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Modelling

Flow in a capillary
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Modelling

Adimensionalized setting

r+
+

€ .X D

A rO
X2L
[ ]
X
X1 1

o

\ / r

Periodic boundary conditions along x;
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Modelling

Displacement
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Modelling

Visco-elasticity equations

The two layers are submitted to linear viscoelasticity.
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Asymptotic model

We assume that the coefficients in the upper layer are under the following
form:

o pt(x,x,t) = pT (%)

o M\ (x1,x,t) = %T(Xg)

o pt(xi, 0, t) = Sut (%)

o FH(xy,x,t)= 1F‘*‘(;1 X2, t)

In the lower layer we assume that
° p_(X17X27 t) = p=(x1)
A (x1, %0, 1) = A= (x1)
p(xi, x2, t) = p=(x1)

F~(x1,x2,t) = F (x1,x2, t)
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Asymptotic model

Asymptotic model

Panasenko & Elbert derived an asymptotic model for this system.
U~ can be approximated by V which satisfies the following system:
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Asymptotic model
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Weak formulation

Weak form : bilinear forms

Let us introduce the following bilinear forms:

To(U,V) = [p. pt(U, V)
IAJr(U V fD+ Zl<w<2<8x 7A;ji_g)\</,>
IB"’ U V fD+ Zl<l,}<2<g)l<{7 ng)‘g>

=Jp-r o
IA*(Ua V fD 21</,J<2<3X, AU 87X/>

ou -9V
- fD— Zl§1,1§2<8x,-7 BI_] 8x,->

Io(U, V) (1 fro 12 8
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Weak formulation

Weak form of the full problem

K= 12(DT)’x[3(D7)* K'=HYDT)?xHYD™)*Q* =D*x(0,T)
KG = LR x L2, Kb = Hly ()2 x Hiap1(2)2
Let V={(VF,V)e KV =V-onT° V5 =0onl"}.
We look for a solution (Ut, U™) € K} such that (UT,U™) € K%,
(Ut,U7)" € KY, for t € [0, T] we have u(.,t) € V and for (V—,V*t) € V:
L (U, (VF)') + T+ (U, (VT)) + Zar (UF, V)
+Z,- (U, (V) )+ Zg- (U7, (V7)) + Za- (U, V7)

— +y+ AV
(/D+F V)+(D_F V)
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Weak formulation

Weak form of the asymptotic problem

K= 12(D")?x1*(D7)* K'=HYD")*xHp., 1(D7)%,QF = D¥x(0, T)

K(% = LZ(Q_)zv K'}‘ = H;er,l(Q_)z'

Let V={V- e KU+ =U onTO Uy =0onTl}.
We look for a solution (UT, U™) € KX such that (UT,U) € K%,
(Ut,U7)" € KY, for t € [0, T] we have u(.,t) € V and for (V=,VT) € V:

- (U, (V7)) +Zp- (U, (V7)) + Za- (U7, V) + To(U~, V7)

:(/r0f+v+)+(/f_V‘)
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Finite elements

Finite elements

To compare numerically these two numerical scheme, we used:

@ Crank-Nicholson for time discretization (Implicit, constant).

o P3-type elements for the space discretization.

Why P23 and not P!, P??
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Finite elements

Finite elements

To compare numerically these two numerical scheme, we used:
@ Crank-Nicholson for time discretization (Implicit, constant).
o P3-type elements for the space discretization.

Why P23 and not P!, P??
@ More accurate.

o P3(7,7)n CYI%) c HY(D~) N H?(I°) where Ty is a triangulation of
D-.
@ Implemented in usual Finite Elements Solvers.

Drawbacks:

@ Less sparse matrices (but still sparser than with Argyris elements).
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Finite elements

Complete system

Let k be the time step and T}, be the mesh. V,, = {(U,", U, ) €

P3(7,7) x P3(T,7)|U;f x1 — periodic, U = U, on T+, (U; )2 =0on I}
We look for (U, U"), € VI such that:

U}(]n-l—l)—i— . 2U;:+ + Uf(]n—l)—i— U’(,n—i-l)—&- . U(n—1)+

7,.( k2 VT (Y v
o YD ;L Uf(’n—l)-i-’ v
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Finite elements

Asymptotic system

Let k be the time step and 7}, be the mesh. V, = {U, €
P3(7;1_)2‘(Uh)1 = cte, (Uh)2 € ngr(r0)7 (Uh_)2 =0on r_}
We look for solutions (U ™), € V' such that, for all V,

- U(n+1)— . U(n—l)—

U’(?nJrl)f + U}Enfl)f
2

~([,rvi+([ Fv)

Ut our U
k2

UISnJrl)f + Ul(.’nfl)f
2

Z,(

Vi)

+Za-( , Vi) + Zo( Vi)
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Numerical results

2 distance between the results obtained with the full
system and the asymptotic model in the permanent regime
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Numerical results

Simulation with the full model on the left and the
asymptotic model on the right
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Numerical results

Conclusion

Advantages:

o Flat triangles avoided and the complexity of the membrane taken in
account

@ Unstructured mesh can be used
Drawbacks:
@ Need of a high-order method

e Bad condition number due to the fourth-order derivative (the full
system is also also badly conditionned when ¢ — 0)
Possible solutions:
@ Discontinuous Galerkin methods

@ Multi-precision arithmetics
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Numerical results

Bnarogapto Bac 3a BHUMaHMe
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