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Introduction 



• Navier-Stokes equations: 

    
𝜕𝐮

𝜕𝑡
− ν∆𝐮 + 𝐮 ∙ 𝛻 𝐮 + 𝛻𝑝 = f in Ω ⨯ [0, 𝑇], 

    𝑑𝑖𝑣 𝐮 = 0 in Ω ⨯ 0, 𝑇  

• Boundary conditions: 

    𝐮 = 𝐠 or −ν
𝜕𝐮

𝜕𝐧
+ 𝑝𝐧 = h on Г𝑖𝑛 ⨯ 0, 𝑇 , 

    𝐮 = 𝟎 on Г𝑊 ⨯ 0, 𝑇 , 

    −ν
𝜕𝐮

𝜕𝐧
+ 𝑝𝐧 = h on Г𝑜𝑢𝑡 ⨯ 0, 𝑇  

 

 

 

3D Model of Fluid Flow 



1. Mass conservation law 

      
𝜕𝑆

𝜕𝑡
+

𝜕(𝑢𝑆)

𝜕𝑥
= 0 

2. Momentum conservation law 

      
𝜕𝑢
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+

𝜕

𝜕𝑥

𝑢2

2
+

𝑝

ρ
= −16µ𝑢

ŋ 𝑆

𝑆𝑑2 ,  

      ŋ 𝑆 =  
2, 𝑆 > 𝑆0

𝑆

𝑆0
+

𝑆0

𝑆
, 𝑆 ≤ 𝑆0

 

3. State equation 
      𝑝 =  ρ𝑐2𝑓 𝑆 ,    

𝑓 𝑆 =

exp
𝑆

𝑆0
− 1 − 1, 𝑆 > 𝑆0

ln 
𝑆

𝑆0
, 𝑆 ≤ 𝑆0

 

System of equations for 1D model 



Boundary conditions 
 

1. Mass balance condition: 

 

2. Poiseuille’s pressure drop conditions: 

 

3. Compatibility conditions 
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Hard coupling of 1D and 3D blood 
flow models 

 
•  𝐮 • 𝐧

 

Г𝑖𝑛
 ds = 𝑢 𝑏 𝑆𝑏 

      (−ν
𝜕𝐮

𝜕𝐧
+ 𝑝𝐧) = 𝑝𝑏𝐧 

 
1D: Compatibility condition. 
 
 
 



1D-3D blood flow model 



Soft coupling of 1D and 3D blood flow 
models 

 
     
 
 
              Electrical circuit                    Elastic sphere 
 

 
 

   
  

 
A 3D/1D geometrical multiscale model of cerebral vasculature 

Tiziano Passerini, Maria Rita de Luca, Luca 
Formaggia, Alfio Quarteroni, Alessandro Veneziani 
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0D elastic sphere 

S.S. Simakov, A.S. Kholodov. 
Computational study of oxygen 
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Heart model 

𝐼
𝑑2𝑉

𝑑𝑡2+𝑅0
𝑑𝑉

𝑑𝑡
+

𝑉−𝑉0

𝐶
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Г 
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1D-0D-3D coupling 

Г 
1D                      0D                     3D 

𝑢, 𝑆, 𝑝             V,𝑝0𝐷                   u, p 

𝑑𝑉

𝑑𝑡
= 𝑄1𝐷 − 𝑄3𝐷 

𝑝 − 𝑝0𝐷 = 𝑅1𝐷0𝐷𝑄1𝐷 𝑝0𝐷 − 𝑝3𝐷 = 𝑅0𝐷3𝐷𝑄3𝐷 



Parameter estimation 

𝑅1D0D+𝑅0D3D =
ρ𝑐

𝑆 
 

𝐼
𝑑2𝑉

𝑑𝑡2+𝑅0
𝑑𝑉

𝑑𝑡
+

𝑉−𝑉0

𝐶
= 𝑝0𝐷 

𝐼 = 0, 𝑅0 = 0 

𝐶 =
Δ𝑉

Δ𝑝0𝐷
 

𝐶 =
ρ𝑙𝑆 

𝑐2
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Numerical Iterative Algorithm 

Г 
1D                      0D                     3D 

𝑢, 𝑆, 𝑝             V,𝑝0𝐷                   u, p 

T.Dobroserdova, M.Olshanskii, S.Simakov. Multiscale coupling of compliant and rigid walls blood flow models. Int. J. Numer. Meth. 
Fluids, doi:10.1002/fld.4241 (2016). 
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Soft coupling: C, 𝑹𝟎𝑫𝟑𝑫, 𝑹𝟑𝑫𝟎𝑫, 𝑹𝟎𝑫 
 
Soft coupling: C, 𝑹𝟎𝑫𝟑𝑫, 𝑹𝟑𝑫𝟎𝑫, 𝑹𝟎𝑫 
Hard coupling: C = 𝑹𝟎𝑫𝟑𝑫 = 𝑹𝟑𝑫𝟎𝑫 = 𝑹𝟎𝑫 = 0 



                          с = 700 cm/s     
 
 

Test with sinusoidal waveform 
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1D                      0D                     3D 



1D-0D-3D-1D blood flow simulation 

Flux Flux 

Cross Section Cross Section 
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𝑃𝑀𝐶𝐴(3𝐷) = 0 



Hydraulic model 
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Hydraulic model 



Red line (1): experimental measurements;  
Black line (2): results of numerical simulation with described model;  

Blue line (3): results of numerical simulation from the paper 

Numerical results vs Experimental 
measurements 

Flux                                                                          Pressure  



1D-3D blood flow model 

u𝑚𝑎𝑥= 25 см/c – maximal velocity 
h = 0.14 – tetrahedral size 
ν = 0.025 – viscosity 
 

Pe = 
u𝑚𝑎𝑥ℎ

ν
 ~ 140 

  



Pressure on 1D-3D interfaces 



Fluid flux on 1D-3D interfaces 



Conclusions 

• Downstream boundary conditions are very 
important for multiscale blood flow modelling 

• Elastic sphere used for 1D-3D coupling helps 
to compensate lack of elasticity in the 3D 
domain. Numerical 1D-3D model with soft 
coupling gives more accurate solution 
comparing with the referent 1D solution than 
the same model with hard coupling. 

 



Thank you for your attention! 


