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Introduction
Multiscale representation for small defects

I Example with the Laplace equation

εH∞Ωε
Γ

•0
H∞

{
−∆uε = f in Ωε,

∂nuε = 0 on Γε = ∂Ωε.


−∆V = 0 in H∞,

∂nV(y) = n for y ∈ ∂H∞,

V→ 0 as |y| → ∞.

Asymptotic expansion at order 1 : uε(x) ' u0(x)− ε∇u0(0) · V
( x
ε

)
.

I Similar representations for other operators, boundary conditions,
geometries, multiple inclusions. . .

[
e.g. Maz’ya-Nazarov-Plamenevskij

]
I Question : accurate computation of profiles V ?



Overview

I Toy problem : the Laplace equation

I Profile properties

I Artificial boundary conditions

I Profile computation for linear elasticity

I Artificial boundary conditions

I Non-coercive Ventcel problems

I Some other non-coercive Ventcel-type problems



Profiles for

the Laplace equation



Laplace equation
Profiles properties

I Circular perturbation

H∞

−∆V = 0 in H∞,
V(y) = n for y ∈ ∂H∞,

V→ 0 at infinity.

I General case

No explicit formula, only asymptotic expansion at infinity :

V (r , θ) =
∞

∑
k≥1

ak cos kθ + bk sin kθ
rk
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Laplace equation
Artificial conditions

H∞

−∆V = 0 in H∞,
V(y) = n for y ∈ ∂H∞,

V→ 0 at infinity.

I Truncated domain HR
∞ at radius R.

I Boundary conditions (“absorbing”) for |y| = R.

I Reminder :

V (r , θ) =
∞

∑
k≥1

ak cos kθ + bk sin kθ
rk

I Elementary construction :

I Order 0 : V = 0 for |y| = R.
I Order 1 : V + R∂nV = 0 for |y| = R.

I Order 2 : V + 3R
2 ∂nV − R2

2 ∆τV = 0 for |y| = R.
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I Elementary construction :

I Order 0 : V = 0 for |y| = R.

I Order 1 : V + R∂nV = 0 for |y| = R.

I Order 2 : V + 3R
2 ∂nV − R2

2 ∆τV = 0 for |y| = R.[
Engquist-Majda, Halpern-Rauch, . . .

]



Laplace equation
Artificial conditions

I Second order approximate problem :
−∆V = 0 in HR

∞,

∂nV (y) = nj for y ∈ ∂H∞,

V + 3R
2 ∂nV − R2

2 ∆τV = 0 on ΓR = {y ; |y| = R}.

I Variational formulation∫
HR
∞

∇V ·∇W + 2
3R

∫
ΓR

V W + R
3

∫
ΓR

∇ΓR V ·∇ΓR W =

∫
HR
∞

f W +

∫
∂H∞

njW

coercive in

W =
{

W ∈ H1(HR
∞) ; W |ΓR ∈ H1(ΓR

)}
.

I Well-posed problem !
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Laplace equation
Artificial conditions

H∞

−∆V = 0 in H∞,
V(y) = n for y ∈ ∂H∞,

V→ 0 at infinity.

I Order 0 : V = 0 for r = R.

I Order 1 : V + R∂nV = 0 for r = R.

I Order 2 : V + 3R
∂ n

V − R2

2 ∆τV = 0 for r = R.

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

log10(R)

lo
g1

0(
H

1−
er

ro
r)

 

 

Dirichlet
Robin
Ventcel

H1-errors vs R

(loglog)

Q6 and Q10.



Laplace equation
Artificial conditions

H∞

−∆V = 0 in H∞,
V(y) = n for y ∈ ∂H∞,

V→ 0 at infinity.

I Order 0 : V = 0 for r = R.

I Order 1 : V + R∂nV = 0 for r = R.

I Order 2 : V + 3R
∂ n

V − R2

2 ∆τV = 0 for r = R.

1 2 3 4 5 6 7 8
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Degree of interpolation [prop. to sqrt(number of DOF) ]

R
el

at
iv

e 
m

ax
im

u
m

 e
rr

o
r

 

 

Artificial boundary method (order 0)
Artificial boundary method (order 1)
Artificial boundary method (order 2)
Inversion method

L∞-error vs DoF

(semilog)



Profile computation

for linear elasticity



Linear elasticity
Profiles for interior inclusion

−µ∆V− (λ+ µ)grad div V = 0 in H∞,

σ(V) · n = G on ∂H∞,

V→ 0 at infinity.

I Singularities at infinity for the profile problem
[
Kondrat’ev, Grisvard

]
I Sq(r , θ) = rq

(
ϕr (θ)
ϕθ(θ)

)
for exponents q ∈ Z.

I For q = −1,
ϕr (θ) = A cos 2θ + B sin 2θ

ϕθ(θ) =
µ

λ+ 2µ
(B cos 2θ − A sin 2θ) + B

λ+ µ

λ+ 2µ

I Expansion at infinity :

V =
∞
S̃−1 + S̃−2 + · · ·



Linear elasticity
Articifial conditions

I Expansion at infinity :

V =
∞
S̃−1 + S̃−2 + · · ·

I Derivation of artificial conditions on |y| = R
I Order 0 :

V = 0.
I Order 1 (polar coordinates) :

σ(V) · n +
A1

R
V +

1
2R

[
A2 0
0 A3

]
∂2
θV = 0.

with

A1 =
E

1 + ν
, A2 = − νE

2(1− ν2)
, A3 =

E(1− ν)

(1 + ν)(1− 2ν)
.

Since E > 0 and ν ∈ (−1, .5), we get Ai > 0.



Linear elasticity
Articifial conditions

σ(V) · n +
A1

R
V +

1
2R

[
A2 0
0 A3

]
∂2
θV = 0.

I Bad sign : Ai > 0.

I Model scalar problem :{
−∆V = 0 in Ω,

R∂nV + αV + β∂2
θV = G on ∂Ω.

with α, β > 0.

I No variational approach.

I Existence, uniqueness ?



A model non-coercive Ventcel problem
Case of a ball

For Ω = B1 ⊂ R2 :{
−∆V = 0 in B1,

R∂nV + αV + β∂2
θV = G on ∂B1.

I We seek V under the form

V (r , θ) = a0 +
∞∑

n=1

(an cos nθ + bn sin nθ) rn.

I We get the relations

an(−βn2 + n + α) = an(G) and bn(−βn2 + n + α) = bn(G),

where an(G) and bn(G) are the Fourier coefficients of G.

I Unique solution iff α 6= βn2 − n for every n ∈ N.



A model non-coercive Ventcel problem
General case {

−∆V = 0 in Ω,

R∂nV + αV + βR2∆τV = G on ∂Ω.

I Introduction of DtN operator :

Λ : H1/2(∂Ω) → H−1/2(∂Ω)

ψ 7→ ∂nU,

whee U solves {
−∆U = 0 in Ω

U = ψ on ∂Ω

I Rewriting as equation on ∂Ω :

βR2∆τw + RΛw + αw = G

(the Dirichlet datum w is then lifted to obtain U).



A model non-coercive Ventcel problem
General case

βR2∆τw + RΛw + αw = G

Résult. The problems admits a unique solution iff α 6= αn (∀n ∈ N),
where (αn) is a sequence increasing to infinity [β > 0 fixed].

IDEA OF PROOF.

I The operator ∆τ is pseudo. diff. elliptic bounded from below,
selfadjoint of order 2.

I The operator Λ is pseudo. diff. elliptic bounded from below,
selfadjoint of order 1.

I The operator −βR2∆τ − RΛ is pseudo. diff. elliptic bounded from
below, selfadjoint of order 2.

I The (αn) are the eigenvalues of −βR2∆τ − RΛ.



A model non-coercive Ventcel problem
Case of an interior inclusion

ω

Ω


−∆V = 0 in Ω \ ω,

R∂nV + αV + βR2∆τV = 0 on ∂Ω,
V = G on ∂ω.

I Question : if Ω = BR do we have existence for R large enough ?
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ω

Ω


−∆V = 0 in Ω \ ω,

R∂nV + αV + βR2∆τV = 0 on ∂Ω,
V = G on ∂ω.

I Question : if Ω = BR do we have existence for R large enough ?

I Particular case of a ring : ω = B1.
I Representation as a Laurent series :

V (r , θ) = d + c ln r +
∑

n∈Z∗

(
anrn cos nθ + bnrn sin nθ

)
I Uniqueness condition

R 6∈

γn =

(
βn2 + n− α
βn2 − n− α

)1/2n

for n ∈ N


=⇒ uniqueness for R > Rc.
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I General case : uniqueness for R large enough.



A model non-coercive Ventcel problem
Case of an interior inclusion

ω

Ω


−∆V = 0 in Ω \ ω,

R∂nV + αV + βR2∆τV = 0 on ∂Ω,
V = G on ∂ω.

I Question : if Ω = BR do we have existence for R large enough ?

I General case.
I With the homotecy x 7→ x/R, we are led to

ω = εω̃ and Ω = B1,

with ε = 1/R.

I The operator of interest is then

LD = αId + ΛD + β∆τ on ∂B1,

with ΛD(ψ) = U where U satisfies −∆U = 0 in B1 \ D
U = ψ on ∂B1

U = 0 on ∂D



A model non-coercive Ventcel problem
Case of an interior inclusion

LD = αId + ΛD + β∆τ on ∂B1,

with ΛD(ψ) = U where U satisfies −∆U = 0 in B1 \ D
U = ψ on ∂B1

U = 0 on ∂D

I D = ∅ is known : L∅ is invertible iff α /∈ {αn}.

I Asymptotic result :

‖Λεω̃ − Λ∅‖L(H1/2(∂Ω),H−1/2(∂Ω)) ≤
C
| ln ε| .

I Conclusion : if ε is small enough, Lεω̃ is generically invertible.



A model non-coercive Ventcel problem
Case of an interior inclusion

−∆u = 0 in BR \ ω,
R∂nu + αu + βR2∆τu = g sur ∂BR ,

u = 0 on ∂ω,

and the operator L corresponds to the problem

Lu = −βR2∆τu − αu − RΛu on ∂BR
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Ventcel problem for linear elasticity
Case of a circular inclusion

I Profile problem

−µ∆u− (λ+ µ)grad div u = 0 in BR \ ω

σ(u) · n = G on ∂ω

R(1+ν)
E σ(u) · n + R2

2

[
−ν

2(1−ν)
0

0 1−ν
1−2ν

]
∆τu + u = 0 on ∂BR

I Case of a ball : ω = B1

Theorem. There exists a countable set S s.t.

∀ν /∈ S, ∃Rν countable s.t.. ∀R /∈ Rν ,

∀G ∈ H1/2(∂ω), ∃u ∈ H2(BR \ ω) solution.
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Ventcel problem for linear elasticity
Case of a circular inclusion

Again we consider the equation on ∂BR :

1
2

[
−ν

2(1−ν)
0

0 1−ν
1−2ν

]
∂2
θϕ+ ϕ+ ΛR(ϕ) =

−R(1 + ν)

E
σ(u0) · n on ∂BR ,

with ΛR(ϕ) =
[

R(1+ν)
E σ(v) · n

]∣∣∣
∂BR

, where


−µ∆v− (λ+ µ)grad div v = 0 in BR \ ω,

σ(v) · n = 0 on ∂ω,

v = ϕ on ∂BR .

and 
−µ∆u0 − (λ+ µ)grad div u0 = 0 in BR \ ω,

σ(u0) · n = G on ∂ω,

u0 = 0 on ∂BR .



Ventcel problem for linear elasticity
Case of a circular inclusion

We look for a solution under the form

ϕ =

[
ϕr

0
ϕθ0

]
+
∑
n≥1

[
ϕr

n

ϕθn

]
cos nθ +

∑
n≥1

[
ψr

n

ψθn

]
sin nθ

Let Φn =
[
ϕr

n, ψ
r
n, ϕ

θ
n, ψ

θ
n
]T and fn,R the decomposition of the RHS.

The problems reads
PnΦn + Rn,RΦn = fn,R

with ‖Rn,R‖∞ ≤ Cn2R−2n+2, ‖R1,R‖∞ ≤ CR−4, ‖R0,R‖∞ ≤ CR−2
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]
+
∑
n≥1
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ϕθn

]
cos nθ +

∑
n≥1
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ψr
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ψθn
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sin nθ

Let Φn =
[
ϕr

n, ψ
r
n, ϕ

θ
n, ψ

θ
n
]T and fn,R the decomposition of the RHS.

The problems reads
PnΦn + Rn,RΦn = fn,R

with ‖Rn,R‖∞ ≤ Cn2R−2n+2, ‖R1,R‖∞ ≤ CR−4, ‖R0,R‖∞ ≤ CR−2

Result. Let γ = 1−2ν
2(1−ν)

.

1. There exist a countable set S s.t. for every γ /∈ S, Pn is invertible with
inverse bounded w.r.t. n.

2. For every γ /∈ S, there exists Rγ such that the Venctel problems
admits a unique solution for R ≥ Rγ .



Ventcel problem for linear elasticity
Numerical simulations

I Geometries :

I Norm of inverse w.r.t. R
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Ventcel problem for linear elasticity
Numerical simulations

I Geometries :

I Singular radii R w.r.t. eccentricity
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Other non coercive Ventcel-type problems
Electromagnetics

[
PhD B. Delourme 2010

]

I Thin 3D structure

I Periodic repartition

I Harmonic Maxwell equation

I Expansion in δ
(homog. and matched
expansions)

I Approximate boundary
conditions on Γ

Chapitre 1

Introduction générale

Présentation du problème

Le laboratoire LETI du CEA-Grenoble s’intéresse à la simulation numérique de la diffraction d’une onde élec-
tromagnétique par la structure complexe présentée sur la figure 1.1. Cette structure est constituée d’un anneau
fin de diélectrique d’épaisseur δ, de rayon moyen r∗ et de hauteur Lz, à l’intérieur duquel s’enroulent hélicoï-
dalement deux nappes de fils (dans deux sens différents). Chaque nappe de fils contient N fils régulièrement
espacés suivant la variable angulaire θ : N est compris entre 300 et 600. La distance entre deux fils consécutifs
(donnée par 2πr∗/N) est du même ordre de grandeur que l’épaisseur δ de l’anneau et est bien inférieure au
rayon r∗ ainsi qu’à la longueur d’onde λ de l’onde incidente.

δ
δ

Γ

fils

r∗

Figure 1.1 – Structure périodique

La présence de deux échelles bien distinctes (échelle microscopique δ et échelle macroscopique λ) rend les
simulations numériques difficiles. En effet, si on veut utiliser la méthode des éléments finis pour réaliser cette
simulation, il faut utiliser un maillage très fin qui suit la géométrie des fils si bien que la taille du système
linéaire à résoudre explose.

Objectif

L’objectif de cette thèse est de construire une méthode numérique adaptée à la simulation numérique de la
diffraction par cette structure complexe. Plus précisément, on va chercher à remplacer les deux nappes de fils
par une condition de transmission approchée posée sur l’interface médiane Γ. Ce modèle approché, posé sur
un domaine homogène, permet de calculer précisément la solution loin des deux nappes de fils. La simulation
numérique du modèle approché par une méthode d’éléments finis est bien moins coûteuse que la simulation du
problème exact puisqu’il n’est plus nécessaire de mailler l’anneau périodique à l’échelle des fils.

D’un point de vue technique, nous construisons notre condition approchée à l’aide d’un développement
asymptotique du champ électrique en fonction du paramètre δ. Ce développement mixte la théorie de
l’homogénéisation périodique et la technique des développements asymptotiques raccordés. Nous obtenons



Other non coercive Ventcel-type problems
Electromagnetics

[
PhD B. Delourme 2010

]
2D model

I Simplified geometry

I Helmholtz equation :

div(ε−1
δ ∇u) + ω2µδu = f .

I Radiation condition on ∂Ω

∂r u + iωu = 0.

10 Chapitre 2. Présentation du cas bi-dimensionnel

2.1 Présentation du problème

Soit Ω, le disque de centre 0 et de rayon re.

Ω :=
�
x ∈ R2, |x| < re

�
.

Nous nous intéressons à la résolution du problème : chercher uδ ∈ H1(Ω) satisfaisant

∇ · (�−1
δ ∇uδ) + ω2µδu

δ = f dans Ω, (2.1.1)

et la condition limite
∂ru

δ + iωuδ = 0 sur ∂Ω. (2.1.2)

�−1
δ et µδ sont les permittivité et perméabilité du milieu, ω est la fréquence et f est un terme source donné.

Soit r∗ un réel positif strictement inférieur à re. On appelle Γ le cercle de centre 0 et de rayon r∗.

Γ :=
�
x ∈ R2, |x| = r∗

�
. (2.1.3)

Le domaine Ω est constitué d’un anneau de diélectrique périodique {|r − r∗| ≤ δ/2} placé dans un milieu ho-
mogène (cf. figure 2.1). L’anneau est périodique au sens où il contient de nombreuses hétérogénéités disposées
périodiquement suivant la variable angulaire θ. Cela signifie en particulier que les fonctions caractéristiques du
milieu �−1

δ et µδ sont périodiques dans la direction angulaire θ.

δ

δ

r∗

re

Ω

∂Ω

support de f

Figure 2.1 – Domaine Ω

Pour définir plus précisément cette périodicité, nous introduisons les variables tangentielle et normale dilatées
s ∈ R+ et ν ∈ R

s = θ
r∗
δ

et ν =
r − r∗

δ
. (2.1.4)

Nous supposons alors qu’il existe deux fonctions � et µ dépendant uniquement des variables dilatées ν et s

satisfaisant



�(ν, s + 1) = �(ν, s),

µ(ν, s + 1) = µ(ν, s),
et

�
�(ν, s) = �∞ si |ν| > 1

2 ,

µ(ν, s) = µ∞ si |ν| > 1
2 .

(2.1.5)

telles que

�δ(r, θ) = �
�r − r∗

δ
, θ

r∗
δ

�
et µδ(r, θ) = µ

�r − r∗
δ

, θ
r∗
δ

�
∀(r, θ) ∈ R+ × [0, 2π]. (2.1.6)

Les fonctions � et µ sont bornées inférieurement et supérieurement, c’est à dire qu’il existe une constante
strictement positive α telle que α < � < 1/α et α < µ < 1/α.

Asymptotic model of order 1

ε−1
∞∆u + ωµ∞u = f in Ω±,

∂r u + iωu = 0 on ∂Ω,

[u]Γ = δA0〈r∂r u〉Γ on Γ,

[r∂r u]Γ = δ
(
−ω2B0〈u〉Γ − B2∂

2
θ〈u〉Γ

)
on Γ.
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2D model

I Simplified geometry
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Pour définir plus précisément cette périodicité, nous introduisons les variables tangentielle et normale dilatées
s ∈ R+ et ν ∈ R

s = θ
r∗
δ

et ν =
r − r∗

δ
. (2.1.4)

Nous supposons alors qu’il existe deux fonctions � et µ dépendant uniquement des variables dilatées ν et s

satisfaisant



�(ν, s + 1) = �(ν, s),

µ(ν, s + 1) = µ(ν, s),
et

�
�(ν, s) = �∞ si |ν| > 1
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µ(ν, s) = µ∞ si |ν| > 1
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(2.1.5)

telles que

�δ(r, θ) = �
�r − r∗

δ
, θ

r∗
δ

�
et µδ(r, θ) = µ

�r − r∗
δ

, θ
r∗
δ

�
∀(r, θ) ∈ R+ × [0, 2π]. (2.1.6)

Les fonctions � et µ sont bornées inférieurement et supérieurement, c’est à dire qu’il existe une constante
strictement positive α telle que α < � < 1/α et α < µ < 1/α.

Asymptotic model of order 1 〈φ〉Γ = 1
2

(
φ(x + 0) + φ(x − 0)

)


ε−1
∞∆u + ωµ∞u = f in Ω±,

∂r u + iωu = 0 on ∂Ω,

[u]Γ = δA0〈r∂r u〉Γ on Γ,

[r∂r u]Γ = δ
(
−ω2B0〈u〉Γ − B2∂

2
θ〈u〉Γ

)
on Γ.
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Pour définir plus précisément cette périodicité, nous introduisons les variables tangentielle et normale dilatées
s ∈ R+ et ν ∈ R

s = θ
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δ

et ν =
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δ
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Nous supposons alors qu’il existe deux fonctions � et µ dépendant uniquement des variables dilatées ν et s

satisfaisant
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δ
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�
∀(r, θ) ∈ R+ × [0, 2π]. (2.1.6)

Les fonctions � et µ sont bornées inférieurement et supérieurement, c’est à dire qu’il existe une constante
strictement positive α telle que α < � < 1/α et α < µ < 1/α.

Asymptotic model of order 1 〈φ〉Γ = 1
2

(
φ(x + 0) + φ(x − 0)

)


ε−1
∞∆u + ωµ∞u = f in Ω±,

∂r u + iωu = 0 on ∂Ω,

[u]Γ = δA0〈r∂r u〉Γ on Γ,

[r∂r u]Γ = δ
(
−ω2B0〈u〉Γ − B2∂

2
θ〈u〉Γ

)
on Γ. Pb. B2 < 0



Other non coercive Ventcel-type problems
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Introduction
Matched asymptotic expansions

Variational convergence

Examples of thin layers of heterogeneities in a structure (of elastic
material)

e1

e2

e3

ε

BεΓ ε0

ω

The heterogeneities can be holes, elastic material, rigid inclusions

The effect of a thin layer of heterogeneities in an elastic structure.

Introduction
Matched asymptotic expansions

Variational convergence

Examples of thin layers of heterogeneities in a structure (of elastic
material)

e1

e2

e3

ε

BεΓ ε0

ω

The heterogeneities can be holes, elastic material, rigid inclusions

The effect of a thin layer of heterogeneities in an elastic structure.

Heterogeneous thin layers in a material

I Approximate transmission condition of order 2.

I Ventcel with bad sign.



Other non coercive Ventcel-type problems
For flows
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I Flows over rough boundary.

I Periodic geometry.

I Construction of approximate problems : wall laws



Other non coercive Ventcel-type problems
For flows

[
Bresch-Milisic 2008

]
I 2D périodic model.

I Laplace Dirichlet/periodic equation.

HIGH ORDER MULTI-SCALE WALL-LAWS, PART I : THE PERIODIC CASE 5

Hypotheses 2.1. The rough boundary Γε is described as a periodic repetition at the

microscopic scale of a single boundary cell P 0. The latter can be parameterized as the

graph of a Lipshitz function f : [0, 2π[→ [−1 : 0[ such that

P 0 = {y ∈ [0, 2π] × [−1 : 0[ s.t. y2 = f(y1)}. (1)

Moreover, we suppose that f is negative definite, i.e. there exists a positive constant

δ such that f(y1) < δ for all y1 ∈ [0, 2π]. Then the macroscopic boundary Γε is

parametrized as

Γε =
{
x ∈ R2 s.t. x2 = εf

(x

ε

)}
.

We assume that the ratio between L (the width of Ω0) and 2πε (the width of the periodic

cell) is always an integer called N . We consider a simplified setting that avoids the the-

x2

Ω0

Γ1

Γ0

x1

x2

Ωε

x2 = 0

x2 = 1

P

y2

y1

Γ

Γ1

P 0
Γε

x1

x1 = 0 x1 = L

Γin Γout Z+ ΓrΓl

figure 4: Rough, smooth and cell domains

oretical difficulties and the non-linear complications of the full Navier-Stokes equations.

Starting from the Stokes system, we consider a Poisson problem for the axial component

of the velocity. The pressure gradient is assumed to reduce to a constant right hand side

C. We consider only periodic inflow and outflow boundary conditions. The simplified

problem reads : find uε such that




− ∆uε = C, for x ∈ Ωε,

uε = 0, x ∈ Γε ∪ Γ1,

uε is x1 periodic.

(2)

We underline that the results below can be directly extended to rough domains with

smooth holes and to the Stokes system in the case of a simple sheared flow.

In what follows, functions that do depend on y = x/ε should be indexed by an ε (e.g.

Uε = Uε(x, x/ε)).

3. The full boundary layers correctors.

3.1. A zeroth order approximation. When ε = 0, the rough domain Ωε reduces to Ω0

which is smooth. The solution of system (2) in this limit is known and explicit: it is the

Poiseuille profile :

ũ0(x) =
C

2
(1 − x2)x2, ∀x ∈ Ω0,

Implicit wall law of order 2 :{
−∆Vε = C dans Ω0,

Vε − ε∂nVεβ( x1
ε
, 0) + ε2

2 ∂
2
τVεγ( x1

ε
, 0) = 0 on Γ0.

(β, γ solutions of cell problems, of different sign).



Conclusions

I More general geometries.

I Explicit bound for forbidden radii ?

I Numerical analysis of the whole numerical method.

I Interaction between inclusions.


