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Reaction-diffusion systems

e Unknown : v = (1, Vo, ..., Vim)

) Vm)

e Equations
2
% = d, % + F(vi, Va,..., Vi),
N — Ol 200 4 (VA Vs, .
or
o _ D& + F(v)
ot~ ox2
Applications
- Combustion

- Population dynamics
- Epidemiology
- Physiology



Waves and pulses

= D%+ F(v),

ax2
o Waves

v(x,1) = u(x — ct) = u(¢)
=0
U(o0) =0, u(—o0)=1

Du” + cu’ + F(u)
u>0

o Pulses

Dw"” + F(w)=0
W(o0) = W(—o0) =0
w(x) = w(—x)

w'(x) <0 for x>0

X € R,

t>0
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Scalar equation : 94 = d‘)x2 + f(u)

Bistable case
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Systems of equations

ot ax2

Avp _ 9w
Bf T ax2 +F2(VMV2)

Model problem :

{ M 20 F(,v)

Fi(vi,v2) = —vi + fi(W2), F(Vi, Vo) = —Vo + (W)

Assumptions on the reaction term :

e F has three zeros : (0,0), (1,1) and w = (W, W), 0 < w; < 1
¢ (0,0) and (1, 1) stable, w unstable

off >0



Systems of equations

ot

%2 =22 4 K(vi, )

Model problem :

2
{ M= P04 F(vi, V)

ax2

Fi(vi,vo) = —vi + f1(V2), Fa(vi,v2) = —vo + fo(Wy)

Assumptions on the reaction term :
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Systems of equations

"ot ax2

vy _ 9V
St = 5 +R(vi, )

Model problem :

2
{ ovi _ v +F1(V1,V2)

Fi(vi,vo) = —vi + f1(V2), Fa(vi,v2) = —vo + fo(Wy)

Assumptions on the reaction term :

e Fhas three zeros : (0,0), (1,1) and w = (wq, W), 0 < w; < 1
¢ (0,0) and (1, 1) stable, w unstable

of/ >0

Monotone system

(V1. v2) >0, 1#]




Model problem

Travelling waves : u' +cu +Fu)=0

u(o0) = (0,0), u(—o0)=(1,1), u>0

u2

Existence and uniqueness
of awave (u, c)

Volpert et Al, Trans of AMS 1994

ut
Pulses : w’'+F(w)=0
w(+o0) = 0

w(x) = w(—x), w/(x)<0 for x>0

Existence of a pulse & ¢ >0



Sketch of the proof

e Existence of pulse = ¢ > 0

AN

v



Sketch of the proof : ¢ > 0 = existence of pulse

w' +F(w)=0
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Sketch of the proof : ¢ > 0 = existence of pulse

w' +F(w)=0
(P) { W(0)=0, w>0, w(co)=0

E' = {wec C***(R,)? w'(0)=0}
E\ = weighted space, u(x) = v/T+ x2 with norm [[wllg, = [z
| - A priori estimates
c>0 = ||wM||EL < R for any monotone solutions w" of (P)
Il - Separation between monotone and non monotone solutions of (P)

WY =Wy > 1> 0, [ WY > >0

Il - Topological degree

D bounded subset of E,, containing all monotone solutions but no
non-monotone ones and not the trivial one. We want to show that

(A, D) #£0

— Homotopy argument



Sketch of the homotopy argument

w/ +F(w)=0, F(wW)=-w+ff(w), F(W)=-ws+f](w)
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Sketch of the homotopy argument

w/ +F(w)=0, F(wW)=-w+ff(w), F(W)=-ws+f](w)
We need c¢” > 0for 7 € [0, 1]

w w

2 2
f, f2/ //://
' s
T,
0 w, 0 w, w,
=0 r=1/2 r=1
o (fi(s) — s)ds > 0 fi=h

fo(ﬁ ) —5)ds >0
W) = Wsp
W],/—W]—‘y-f](W]) =0
AAD) = —K < -1



More general systems
wy + Fi(wy,wo) =0, wy + F(wr, wp) =0.

Assumptions on the reaction term :
¢ Gw(W)>0, ij=12 i#j, w=(Ww,w)ecR

e Three zeros : (0,0), (1,1), w = (w1, w,), 0 < w; < 1

e zeros of F and F,

Existence of a pulse < ¢ >0
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Model of competition of species

vi+wvi(l—=vi —aw)=0
vy + pva(1 = Bvi — ) =0 a>land g > 1

Monotone system: wy = viandw, =1 - v,

w’)

1

{ wy +wi(1—=wy —a(l —w,)) =0

wy' +p(1 = w2)(Bwr — wp) =0 y

wy + F(wi, we) + eaws =0

Perturbed system { WY + Fa(wh, W) — epwy = O

e Existence of awave < ¢ >0

ec>0ifp=1and g >«



Thank you for your attention !



