

æèâîòíûì
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Ðèñ.: Çíà÷åíèÿ P1 â çàâèñèìîñòè îò P2 äëÿ ïåðâûõ 4 ñîáàê
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Ðèñ.: Çíà÷åíèÿ Q2 â çàâèñèìîñòè îò P2 äëÿ ïåðâûõ 4 ñîáàê
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Íåéðîííàÿ ñåòü

Ðèñ.: Íåéðîííàÿ ñåòü ïðåäñêàçûâàþùàÿ âñàñûâàíèå ëèìôû â

êðîâü ïðè ïðîõîæäåíèè ëèìôîóçëà
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Ïàðàìåòðû ïðàâûõ ÷àñòåé
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Measure mean min max Distribution

Q1 µL/min 45.5 45.0 46.5 Uniform
P2 mmHg 7 1 13 Uniform
pb mmHg 8.0 6 20.5 Triangular
∆π mmHg 12.7 10.7 14.9 Triangular
σ � 0.85 0.8 0.9 Uniform

Òàáëèöà: Ýêñïåðèìåíòàëüíûå äàííûå: ñðåäíåå çíà÷åíèå,

ìèíèìóì, ìàêñèìóì è ïîëàãàåìîå ðàñïðåäåëåíèå
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Ïàðàìåòðû óðàâíåíèé

Ïëîòíîñòü âåðîÿòíîñòè ìîæíî ïîëîæèòü êàê îáðàòíóþ ê
ôóíêöèè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ (áåç ó÷åòà
íîðìèðîâêè):

p(θ) =
1

Φerr (θ)
.
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Measure Optimal Interval Distribution

L (mmHg ·
min)−1

8 [1, 20] Normal

α1 mmHg ·
min/mm2

2.2 · 10−3 [1 · 10−4, 4 · 10−3] Normal

α2 mmHg ·
min/mm2

2.2 [0.1, 10] Uniform

Òàáëèöà: Ïàðàìåòðû óðàâíåíèé: îïòèìàëüíîå çíà÷åíèå ïî âñåì

ýêñïåðèìåíòàì, èíòåðâàë â êîòîðîì ïàðàìåòðû ïðèáëèæàþò

ýêñïåðèìåíò, ïðåäïîëàãàåìîå ðàñïðåäåëåíèå
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Ëàòèíñêèé ãèïåðêóá

Ðèñ.: Èíòåðâàë çíà÷åíèé ïàðàìåòðà ðàçáèâàåòñÿ íà

ðàâíîâåðîÿòíûå, íà êàæäîì âûáèðàåòñÿ ñëó÷àéíàÿ òî÷êà.

Äàëåå çíà÷åíèÿ ïåðåìåøèâàþòñÿ è ãåíåðèðóþòñÿ ñëó÷àéíûå

íàáîðû ïàðàìåòðîâ.
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Íåéðîííàÿ ñåòü

Îáîçíà÷èì x = (L, α1, α2,Q1,P2,Pv )
T � âõîäû íåéðîñåòè,

xh � íåéðîíû ñêðûòîãî ñëîÿ, y = (Q2,P1)
T � âûõîäû.xh = ξ

(
W1

x − a1

a2
+ b1

)
, ξ(x) =

1

1+ e−x

y =W2xh + b2,

ãäå W1, W2 � ìàòðèöû âåñîâ, b1, b2 � âåêòîðû êîíñòàíò,
a1, a2 � íîðìèðîâî÷íûå êîýôôèöåíòû.
Îöåíêà îøèáêè:

E2 =
(XIE − XNN)

2

X 2

IE

, Elg = −10 lg(E2),

ãäå XIE = Q2 or P1 � ðåçóëüòàò ìîäåëè íà îñíîâå
èíòåãðàëüíûõ óðàâíåíèé, XNN � ðåçóëüòàò íåéðîñåòè.
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Ðåçóëüòàòû

Ðèñ.: Ñëåâà: çíà÷åíèå P1 èíòåãðàëüíîé è íåéðîñåòåâîé ìîäåëè,

îòñîðòèðîâàííûå ïî âîçðàñòàíèþ. Ñïðàâà: îòíîñèòåëüíàÿ

îøèáêà E2 äëÿ çíà÷åíèé P1.
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Ðåçóëüòàòû

Ðèñ.: Ñëåâà: çíà÷åíèå Q2 èíòåãðàëüíîé è íåéðîñåòåâîé ìîäåëè,

îòñîðòèðîâàííûå ïî âîçðàñòàíèþ. Ñïðàâà: îòíîñèòåëüíàÿ

îøèáêà E2 äëÿ çíà÷åíèé Q2.
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Ðåçóëüòàòû

X max(E2) mean(E2) min(Elg ) mean(Elg )

Q2 0.22 4 · 10−3 6.5 43.1
P1 1 · 10−2 2 · 10−4 20.2 47.5

Òàáëèöà: Ñðåäíåå è ìàêñèìàëüíîå çíà÷åíèå ôóíêöèîíàëîâ

îøèáêè (êâàäðàòè÷íîãî è ëîãàðèôìè÷åñêîãî)
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Ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè äàííûìè

Ðèñ.: Çíà÷åíèå Q2 (ñëåâà) è P1 (ñïðàâà). Îáîçíà÷åíèÿ: Exp �

ýêñïåðèìåíòàëüíûå äàííûå, IE � èíòåãðàëüíàÿ ìîäåëü, NN �

íåéðîñåòåâàÿ ìîäåëü.

Òðåòüÿêîâà Ð.Ì. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äðåíàæíîé ôóíêöèè ëèìôàòè÷åñêîãî óçëà ñ ïîìîùüþ íåéðîííûõ ñåòåé



It's not the destination,

it's the journey.
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