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Introduction
Multiscale representation for small defects

» Holes in concrete
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» Model problems : linear elasticity in a perturbed domain
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Introduction
Multiscale representation for small defects

» Holes in concrete

» Numerical issues
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Intfroduction
Multiscale representation for small defects

» Example with the Laplace equation
O

—AV =0 inH.,
onV(Y) =n fory € dH,

V-0 as |y| — oo.

—Au. =fF inQ.,
ohu: =0 onTl.=09..

Asymptotic expansion at order 1 : u.(x) ~ Uy(x) — eVip(0) - V (¥).

» Similar representations for other operators, boundary conditions,
geometries, multiple inclusions. . .[e.g. Maz'ya-Nazarov-Plamenevskij|

» Question : accurate computation of profiles V ?
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Overview

» Toy problem : the Laplace equation
» Profile properties

» Arfificial boundary conditions

» Profile computation for linear elasticity
» Artificial boundary conditions

» Non-coercive Ventcel problems

» Some other non-coercive Ventcel-type problems
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Profiles for

the Laplace equation
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Laplace equation
Profiles properties

» Circular perturbation
Hoo _
V(y)=n fory e oH.,

—AV =0 inH.,
V-0 atinfinity.
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Laplace equation
Profiles properties

» Circular perturbation

H. —-AV; =0 inHy,
O onVy =cosh fory € OH,

Vi =0 at infinity.

ECOLE
@ CENTRALELYON




Laplace equation
Profiles properties

» Circular perturbation

H. —-AV; =0 inH,
O onVy =cosh fory € OH,

Vi =0 at infinity.

Explicit solution :

cosf
Vi(r,0) = =
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Laplace equation
Profiles properties

» Circular perturbation

H. —-AV; =0 inH,
O onVy =cosh fory € OH,

Vi =0 at infinity.

Explicit solution :

cosf
Vi(r,0) = =

» General case

No explicit formula, only asymptotic expansion at infinity :

V(r,0) = Z Qi cos ko + by sin ko

rk
K>
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Laplace equation
Artificial conditions

O

» Truncated domain HR, at radius R.

V(y)=n fory e dH,

—AV =0 inH,
V-0 atinfinity.
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dHu,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dH,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

VIr,6) = Z Qy Cos kb + by sin ko

rk
K>
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dH,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

V(r,0) = Z Qi COS ker—kk by sin ko
k>1

» Elementary construction :
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dH,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

V(r,0) = Z Qi COS ker—kk by sin ko
k>1
» Elementary construction :

» Order0:V =0forly| =R
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dH,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

Qy Cos kb + by sin ko
V(r’ 0) = Z rk
k>1
» Elementary construction :
» Order0:V =0forly| =R

» Order 1:V + RopV =0 for |y| = R.
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dHu,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

VIr,6) = Z Qy Cos kb + by sin ko

rk
K>

» Elementary construction :

» Order0:V =0forly| =R

» Order1:V + RopV =0forly| =R.
Indeed V; ~ r=!(aycosé + by sing),
and V) ~ —r=2(ay cosd + by sin ).
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dH,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

V(r,0) = Z Qi COS ker—: by sin ko
k>1
» Elementary construction :
» Order0:V =0forly| =R
» Order 1:V 4+ RopV =0for |y| =R.
» Order2:V + %o,V - %QATV = Ofor|y| = R.
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Laplace equation
Artificial conditions

O

» Truncated domain HE, at radius R.

V(y)=n fory € dHu,

—AV =0 inH,
V-0  atfinfinity.

» Boundary conditions ("absorbing”) for |y| = R.
» Reminder :

V(r,0) = Z Qi COS ker—: by sin ko
k>1
» Elementary construction :
» Order0:V =0forly| =R
» Order 1:V 4+ RopV =0for |y| =R.
» Order2: V + Lo,V — BA,V =0forly| = R.

[Engquist-Majda, Halpern-Rauch, . ..]
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Laplace equation
Artificial conditions

» Second order approximate problem :
-AV =0 in HR,,
onhV(y)=n; fory € OHw,
V4320,V - A V=0 onTe={y; |y|=R}
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Laplace equation
Artificial conditions

» Second order approximate problem :
-AV =0 in HR,,
onhV(y)=n; fory € OHw,
V4320,V - A V=0 onTe={y; |y|=R}

» Variational formulation

VV.VW+Z& [ VW+E [ Vi V-V W=
e

HE, TR

fW+/ an
OHoo

HE,
coercive in

20 — {WeH](Hfo); W|r, EH](FP)}-
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Laplace equation
Artificial conditions

» Second order approximate problem :
-AV =0 in HR,,
onhV(y)=n; fory € OHw,
V+ 3RV —BA V=0 onlr={y; |y| =R}

» Variational formulation

VV.VW+Z& [ VW+E [ Vi V-V W=
e

HE, TR

fW+/ an
OHoo

HE,
coercive in

20 — {WEH](HI;); W|r, EH](FP)}-

» Well-posed problem !
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Laplace equation
Artificial conditions

4 _AV=0 inH.,
o0 O V(y)=n foryc oHo,
V-0 at infinity.

» OrderQ0:V =0forr=R.
» Order1:V + RopV =0forr=R.
> Order2: V+ 3 v_ A V=0forr="R

T T T T T T T
—— Dirichlet
—o— Robin
ol —o— Ventcel
al 1

e ] H'-errors vs R
g (loglo@)
L 5 Qs and Q1g.
a5 i Q/Z/
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Laplace equation
Artificial conditions

O

—AV=0
V(y)=n
V-0

» OrderQ0:V =0forr=R.
» Order1:V + RopV =0forr=R.
> Order2: V+ 3 v_ A V=0forr="R

Relative maximum error

—&— Artificial boundary method (order 0) \\

—— Inversion method

o | —&— Atificial boundary method (order 1) e
—— Artificial boundary method (order 2)

B} CENTRALELYON

2 3 ¥ 5 © 7
Degree of interpolation [prop. to sqrt(number of DOF) ]

in Hoo,
fory € OHw,
at infinity.

L*°-error vs DoF

(semiloQ)




Profile computation

for linear elasticity

ECOLE

CENTRALELYON




Linear elasticity
Profiles for interior inclusion

—puAV — (A + p)graddivV =0 in He,
o(V)-n=Gon dH,
V — 0 at infinity.

» Singularities at infinity for the profile problem [Kondrat ev, Grisvard]

> G9(r,0)=r1 <“0’(9)) for exponents g € Z.

©o(0)
» Forg= -1,
er(0) = Acos20+ Bsin26
{ ZB(0) s ﬁ”%(facosze — Asin26) + B%
» Expansion at infinity :
V-G e
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Linear elasticity
Arficifial conditions

» Expansion at infinity :

V=&"+67+-..

8 Il

» Derivation of arfificial conditions on |y| = R

» Order0:
V=0.
» Order 1 (polar coordinates) :
AW 1 AQ 0 2\
with
gl el i E(1 —v)
2 i e L2y Ao o S A

Since E>0andv e (-1,.5), we get A > 0.
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Linear elasticity
Arficifial conditions

AW ] A2 O A2\ _
» Badsign: A > 0.
» Model scalar problem :
—-AV =0 in Q,
RO,V 4+ aV + BV =G  on dq.

with a, 8 > 0.

» No variational approach.

» Existence, uniqueness ?
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A model non-coercive Ventcel problem
Case of a ball

ForQ =3, Cc R?:
~AV =0 in B,
ROV +aV + BV =G on dB;.

» We seek V under the form

V(r,0) = do+ Y _ (GhCOS NO + bnsin no) r".

=1
» We get the relations
an(=Br* +n+a)=an(G) and bn(—BN* + N+ a) = bn(G),
where a,(G) and by(G) are the Fourier coefficients of G.

» Unique solution iff o £ 8n° — nfor every n € N.
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A model non-coercive Ventcel problem
General case

~AV =0 in Q,
RO,V + aV + BRPA,V = G on 9.

» Infroduction of DIN operator :
Ao HZS(o9)=1s U H T 2(6Q)
P — onU,
whee U solves
-AU = 0 inQ

U = v onaoQ

» Rewriting as equation on 99 :
BRPA-W + RAW + aw = G

(the Dirichlet datum w is then lifted to obtain U).
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A model non-coercive Ventcel problem
General case

BRPA,W + RAW + aw = G

Résult. The problems admits a unique solution iff a # an (VN € N),
where (an) is a sequence increasing to infinity (5 > O fixed).
IDEA OF PROOF.

» The operator A is pseudo. diff. elliptic bounded from below,
selfadjoint of order 2.

» The operator A is pseudo. diff. elliptic bounded from below,
selfadjoint of order 1.

» The operator —8R*A. — RA is pseudo. diff. elliptic bounded from
below, selfadjoint of order 2.

» The (an) are the eigenvalues of —3R*A, — RA.
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A model non-coercive Ventcel problem
Case of an interior inclusion

-AV = 0 inQ\w,
ROV 4+ aV + BRPA.V = 0 ondqQ,
V. = G onow.

» Question : if Q = B, do we have existence for R large enough ?
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A model non-coercive Ventcel problem
Case of an interior inclusion

-AV = 0 inQ\w,
ROV 4+ aV + BRPA.V = 0 ondqQ,
V. = G onow.

» Question : if Q = Br do we have existence for R large enough ?

» Particular case of aring : w = B;.
» Representation as a Laurent series :

V(r,0) =d+cinr+ Y (anr" cosnd + bar" sin no)

nez*

» Uniqueness condition

1/2n
Faripi
R%{%(W) forneN}

— uniqueness for R > Rc.
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A model non-coercive Ventcel problem
Case of an interior inclusion

-AV = 0 inQ\w,
ROV 4+ aV + BRPA.V = 0 ondqQ,
V. = G onow.

» Question : if Q = Br do we have existence for R large enough ?

» Particular case of aring : w = B;.
» Representation as a Laurent series :

V(r,0) =d+cinr+ Y (anr" cosnd + bar" sin no)

nez*

» Uniqueness condition

1/2n
n+n—
Rgz{vn(gthn_Z) forneN}

» General case : uniqueness for R large enough.
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A model non-coercive Ventcel problem
Case of an interior inclusion

-AV = 0 inQ\w,
ROV 4+ aV + BRPA.V = 0 ondqQ,
V. = G onow.

» Question : if Q = B do we have existence for R large enough ?

» General cose.
» With the homotecy x — x/R, we are led to

w=cw and Q= B,
withe = 1/R.
» The operator of interest is then
Lp = ald+ Ap + BA, ON OB,
with Ap(¢) = U where U satisfies

—AU = 0 inB\D
U = ¢ onoB
U = 0 onob
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A model non-coercive Ventcel problem
Case of an interior inclusion

Lp = ald+ Ap + ﬁAT on 831,
with Ap(v) = U where U satisfies

U = ¢ onoB,

—AU = 0 inB\D
U = 0 onob

» D=(isknown: Ly is invertible iff o ¢ {an}.

» Asymptotic result :

C
[Ingl”

Aca — Noll i /2(00)1-172(00)) <

» Conclusion : if £ is small enough, L.z is generically invertible.
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A model non-coercive Ventcel problem
Case of an interior inclusion

—Au = 0 inBp\w,
ROnU + au+ BRPA,U = g surdBp,
u = 0 onow,

and the operator L corresponds to the problem

Lu=—BRPA.U—au—RAU on O8Bg
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A model non-coercive Ventcel problem
Case of an interior inclusion

—Au = 0 inBp\w,
ROnU + au+ BRPA,U = g surdBp,
u = 0 onow,

and the operator L corresponds to the problem

Lu=—BRPA.U—au—RAU on O8Bg

Norm of inverse of operator L,

125 13 135 14

1 105 11 115

1.2
Radius R
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A model non-coercive Ventcel problem
Case of an interior inclusion

—Au = 0 inBp\w,
ROnU + au+ BRPA,U = g surdBp,
u = 0 onow,

and the operator L corresponds to the problem

Lu=—BRPA.U—au—RAU on O8Bg
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Ventcel problem for linear elasticity
Case of a circular inclusion

» Profile problem

—pAu — (A +p)graddivu = 0 inBp\w
ouy-n = G onodw
p—(7 1| 0
R o). nt & “6”) 1_y] Au+u = 0 ondBp
1-2v
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Ventcel problem for linear elasticity
Case of a circular inclusion

» Profile problem

—pAu — (X + p)graddivu

R o). nt &

[
Ol
T
Y

a-n 0 } Au+u

» Case of aball:w =B,

Theorem. There exists a countable set 8 s.t.

Vv ¢ 8, 3R, countables.t. VR ¢ R,,

0 INnBp\w
G onodw
0 ondBgr

VG € H'/?(8w), 3u € H*(Bp \ w) solution.
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Ventcel problem for linear elasticity
Case of a circular inclusion

Again we consider the equation on 9Bp, :

1 o5 O R(1
(1 —v) | B+ o+ Ar(p) = MG(UQ)-I’\ on 9By,
2 0 o E
with Ap() = [ Rt g (v) - n } ‘BB . where
R
—pAvV — (A + p)graddivy = 0 in Bp\ w,
ov):n = 0 onow,
vV = ¢ 0OnoadBe
and
—pAug — (A + p)graddivug = 0 in Br\w,
o(U)-n = G onouw,
Ug sz on0B e
ECOLE
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Ventcel problem for linear elasticity
Case of a circular inclusion

We look for a solution under the form

0= Lﬁg] +Z cosn9+z [zg

n>1 n>1

sin no

©n
©h

Let &, = [ioh, ¥, 8, v%]" and f,  the decomposition of the RHS.

The problems reads
Pn¢n + :Rn,l?(bn =} fnJ?

With [| R llee < CMPR™2M2, || Ry plloe < CR™4, ||Ro.pllec < CR™2
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Ventcel problem for linear elasticity
Case of a circular inclusion

We look for a solution under the form

npf{%}JrZ cosn9+2[

n>1 n>1

(p” sin o

Let &, = [ioh, ¥, 8, v%]" and f,  the decomposition of the RHS.

The problems reads
Pr®n + Rpp®n = o
With [| R llee < CMPR™2M2, || Ry plloe < CR™4, ||Ro.pllec < CR™2

1-2v
Result. Let v = 57=75.
1.

There exist a countable set 8 s.t. for every ~ ¢ 8, Py is invertible with
inverse bounded w.rt. n.

For every v ¢ 8. there exists R, such that the Venctel problems
admits a unique solution for R > R,,.
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Ventcel problem for linear elasticity
Numerical simulations

» Geometries :

» Norm of inverse w.r.t. R

—Disk —Disk
- - -Ellipse o H - - -Elipse

800

700

R

300

Norm of inverse of operator L,

200

Log of Norm of inverse of operator L,
>

100) <]

3 4
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Ventcel problem for linear elasticity
Numerical simulations

» Geometries :

00

» Singular radii R w.r.t. eccentricity

1

1.18]

Singular values of radius R

s s R
SIS A A R TS
SRS L IS

IS
S
8,

ECOLE o
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Other non coercive Ventcel-type problems
Electromagnetics [PhD B. Delourme 2010

» Thin 3D sfructure
» Periodic repartition

» Harmonic Maxwell equation

» Expansionin ¢
(homog. and mafched
expansions)

» Approximate boundary
conditionson I
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Other non coercive Ventcel-type problems
Electromagnetics [PhD B. Delourme 2010

2D model

def
» Simplified geometry @ support de

» Helmholtz equation :
div(e; 'Vu) + w?usu = f. 90
» Radiation condition on 6Q
oru + iwu = 0.
Asymptotic model of order 1

ago1Au+wuwu:f in Q4
oru+iwu =0 on 09,
[Ulr = 0Au(roru)r onT,

[roulr = 6 (—w280<u)r = Bgé)g(u)r) onT.
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Other non coercive Ventcel-type problems
Electromagnetics [PhD B. Delourme 2010

2D model

def
» Simplified geometry @ support de

» Helmholtz equation :
div(e; 'Vu) + w?usu = f. 90
» Radiation condition on 09
oru + iwu = 0.

Asymptotic model of order 1 (¢)r =  (¢(x + 0) + ¢(x — 0))

ago1Au+wuwu:f in Q4
U+ iwu=0 on 09,
[Ulr = 0Au(roru)r onT,

[roulr = 6 (—w280<u)r = 828§<u>r) onT.
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Other non coercive Ventcel-type problems
Electromagnetics [PhD B. Delourme 2010

2D model

def
» Simplified geometry @ support de

» Helmholtz equation :
div(e; ' VU) + w’psu = f. 90
» Radiation condition on 09
oru + iwu = 0.

Asymptotic model of order 1 (¢)r =  (¢(x + 0) + ¢(x — 0))

ago1Au+wuwu:f in Q4
oru+iwu =0 on 09,
[Ulr = 0Au(roru)r onT,

[roulr =6 (—w280<u)r = 828§<u>r) onT ¢ /PbiB 20
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Other non coercive Ventcel-type problems
In mechanics [Projet ANR Epsilon 2012

Q- @w’

Heterogeneous thin layers in a material

» Approximate fransmission condition of order 2.

» Ventcel with bad sign.
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Other non coercive Ventcel-type problems
For flows |Bresch-Milisic 2008]

» Flows over rough boundary.
» Periodic geometry.

» Construction of approximate problems : wall laws
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Other non coercive Ventcel-type problems
For flows |Bresch-Milisic 2008]

» 2D périodic model.

» Laplace Dirichlet/periodic equation.

T2 =1 Iy r :
T Q s Q° I 4
T 1 Ij :
T2 = O I P =
Te v Y
z1=0 z1=1L PO

Implicit wall law of order 2 :
{ —AV. =C dansQ°,
Ve — e0nVB(2,0) + S2V.(2,00=0 onr®.

(8. v solutions of cell problems, of different sign).
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Conclusions

v

More general geometries.

v

Explicit bound for forbidden radii ?

v

Numerical analysis of the whole numerical method.

v

Interaction between inclusions.
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