
Reaction-diffusion waves 
in biological applications

V. Volpert (CNRS, Univ. Lyon 1)



Reaction-diffusion equations

)(2

2

uF
x
u

t
u







 heat or mass 

production

mass diffusion or 
heat conduction



Reaction-diffusion equations

)(2

2

uF
x
u

t
u







 heat or mass 

production

mass diffusion or 
heat conduction

Heat explosion 
(Semenov, Frank-
Kamenetskii, 1930s)

ueu
t
u







Reaction-diffusion equations

)(2

2

uF
x
u

t
u







 heat or mass 

production

mass diffusion or 
heat conduction

Pattern formation 
(Turing, 1952)

Heat explosion 
(Semenov, Frank-
Kamenetskii, 1930s)

ueu
t
u



 F(u,v)

G(u,v)



Reaction-diffusion equations

)(2

2

uF
x
u

t
u







 heat or mass 

production

mass diffusion or 
heat conduction

Wave propagation 
(Fisher, KPP, Zeldovich-
Frank-Kamenetskii, 
1938)

Pattern formation 
(Turing, 1952)

Heat explosion 
(Semenov, Frank-
Kamenetskii, 1930s)

ueu
t
u



 F(u,v)

G(u,v)



Reaction-diffusion equations

)(2

2

uF
x
u

t
u







 heat or mass 

production

mass diffusion or 
heat conduction

Wave propagation 
(Fisher, KPP, Zeldovich-
Frank-Kamenetskii, 
1938)

Pattern formation 
(Turing, 1952)

Heat explosion 
(Semenov, Frank-
Kamenetskii, 1930s)

ueu
t
u



 F(u,v)

G(u,v)



Reaction-diffusion waves

u(x,t) = w(x-ct)

w’’ + c w’ + F(w) = 0 



First works on chemical waves (1906)

Comparison with propagation in nerve impulse
Comparison with combustion waves (cf. Mikhelson)



Reaction-diffusion waves: 
the beginning (the 1930s)

 Propagation of 
dominant gene 
(Fisher and KPP)

Combustion 
(Zeldovich and 
Frank-Kamenetskii)

Cold flames or 
branching chain 
reactions 
(Semenov)
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Reaction-diffusion waves in 
physiology

Excitable medium
(nerve impulse, heart)

Blood coagulation

F. Ataullakhanov et al.
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Tumor growth: excessive 
proliferation of malignant cells

Experiments Simulations (hybrid model)



Leukemia: competition of normal 
and malignant cells

Normal bone marrow Leukemic bone marrow

~1/1000 live with leukemia or 
in remission

Five year relative survival rate: 
14% in 1960, 54% in 2005

Possible causes: radiation, 
chemicals, but mostly unknown

Median patient age at diagnosis 
66 years; 27% of all cancer cases 
for children 



Concise cell biology for mathematicians: 
cell motion and division



Apoptosis



The model of cell competition

s, d, a – rates of self-renewal, differentiation, apoptosis

Mutation strength 

Normal

mutated

M small: disease free equilibrium is glob asym stable
M large: Leukemia development (reac-diff wave)
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Atherosclerosis: chronic inflammation 
in blood vessel walls
Vessel walls become thick

Blood flow changes; plaque 
rupture; oxygen supply

Inflammation development Sites of atherosclerosis



Atherosclerosis and cholesterol 
(Genieys, El Khatib, VV, MMNP, 2007)

low                              intermediate                        highCholesterol level:



Atherosclerosis: reaction-
diffusion waves



2D model: nonlinear boundary 
conditions

Cellular automata (Poston, MMNP, 2007)

N. Apreutesei, VV



First conclusion

 Tumor growth, atherosclerosis, other 
spreading diseases represent reaction-
diffusion waves
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Fisher – KPP equation: 
propagation of dominant gene

F(u)=u(1-u)

Existence for all speeds > or = 
minimal velocity
Global convergence to waves

u(x,t) = w(x-ct)                         w’’ + c w’ + F(w) = 0 



Biological invasions 
(what is the difference between homo sapiens 
and influenza?)

Homo sapiens

(KPP model) 

Influenza virus 
(SIR model)



Competition of species and prey-
predator models (A. Lotka and V. Volterra)

Prey-predator model Competition of species

+ diffusion

M. Banerjee, VV, Chaos, 2016



Nonlocal consumption of 
resources and speciation



Nonlocal reaction-diffusion 
equations



Stability analysis – Pattern formation
Britton, Gourley, …



Instability of the constant solution



Periodic wave propagation



Darwin’s diagram and its 
mathematical interpretation

Let A to L represent the species of a genus large in its own country; these 
species are supposed to resemble each other in unequal degrees, as is so 
generally the case in nature, and is represented in the diagram by the 
letters standing at unequal distance ... The little fan of diverging dotted 
lines of unequal length proceeding from (A), may represent its varying 
offspring.

phenotype

population 
density



Emergence of species
S, Genieys, VV,P. Auger, MMNP, 2006



Conditions of (simpatric) 
speciation 

 Nonlocal consumption of resources (intra-specific competition)

 Self-reproduction

 Diffusion (mutations)



Second conclusion

 Emergence of species – ecological 
invasion in the morphological space –
periodic reaction-diffusion wave



Darwin’s diagram: survival, disappearance 
and competition of species

N. Bessonov, N. Reinberg, VV, MMNP, 2015



Definition of species: Darwin vs Mayr

Phenotypes of parents can be different

Darwin: morphologically similar individuals
Mayr: reproduction

Species do not emerge 
if reproduction of 
different is allowed

Mayr’s condition is 
necessary for 
Darwin’s speciation

M. Banerjee, V. Vougalter, VV. AMM,2016



Conclusions

 Biological systems often possess multiple 
equilibria

 Transition between them are described 
by reaction-diffusion waves (biological 
invasions, spreading diseases)

Mathematical analysis allows us 
(sometimes) to determine their 
existence, stability and speed of 
propagation


