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ẏ(t) =ρz(t)− µy(t)− ρe−µτ1z(t− τ1), t > 0,

y(0) =y0 > 0.
(1)

ż(t) =ρe−µτ1z(t− τ1)− λ
(
z(t)

)
z(t)−

− ρe−µτ1−
∫ t
t−τ2

λ(z(s))ds
z(t− τ1 − τ2), t > 0,

z(t) =ψ(t) > 0, t ∈ (−τ1 − τ2, 0].
(2)



Äîïóùåíèÿ è îáîçíà÷åíèÿ
y�÷èñëåííîñòü þâåíèëüíûõ îñîáåé (åù¼ íå
äàþùèõ ïîòîìñòâî);

z �÷èñëåííîñòü ðåïðîäóêòèâíûõ (çðåëûõ) îñîáåé;

τ1 > 0 � äëèòåëüíîñòü þâåíèëüíîé ñòàäèè;

τ2 > 0 � äëèòåëüíîñòü ðåïðîäóêòèâíîé ñòàäèè;

ρ > 0 � ñêîðîñòü ïðîèçâîäñòâà ïîòîìñòâà â
ðàñ÷¼òå íà îäíó çðåëóþ îñîáü;

µ > 0 � èíòåíñèâíîñòü ãèáåëè þâåíèëüí. îñîáåé;

λ = λ(z) � èíòåíñèâíîñòü ãèáåëè çðåëûõ îñîáåé
âñëåäñòâèå êîíêóðåíöèè (λ ∈ C(0,∞), λ(0) = 0,
limλ(z)z→+∞ = +∞, âîçðàñòàþùàÿ, ëîêàëüíî
ëèïøèöåâà).



Ðåøåíèå óðàâíåíèÿ (1)

y(t) = y(0)e−µt+

+ ρ

∫ t

0

e−µ(t−s)
(
z(s)− e−µτ1zτ(s− τ1)

)
ds.

(3)

zτ(t) =

{
z(t), t > 0,

ψ(t), t ∈ (−τ1, 0].

supt>0 |z(t)| <∞⇒ y�Ð.Ó.

∃σ,M > 0: |z(t)| < Me−σt ⇒ y�Ý.Ó.



Òî÷êè ðàâíîâåñèÿ óðàâíåíèÿ (2)

ż(t) =ρe−µτ1z(t− τ1)− λ
(
z(t)

)
z(t)−

− ρe−µτ1−
∫ t
t−τ2

λ(z(s))ds
z(t− τ1 − τ2).

(2)

1) z = y = 0;
ρτ2e

−µτ1 < 1⇒ Ý.Ó.; ρτ2e
−µτ1 6 1⇒ Ð.Ó.;

2) z∗ > 0, y∗ = ρz∗(1− e−µτ1)/µ > 0,
ãäå z∗�ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ

ρτ2e
−µτ1(1− e−λ(z)τ2) = λ(z)τ2. (4)

Ñóùåñòâóåò ⇔ ρτ2e
−µτ1 > 1.



Îáîçíà÷åíèÿ

Ïóñòü λ íåïðåðûâíî äèôôåðåíöèðóåìà â òî÷êå z∗.

w = λ(z∗)τ2 > 0, v = λ′(z∗)z∗τ2 > 0, τ = τ1/τ2.

α = v + w > 0, β =
w

1− e−w
> 1,

γ = β − w =
w

ew − 1
∈ (0, 1), δ = γv =

wv

ew − 1
> 0.



Ëèíåàðèçàöèÿ óðàâíåíèÿ (2) âáëèçè

íåòðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ

ẋ(t)+αx(t)−βx(t−τ)+γx(t−1−τ)−δ
∫ t

t−1
x(s)ds = 0,

(5)

α = v + w > 0, β =
w

1− e−w
> 1,

γ = β − w =
w

ew − 1
∈ (0, 1), δ = γv =

wv

ew − 1
> 0.



Ïðåäâàðèòåëüíûé ðåçóëüòàò

V (w) =
2w

ew − 1− w

Òåîðåìà 1

Åñëè v > V (w), òî óðàâíåíèå (5) àñèìïòîòè÷åñêè
óñòîé÷èâî.

Äîêàçàòåëüñòâî.

Ïðèìåíèì ê óðàâíåíèþ (5) èçâåñòíûé ïðèçíàê
óñòîé÷èâîñòè: åñëè α > 0 è α > β + γ + δ, òî äàííîå
óðàâíåíèå ýêñïîíåíöèàëüíî óñòîé÷èâî.



Ïðåäâàðèòåëüíûé ðåçóëüòàò

Ðèñ.: Äîñòàòî÷íûé ïðèçíàê óñòîé÷èâîñòè óðàâíåíèÿ (5)



ÔÄÓ è åãî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïðè

óñëîâèè τ1 = τ2

ẋ(t) + αx(t)− βx(t− 1) + γx(t− 2)− δ
∫ t

t−1

x(s)ds = 0. (6)

F (z) = z + α− βe−z + γe−2z − δ1− e
−z

z
. (7)

α = v + w, β = γ + w, δ = vγ, γ =
w

ew − 1
.
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Èçâåñòíûå ðåçóëüòàòû

Ðèñ.: Äîñòàòî÷íûé ïðèçíàê óñòîé÷èâîñòè óðàâíåíèÿ (6)



Çàìåíà ïåðåìåííûõ è õàðàêòåðèñòè÷åñêàÿ

ôóíêöèÿ

F (z) = z + α− βe−z + γe−2z − δ1− e
−z

z
. (7)

α = v +w, β = (η + γ)/2, w = (η − γ)/2, δ = vγ.

F (z) = z+

(
v +

η − γ
2

)
−η + γ

2
e−z+γe−2z−vγ1− e

−z

z
.

(8)



Ñâÿçü ìåæäó ïåðåìåííûìè: êðèâàÿ κ.

γ = κ(η) : γ =
w

ew − 1
, η =

w(2ew − 1)

ew − 1
.

κ ∈ Ï = {(η, γ) : η > 1, 0 < γ < 1} .

Ðèñ.: Ïîëîñà Ï



Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ è D-ðàçáèåíèå

F (z) = z +

(
v +

η − γ
2

)
− η + γ

2
e−z + γe−2z − vγ 1− e

−z

z
. (9)

F (0) = 0⇔ v(1− γ) = 0⇔ v = 0.


η(1− cosϕ) + γ

(
1− cosϕ+

2v sinϕ

ϕ

)
= −2ϕ sinϕ+ 2v cosϕ,

− η sinϕ+ γ

(
2v(1− cosϕ)

ϕ
+ 3 sinϕ

)
= 2ϕ cosϕ+ 2v sinϕ.

(10)



Ðåøåíèå ñèñòåìû (10)


η = −

2v2(1−cosϕ)
ϕ

+ v sinϕ(3− 4 cosϕ) + ϕ(1− cosϕ)(3 + 4 cosϕ)

2(1− cosϕ)(sinϕ+ v/ϕ)
,

γ =
v sinϕ− ϕ(1− cosϕ)

2(1− cosϕ)(sinϕ+ v/ϕ)
.

(11)
Ñèñòåìà (11) çàäà¼ò ñåìåéñòâî ïàðàìåòðè÷åñêè çàäàííûõ
êðèâûõ γ = gv(η) (v > 0).



Âçàèìíîå ðàñïîëîæåíèå êðèâûõ κ, g0

Ðèñ.: Êðèâûå γ = κ(η) è γ = g0(η)



Âçàèìíîå ðàñïîëîæåíèå êðèâûõ κ, g4

Ðèñ.: Êðèâûå γ = κ(η) è γ = g4(η)



Âçàèìíîå ðàñïîëîæåíèå êðèâûõ κ, g10

Ðèñ.: Êðèâûå γ = κ(η) è γ = g10(η)



Âçàèìíîå ðàñïîëîæåíèå êðèâûõ κ, gv

Ëåììà 1

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ (6) íå èìååò êîðíåé
íà ìíèìîé îñè íè ïðè êàêîì v > 0.

Ëåììà 2

Ïðè v = 0 õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óðàâíåíèÿ (6) íå
èìååò èíûõ êîðíåé íà ìíèìîé îñè, êðîìå ïðîñòîãî êîðíÿ
z = 0.



Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 2

Óðàâíåíèå (6) ýêñïîíåíöèàëüíî óñòîé÷èâî ïðè ëþáûõ v, w > 0.

Òåîðåìà 3

Óðàâíåíèå (6) ðàâíîìåðíî óñòîé÷èâî ïðè v = 0, w > 0, à åãî
ôóíäàìåíòàëüíîå ðåøåíèå ïðè íåêîòîðîì ν > 0 ïðåäñòàâèìî â
âèäå

X(t) =
1− e−w

1 + w − (2w + 1)e−w
+O(e−νt).

Òåîðåìà 4

Ïîëîæåíèå ðàâíîâåñèÿ y∗, z∗ ñèñòåìû óðàâíåíèé (1),(2)
ëîêàëüíî ýêñïîíåíöèàëüíî óñòîé÷èâî ïðè ëþáûõ v, w > 0.



Îáëàñòü óñòîé÷èâîñòè

Ðèñ.: Êðèòåðèé óñòîé÷èâîñòè óðàâíåíèÿ (6)



Ñïàñèáî çà âíèìàíèå!


