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Reaction-diffusion systems

• Unknown : v = (v1, v2, ..., vm)

• Equations 
∂v1
∂t = d1

∂2v1
∂x2 + F1(v1, v2, ..., vm),

...
∂vm
∂t = dm

∂2vm
∂x2 + Fm(v1, v2, ..., vm)

or

∂v
∂t

= D
∂2v
∂x2 + F(v)

Applications

- Combustion

- Population dynamics

- Epidemiology

- Physiology



Waves and pulses

∂v
∂t = D ∂2v

∂x2 + F(v), x ∈ R, t > 0

•Waves

v(x , t) = u(x − ct) = u(ξ)


Du′′ + cu′ + F(u) = 0
u(∞) = 0, u(−∞) = 1
u ≥ 0

• Pulses


Dw ′′ + F(w) = 0
w(∞) = w(−∞) = 0
w(x) = w(−x),
w ′(x) < 0 for x > 0

w(x) = w(−x), w ′(x) < 0 for x > 0



Scalar equation : ∂u
∂t = d ∂2u

∂x2 + f (u)

Bistable case
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Scalar equation : ∂u
∂t = d ∂2u

∂x2 + f (u)

Bistable case

• Existence of a unique wave (u,c)

c > 0⇔
∫ 1

0 f (s)ds > 0

• Existence of a pulse⇔
∫ 1

0 f (s)ds > 0

⇔ c > 0



Systems of equations

Model problem :

{
∂v1
∂t = ∂2v1

∂x2 + F1(v1, v2)
∂v2
∂t = ∂2v2

∂x2 + F2(v1, v2)

F1(v1, v2) = −v1 + f1(v2), F2(v1, v2) = −v2 + f2(v1)

Assumptions on the reaction term :

• F has three zeros : (0, 0), (1, 1) and w̄ = (w̄1, w̄2), 0 < w̄i < 1

• (0, 0) and (1, 1) stable, w̄ unstable

• f ′i > 0



Systems of equations

Model problem :

{
∂v1
∂t = ∂2v1

∂x2 + F1(v1, v2)
∂v2
∂t = ∂2v2

∂x2 + F2(v1, v2)

F1(v1, v2) = −v1 + f1(v2), F2(v1, v2) = −v2 + f2(v1)

Assumptions on the reaction term :

• F has three zeros : (0, 0), (1, 1) and w̄ = (w̄1, w̄2), 0 < w̄i < 1

• (0, 0) and (1, 1) stable, w̄ unstable

• f ′i > 0



Systems of equations

Model problem :

{
∂v1
∂t = ∂2v1

∂x2 + F1(v1, v2)
∂v2
∂t = ∂2v2

∂x2 + F2(v1, v2)

F1(v1, v2) = −v1 + f1(v2), F2(v1, v2) = −v2 + f2(v1)

Assumptions on the reaction term :

• F has three zeros : (0, 0), (1, 1) and w̄ = (w̄1, w̄2), 0 < w̄i < 1

• (0, 0) and (1, 1) stable, w̄ unstable

• f ′i > 0

Monotone system

∂Fi
∂vj

(v1, v2) > 0, i 6= j



Model problem

Travelling waves : u′′ + cu′ + F(u) = 0

u(∞) = (0, 0), u(−∞) = (1, 1), u ≥ 0

Existence and uniqueness

of a wave (u,c)

Volpert et Al, Trans of AMS 1994

Pulses : w ′′ + F(w) = 0

w(±∞) = 0

w(x) = w(−x), w ′(x) < 0 for x > 0

Existence of a pulse⇔ c > 0



Sketch of the proof

• Existence of pulse⇒ c > 0



Sketch of the proof : c > 0 ⇒ existence of pulse

(P)

{
w ′′ + F(w) = 0

w ′(0) = 0, w ≥ 0, w(∞) = 0

E1 = {w ∈ C2+α(R+)2, w ′(0) = 0}

E1
µ = weighted space, µ(x) =

√
1 + x2 with norm ‖w‖E1

µ
= ‖wµ‖E1

I - A priori estimates

c > 0 ⇒ ‖wM‖E1
µ
≤ R for any monotone solutions wM of (P)

II - Separation between monotone and non monotone solutions of (P)

‖wM −wN‖E1
µ
≥ r > 0, ‖wM‖E1

µ
> r > 0

III - Topological degree

D bounded subset of E1
µ containing all monotone solutions but no

non-monotone ones and not the trivial one. We want to show that

γ(A,D) 6= 0

→ Homotopy argument
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Sketch of the homotopy argument

w ′′ + Fτ (w) = 0, Fτ1 (w) = −w1 + f τ1 (w2), Fτ2 (w) = −w2 + f τ2 (w1)

We need cτ > 0 for τ ∈ [0, 1]

τ = 0 τ = 1/2 τ = 1∫ 1
0 (fi(s)− s)ds > 0 f1 = f2∫ 1

0 (f1(s)− s)ds > 0

w1 = w2

w ′′
1 −w1 +f1(w1) = 0

γ(A,D) = −K ≤ −1
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More general systems

w ′′
1 + F1(w1,w2) = 0, w ′′

2 + F2(w1,w2) = 0.

Assumptions on the reaction term :

• ∂Fi
∂wj

(w) > 0, i, j = 1, 2, i 6= j, w = (w1,w2) ∈ R2

• Three zeros : (0, 0), (1, 1), w̄ = (w̄1, w̄2), 0 < w̄i < 1

• zeros of F1 and F2

Existence of a pulse⇔ c > 0



Model of competition of species

{
v ′′

1 + v1(1− v1 − αv2) = 0
v ′′

2 + ρv2(1− βv1 − v2) = 0 α > 1 and β > 1

Monotone system : w1 = v1 and w2 = 1− v2

{
w ′′

1 + w1(1−w1 − α(1−w2)) = 0
w ′′

2 + ρ(1−w2)(βw1 −w2) = 0

Perturbed system :
{

w ′′
1 + F1(w1,w2) + εαw2 = 0

w ′′
2 + F2(w1,w2)− ερw2 = 0

• Existence of a wave⇔ c > 0

• c > 0 if ρ = 1 and β > α



Model of competition of species

{
v ′′

1 + v1(1− v1 − αv2) = 0
v ′′

2 + ρv2(1− βv1 − v2) = 0 α > 1 and β > 1

Monotone system : w1 = v1 and w2 = 1− v2

{
w ′′

1 + w1(1−w1 − α(1−w2)) = 0
w ′′

2 + ρ(1−w2)(βw1 −w2) = 0

Perturbed system :
{

w ′′
1 + F1(w1,w2) + εαw2 = 0

w ′′
2 + F2(w1,w2)− ερw2 = 0

• Existence of a wave⇔ c > 0

• c > 0 if ρ = 1 and β > α



Model of competition of species

{
v ′′

1 + v1(1− v1 − αv2) = 0
v ′′

2 + ρv2(1− βv1 − v2) = 0 α > 1 and β > 1

Monotone system : w1 = v1 and w2 = 1− v2

{
w ′′

1 + w1(1−w1 − α(1−w2)) = 0
w ′′

2 + ρ(1−w2)(βw1 −w2) = 0

Perturbed system :
{

w ′′
1 + F1(w1,w2) + εαw2 = 0

w ′′
2 + F2(w1,w2)− ερw2 = 0

• Existence of a wave⇔ c > 0

• c > 0 if ρ = 1 and β > α



Model of competition of species

{
v ′′

1 + v1(1− v1 − αv2) = 0
v ′′

2 + ρv2(1− βv1 − v2) = 0 α > 1 and β > 1

Monotone system : w1 = v1 and w2 = 1− v2

{
w ′′

1 + w1(1−w1 − α(1−w2)) = 0
w ′′

2 + ρ(1−w2)(βw1 −w2) = 0

Perturbed system :
{

w ′′
1 + F1(w1,w2) + εαw2 = 0

w ′′
2 + F2(w1,w2)− ερw2 = 0

• Existence of a wave⇔ c > 0

• c > 0 if ρ = 1 and β > α



Model of competition of species

{
v ′′

1 + v1(1− v1 − αv2) = 0
v ′′

2 + ρv2(1− βv1 − v2) = 0 α > 1 and β > 1

Monotone system : w1 = v1 and w2 = 1− v2

{
w ′′

1 + w1(1−w1 − α(1−w2)) = 0
w ′′

2 + ρ(1−w2)(βw1 −w2) = 0

Perturbed system :
{

w ′′
1 + F1(w1,w2) + εαw2 = 0

w ′′
2 + F2(w1,w2)− ερw2 = 0

• Existence of a wave⇔ c > 0

• c > 0 if ρ = 1 and β > α



Thank you for your attention !


