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The object of the issue.

Arteriovenous malformations (AVM) are abnormal connections
between arteries and veins, bypassing the capillary system.

Figure : Image source: http://www.medicalartstudio.com
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Model sketch.
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Initial conditions.

Darcy’s law and continuity equation inside AVM:

~v = −K
µb

−→
∇p,

div~v = 0.

Boundary conditions:
~v(M) = ~vin(M), ∀M ∈ Sin,
p(M) = pout, ∀M ∈ Sout,
(~v(M), ~n(M)) = 0, ∀M ∈ Sb.

Embolic agent mass concentration C(M, 0) = 0.
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Embolization.

Coefficient of dynamic viscosity:

µ = µb + µb[µ]C + µbk[µ]
2C2,

Density of embolic agent solution:

ρ = ρb + C

(
1−

νef
Me

ρb

)
.
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Embolic agent solution flow.

Embolic agent mass concentration dynamics:

m
∂C

∂t
= div

(
D
−−→
∇C − C~v

)
.

Darcy’s law and continuity equation for solution:

~v = −K
µ

−→
∇p,

m
∂ρ

∂t
+ div (ρ~v) = 0.
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Boundary conditions and control.

For all t > 0: 
~v(M) = ~vin(M), ∀M ∈ Sin,
p(M) = pout, ∀M ∈ Sout,
(~v(M), ~n(M)) = 0, ∀M ∈ Sb.

C(M, t) = ρeu(t)

(Mb(0)−F (‖µ(t)‖))
(

1−
νef
Me

ρb

) , ∀M ∈ Sin,
C(M, t) = 0, ∀M ∈ Sout,(−−→
∇C(M, t), ~n(M)

)
= 0, ∀M ∈ Sb.
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Constraint and optimization problem.

Unit load:

E(t) =

∫
Ω

div
((
p+ α

2 ρ|~v|
2
)
~v
)
dV

m
∫
Ω

(
1− νef

Me
C
)
dV

6 E.

Functional:

J(µ, u) =

∫
Ω

(µ− µe)2 dV + λ

T∫
0

∫
Sin

u(t)dV dt.→ min
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Thank you for your attention!
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