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Íåñæèìàåìûé è ìàëîñæèìàåìûé ìàòåðèàëû

I íàõîäæäåíèå êîíñòàíò � íåñæèìàåìûé ìàòåðèàë
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= J2;

íàïðèìåð, äëÿ íåîãóêîâñêîãî ìàòåðèàëà W =
µ

2
(I1 − 3).

I êîììåð÷åñêèå êîíå÷íî-ýëåìåíòíûå êîäû (ANSYS, ABAQUS) �
ìàëîñæèìàåìûé ìàòåðèàë

W = ψ(Ī1, Ī2) + F (J);

Ī1 = I1/J
2/3; Ī2 = I2/J

4/3;

íàïðèìåð, äëÿ íåîãóêîâñêîãî ìàòåðèàëà W =
µ

2
(Ī1 − 3) +

κ

2
(J − 1)2.

I î êîíñòàíòàõ

κ/µ = 2(1 + ν)/[2(1− 2ν)];

κ/µ >> 1;

κ/µ = 50, 500, 5000→ ν = 0.49, 0.499, 0.4999;

ABAQUS: κ/µ = 20→ ν = 0.475
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Àíàëèç ÷óâñòâèòåëüíîñòè. Ïðîñòîé ñäèâã.

Destrade et al., 2012



Âçàèìîäåéñòâèå æèäêîñòè è óïðóãîé ñòðóêòóðó (FSI)

I îáëàñòè äî äåôîðìàöèè Ωf , Ωs

I îòîáðàæåíèå Φ ïåðåâîäèò Ωf , Ωs â Ωf (t), Ωs(t)

I v è u � ñêîðîñòü è ïåðåìåùåíèå â Ω̂ := Ωf ∪ Ωs

I Φ(x) := x + u(x), F := ∇Φ = I +∇u, J := det(F)

I σf , σs � òåíçîð íàïðÿæåíèÿ Êîøè â æèäêîñòè è óïðóãîì

òåëå

I pf ,ps � äàâëåíèÿ â æèäêîñòè è óïðóãîì òåëå

I ρf , ρs � ïëîòíîñòè æèäêîñòè è óïðóãîãî òåëà (êîíñòàíòû)
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çàäà÷à FSI
Óðàâíåíèÿ äâèæåíèÿ

∂v

∂t
=


ρ−1

s div (JσsF
−T ) â Ωs ,

(Jρf )−1
div (Jσf F

−T )−∇v
(
F−1

(
v − ∂u

∂t

))
â Ωf

êèíåìàòè÷åñêîå óðàâíåíèå

∂u

∂t
= v â Ωs

Óñëîâèå íåñæèìàåìîñòè äëÿ æèäêîñòè

div (JF−1v) = 0 â Ωf èëè J∇v : F−T = 0 â Ωf

Îïðåäåëÿþùèå ñîîòíîøåíèÿ â ñëó÷àå æèäêîñòè

σf = −pf I + µf ((∇v)F−1 + F−T (∇v)T ) â Ωf
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çàäà÷à FSI

Îïðåäåëÿþùèå ñîîòíîøåíèÿ â ñëó÷àå óïðóãîãî òåëà

σs = σs(J,F, ps , λs , µs , . . . ) â Ωs

Ïðîäîëæåíèÿ ïîëÿ ïåðåìåùíèé â îáëàñòü æèäêîñòè

G (u) = 0 â Ωf ,

u = u∗ íà ∂Ωf .

íàïðèìåð

div (λm(div u)I + µm(∇u +∇uT )) = 0 â Ωf

∆u = 0 â Ωf
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çàäà÷à FSI
Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ

Íà÷àëüíûå óñëîâèÿ

u(x, 0) = 0 â Ω̂, v(x, 0) = v0(x) â Ω̂

Óñëîâèå íà ãðàíèöå

σf F
−Tn = σsF

−Tn on Γfs

Ãðàíè÷íûå óñëîâèÿ íà âòîêå/âûòîêå Γf 0 / Γout, íà ãðàíèöå óïðóãîé
îáëàñòè Γs0

v = g íà Γf 0, σf F
−Tn = 0 íà Γout

u = 0 íà Γs0 ∪ Γf 0 ∪ Γout
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×èñëåííàÿ ñõåìà

Íàéòè {uk+1, vk+1, pk+1} ∈ V0

h × Vh ×Qh s.t.

vk+1 = gh(·, (k + 1)∆t) on Γf 0,

[
∂u

∂t

]
k+1

= vk+1 on Γfs

ãäå

Vh ⊂ H1(Ω̂)3,Qh ⊂ L2(Ω̂),V0

h = {v ∈ Vh : v|Γs0∪Γf 0 = 0},V00

h = {v ∈ V0

h : v|Γfs = 0}

Jk = J(ũk ), f̃
k = 2f

k − f
k−1,

[
∂f

∂t

]
k+1

=
3fk+1 − 4fk + fk−1

2∆t

{A}s =
1

2
(A + A

T ),Duv = {∇vF−1(u)}s .
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×èñëåííàÿ ñõåìà

∫
Ωs

ρs

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωs

JkF(ũk)S(uk+1, ũk) : ∇ψ dΩ +

∫
Ωf

ρf Jk

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωf

ρf Jk∇vk+1
F
−1(ũk)

(
ṽ
k −

˜[∂u
∂t

]
k

)
ψ dΩ +∫

Ωf

2µf JkDũ
k v

k+1 : D
ũ
kψ dΩ−

∫
Ω

pk+1JkF
−T (ũk) : ∇ψ dΩ = 0 ∀ψ ∈ V0

h,

∫
Ωs

[
∂u

∂t

]
k+1

φdΩ−
∫

Ωs

v
k+1φdΩ +

∫
Ωf

G(uk+1)φ dΩ = 0 ∀φ ∈ V00

h ,

∫
Ωf

Jk∇vk+1 : F−T (ũk)q dΩ = 0 ∀ q ∈ Qh



×èñëåííàÿ ñõåìà

∫
Ωs

ρs

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωs

JkF(ũk)S(uk+1, ũk) : ∇ψ dΩ +

∫
Ωf

ρf Jk

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωf

ρf Jk∇vk+1
F
−1(ũk)

(
ṽ
k −

˜[∂u
∂t

]
k

)
ψ dΩ +∫

Ωf

2µf JkDũ
k v

k+1 : D
ũ
kψ dΩ−

∫
Ω

pk+1JkF
−T (ũk) : ∇ψ dΩ = 0 ∀ψ ∈ V0

h,

∫
Ωs

[
∂u

∂t

]
k+1

φ dΩ−
∫

Ωs

v
k+1φ dΩ +

∫
Ωf

G(uk+1)φ dΩ = 0 ∀φ ∈ V00

h ,

∫
Ωf

Jk∇vk+1 : F−T (ũk)q dΩ = 0 ∀ q ∈ Qh



×èñëåííàÿ ñõåìà

∫
Ωs

ρs

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωs

JkF(ũk)S(uk+1, ũk) : ∇ψ dΩ +

∫
Ωf

ρf Jk

[
∂v

∂t

]
k+1

ψ dΩ +

∫
Ωf

ρf Jk∇vk+1
F
−1(ũk)

(
ṽ
k −

˜[∂u
∂t

]
k

)
ψ dΩ +∫

Ωf

2µf JkDũ
k v

k+1 : D
ũ
kψ dΩ−

∫
Ω

pk+1JkF
−T (ũk) : ∇ψ dΩ = 0 ∀ψ ∈ V0

h,

∫
Ωs

[
∂u

∂t

]
k+1

φ dΩ−
∫

Ωs

v
k+1φ dΩ +

∫
Ωf

G(uk+1)φ dΩ = 0 ∀φ ∈ V00

h ,

∫
Ωf

Jk∇vk+1 : F−T (ũk)q dΩ = 0 ∀ q ∈ Qh



×èñëåííàÿ ñõåìà

. . .+

∫
Ωs

JkF(ũk)S(uk+1, ũk) : ∇ψ dΩ + . . .

I ìàòåðèàë Ñåí-Âåíàíà-Êèðõãîôôà:

S(u1,u2) = λstr(E(u1,u2))I + 2µsE(u1,u2);

E(u1,u2) = {F(u1)TF(u2)− I}s

I íåñæèìàåìûé Íåîãóêîâñêèé ìàòåðèàë:

S(u1,u2) = I; F(ũk)→ F(uk+1)

ãäå

{A}s =
1

2
(A + A

T ).



×èñëåííàÿ ñõåìà

. . .+

∫
Ωf

G (uk+1)φ dΩ = 0

I óðàâíåíèå ëèíåéíîé óïðóãîñòè:∫
Ωf

(2µm{∇uk+1}s : ∇φ+ λmdiv uk+1
divφ) dΩ

I óðàâíåíèå Ëàïëàñà: ∫
Ωf

∇uk+1∇φ dΩ



Òå÷åíèå êðîâè â ñîñóäå ñ àíåâðèçìîé

Turek et al., 2010

I íåñæèìàåìûé

íåîãóêîâñêèé ìàòåðèàë

I ñæèìàåìûé íåîãóêîâñêèé

ìàòåðèàë

κ/µ ≈ 37, 3700, 370000
↓
ν =
0.4869, 0.499865, 0.49999865
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Âûâîäû

I íåñæèìàåìîñòü � èäåàëèçàöèÿ

I àêêóðàòíîå îïðåäåëåíèå îáúåìíîãî ìîäóëÿ

I ñîãëàñíî íàøèì ðàñ÷åòàì, ó÷åò ñæèìàåìîñòè íå âëèÿåò íà

íîðìàëüíûå è êàñàòåëüíûå íàïðÿæåíèÿ íà ãðàíèöå


