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Lumped parameter heart model with valve dynamics
S. S. Simakov∗

Abstract — In this work, the lumped parameter model of the left heart is presented. It is based on
the concept of the time-varying elastance of myocardium and includes the model of the heart valve
dynamics. Comparison of the models with instant and smooth valve opening and closing is given,
as well as simulations of pathologies such as mitral valve stenosis and aortic valve insufficiency are
addressed.
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The heart is the vitally important organ, which is responsible for the blood pumping through the whole organism. Its normal functioning is essential for the oxygen
and nutrients delivery to tissues and for removing carbon dioxide and metabolic
waste. The heart operates due to electrical stimulation initiated by the signals from
the sinoatrial node generating the action potential. The latter passes through the
heart and causes myocardium contraction by depolarization/repolarization of myocytes and actin-myosin interaction. The contraction of heart chambers pressurizes
blood. Finally, the heart chambers eject blood to arteries and receive the new portion
of blood from veins.
The detailed mathematical model of the heart function should account electrophysiology, soft tissue mechanics, and hydrodynamics. Some mathematical models
simplify the subject. For instance, multi-scale integrated models of the cardiovascular system [3, 5, 15, 18–21, 24, 32] address functional behaviour of the heart in
terms the of pressure–volume relationship PV, the cardiac output, the ejection fraction depending on the venous input (preload) conditions, arterial output (afterload)
conditions, oxygen demand, etc. This concept is also applied to parts of the vascular
network. These models operate with such variables as the volume of the heart chambers (auricles and ventricles), the pressure, and the blood flow. The conservation
laws and semi-empirical hydrodynamic laws (e.g., Poiseuille law) relate these parameters together. The detailed spatial description is omitted and the models of this
type are called lumped parameter or zero-dimensional (0D) models. The other common approach exploits electromechanical analogies between the variables and parameters of an electrical circuit (voltage, current, resistance, capacity, and inductance)
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and mechanical variables and parameters (pressure, flow, hydraulic resistance due
to blood viscosity, elasticity, inertia of blood). The resulting set of ordinary differential equations (ODEs) is very similar both for lumped hydrodynamic and electric
circuit approaches. The number of equations depends on decomposition into compartments, which may include heart chambers, vascular regions, microcirculatory
regions, aneurysms, etc. The extended reviews of basic principles and mathematical
models both for the heart chambers and vascular regions can be found in [6,25–27].
However, the electric circuit approach is difficult to apply to the detailed decomposition to many compartments due to the inexact consistency of electromechanic
analogues [26].
In this work, we limit the discussion to the function of the left heart including left auricle, which receives blood from the pulmonary vein, and left ventricle,
which ejects blood to the aorta. The fundamental concept of the heart function is
time-varying elastance introduced for the first time in [28]. The lumped elastance
of the heart chamber is defined as a slope of the PV diagram, i.e., the instant ratio
E = ∆P/∆V , where ∆V is the volume change due to the pressure change ∆P. The
cardiac cycle is regarded as periodic change of the elastance E due to the electrical
stimulation of the heart chamber by the action-potential [7, 28, 29]. During systole,
the myocardium becomes much stiffer, so the tension rises to its maximum value
and ejection performed. During diastole elastance falls to its minimum value, facilitating rapid filing of the chambers at low pressures (see [33] for details on dynamics
of the cardiac cycle).
The other possible lumped descriptions of the heart function include force
(muscle length relationship based on the Hill’s three-element model of the muscle
mechanical response [35]), pressure calculations based on the Laplace law and
spherical shape assumption [8, 34] and more realistic cylindrical shape assumption [30] with cross-bridge kinetics and calcium regulation [31].
Essential elements of the heart are the valves between the auricles and ventricles and between ventricles and the aorta or the pulmonary artery. The valves help
to maintain the unidirectional flow from venous to arterial parts, especially during
the diastole phase when the heart chambers are filled with the new portion of venous
blood. The times of valve opening and closing are rather small. The valve dynamics may cause a substantial effect on the cardiac output during these periods. The
simplest description of the valve function is the instant opening/closing [15, 32].
The state of the valve may be set to change at predefined time moments within each
heart period [15] or may be set according to the sign of the pressure drop across
the valve [32]. An electrical analogue of the heart valve is a diode combined with a
resistor. Valve motion is a complex process incorporating a pressure gradient across
the valve, a vortex flow near the valve, a shear force acted on the valve leaflet [26].
The mechanical model accounting these features, is proposed in [16,17]. It operates
with the angle of the valve opening.
This paper is organized as follows. A model of the blood flow through the left
heart is proposed in Subsection 1.1. It combines description of dynamics of the
heart chambers (left auricle and ventricle) and the heart valves (mitral and aortic
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Figure 1. Scheme of the lumped model
of the left heart.

valves). The appropriate numerical method and issues of the numerical implementation are discussed in Subsection 1.2. Comparison of heart dynamics simulated by
models of instant and smooth valve opening and closing in Subsection 2.1. Simulations accounting valve pathologies, such as mitral valve stenosis and aortic valve
insufficiency are considered in Subsection 2.2 and Subsection 2.3, respectively.

1. Materials and methods
The scheme of the left heart chambers and valves connections is shown in Fig. 1.
We use the following notations for the indices: the diastolic phase d, the friction
force f r, the maximum value max, the minimum value min, the pressure force p,
the beginning of the P-wave pb, the duration of the P-wave pw, the resistance force
r, the systole s, the peak of the systole s1, the end of the systole s2, whereas mi
refers to the mitral valve, ao to the aortic valve, l pv to the input from left pulmonary
veins to the left auricle, and sas to the entrance to the aorta (aortic sinus).
1.1. Lumped mathematical model of the heart and valve dynamics
Dynamics of the volume of a heart chamber with index k can be defined as

Ik


dVk
d2Vk
+ Rk
+ Ek (t) Vk −Vk0 + Pk0 = Pk ,
2
dt
dt

k = lv, la

(1.1)

where V 0 is the reference volume of the chamber, P0 is the reference pressure in the
chamber, I is the inertia parameter, R is the hydraulic resistance of the compartment.
Equation (1.1) is a modification of the model from [15]. Here we introduce time
dependent elastance E(t) and external pressure in the form E(t)V 0 − P0 . Using the
concept of the variable elastance [28] we may set:
E(t) = E d +

Es − Ed
e(t),
2

0 6 e(t) 6 1

(1.2)
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Figure 2. Activation functions of the left ventricle (lv) and left auricle (la).

which is similar to [16, 20]. The period of e(t) equals to the duration of the heart
cycle. For the left ventricle we set:

 
t


π ,
0 6 t 6 Ts1
0.5 1 − cos

Ts1
 

t − Ts1
elv (t) =
0.5 1 + cos
π , Ts1 < t < Ts2


Ts2 − Ts1



0,
Ts2 6 t 6 T.
For the left auricle we set

0, 
 0 6 t 6 Tpb
t − Tpb
ela (t) =
0.5 1 − cos
2π , Tpb < t < T.
Tpw

(1.3)

(1.4)

The functions elv (t) and ela (t) are shown in Fig. 2.
The flow rates through the chambers are described by the mass conservation
conditions
dVlv
= Qmi − Qao
dt
(1.5)
dVla
= Ql pv − Qmi .
dt
The Poiseuille pressure drop conditions for the connections between the chambers
and between the chamber and the appropriate vessel are
Plv − Psas
Rao
Pla − Plv
Qmi = gmi (ϑmi )
Rmi
Pl pv − Pla
Ql pv =
Rl pv
Qao = gao (ϑao )

(1.6)
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where g(ϑ ) = ϑ min 6 ϑ 6 ϑ max , 0 6 g(ϑ ) 6 1 is a smooth monotonic valve
function. For the closed valve it holds g(ϑ min ) = 0, for the fully opened valve
g(ϑ max ) = 1.
The instant valve closing model uses the model with the prescribed valve function from [15]:


0, 0 6 t < Topen
g(ϑ ) = 1, Topen 6 t 6 Tclose
(1.7)

0, T
<
t
6
T
close
ao = 0.15 s, T ao = 0.33 s, T mi = 0.44 s, T mi = 1 s.
where Topen
open
close
close
The model accounting valve dynamics uses the valve function:

gao (ϑao) =
gmi (ϑmi) =

(1 − cos ϑao)2
max)2
(1 − cos ϑao

(1 − cos ϑmi)2
max)2
(1 − cos ϑmi

,

min
max
ϑao
6 ϑao 6 ϑao

,

min
max
ϑmi
6 ϑmi 6 ϑmi

(1.8)

(
0, ϑ < ϑ min
g (ϑ) =
1, ϑ > ϑ max .
Our modification of the valve dynamics model [16, 17] states
d2 ϑao
f dϑao
p
b
v
= −Kao
+ (Plv − Psas) Kao
cos ϑao + Kao
Qao cos ϑao − Kao
Qao sin 2ϑao f˜ao
dt 2
dt
d2 ϑmi
f dϑmi
p
b
v
= −Kmi
+ (Pla − Plv) Kmi
cos ϑmi + Kmi
Qmi cos ϑmi − Kmi
Qmi sin 2ϑmi f˜mi .
2
dt
dt
(1.9)
In (1.9) we introduce additional functions

1
f˜ao = 1 + tanh Ãao (Plv − Psas) , Ãao = 10
2
(1.10)

˜fmi = 1 1 + tanh Ãmi (Pla − Plv) , Ãmi = 10
2
which produce smooth switching in (1.9) according to the sign of the pressure drop
across the appropriate valve.
Finally, the mathematical formulation of the cardiac dynamics model is the system of ordinary differential and algebraic equations (1.1)–(1.7) for the assumption
of the instant valve opening and closing or the system (1.1)–(1.6) and (1.8)–(1.10)
for the assumption of the smooth valve opening and closing. The beginning of the
heart period is generally associated with the start of ventricle contraction (systole).
This helps to define initial values for the initial value problems (1.1), (1.9):
Vk (0) = Vk0 , k = la, lv
ϑl (0) = 0, l = ao, mi.
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Table 1. Coefficients
model.

of

the

Parameter
Elv,s
Elv,d
Ilv
Rlv
Ela,s
Ela,d
Ila
Rla
Tpw

Value

Parameter

Value

2.0 mm Hg/ml
0.05 mm Hg/ml
10−5 mm Hg/ml
4 · 10−5 mm Hg·s/ml
0.25 mm Hg/ml
0.15 mm Hg/ml
10−5 mm Hg/ml
4 · 10−4 mm Hg·s/ml
0.08s

min
ϑao
max
ϑao
min
ϑmi
max
ϑmi
Psas
Pl pv
Ts1
Ts2
Tpb

0◦
75◦
0◦
75◦
100 mm Hg
37 mm Hg
0.3s
0.44s
0.92s

The initial values are not significant, as we search periodic solutions of the above
systems. The values of the coefficients are given in Table 1. Parameters of the valve
dynamics model (1.9) were set according to [16].
1.2. Numerical implementation
If the model parameters are taken from the physiological range, the systems (1.1)–
(1.7) and (1.1)–(1.6), (1.8)–(1.10) are stiff. It means that the solution has sudden
variations during the valve opening and closing and gradual change during the other
part of the heart cycle. Explicit numerical discretization of such ODEs may substantially limit the integration step due to the stability restrictions. The implicit one-step
A– and L–stable method with the third-order approximation suits well for the numerical solution of the above problem. The method is constructed on the basis of
predictor–corrector Obreshkov pairs [4].
Using the notations


dVla
dVlv
dϑao
dϑmi T
Vla
ϑao
ϑmi
y = Vlv
(1.11)
dt
dt
dt
dt
1
(1.12)
Rl pv
and eliminating Plv , Pla , Qao , Qmi , Ql pv from (1.1), (1.5), (1.6), (1.8), one may obtain
the following system of the first order nonlinear ODEs
dy
= f (t, y)
(1.13)
dt
where
g5 (y5) = gao (ϑao) ,

g7 (y7) = gmi (ϑmi) ,

R̃l pv =

f1 =y1



R̃l pv + g7
g7
− Rlv y2 + y4 − elv (t) y1 −Vlv0 + Plv0
G
G
!

g5 R̃l pv + g7
g7
+
Psas − Pl pv
G
G

1
f2 =
Ilv
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f3 =y4



g7
g5 + g7
y2 +
− Rla y4 − ela (t) y3 −Vla0 + Pla0
G
G
!
g5 + g7
g5 g7
Psas −
R̃l pv Pl pv
+
G
G

1
f4 =
Ila

f5 =y6
1
f6 =
G

!





R̃l pv + g7 y2 + g7 y4 + g5 R̃l pv + g7 − G Psas − g7 R̃l pv Pl pv


b
v
p
cos y5 − Kao
sin 2y5 f˜ao
× Kao
cos y5 + g5 Kao

(1.14)

!

f7 =y8
1
R̃l pv y2 + g5 y4 + g5 R̃l pv Psas − g5 R̃l pv Pl pv
f8 =
G

!



p
b
v
cos y7 + g7 Kmi
× Kmi
cos y7 − Kmi
sin 2y7 f˜mi

!

G = −R̃l pv (g5 + g7) − g5 g7

(1.15)

!
i
h



1
Ã
ao
R̃l pv + g7 y2 + g7 y4 + g5 R̃l pv + g7 − G Psas − g7 R̃l pv Pl pv
f˜ao = 1 + tanh
2
G
!
h
i
1
Ã
mi
f˜mi = 1 + tanh
− R̃l pv y2 + g5 y4 − g5 R̃l pv Psas + Pl pv
.
2
G
(1.16)
According to the Obreshkov pairs integration method [4, 14] we consider the
extended system of (1.13)
dy
= f (t, y) ,
dt

dw ∂ f ∂ f
=
+ f
dt
∂t ∂ y

(1.17)

where w = dy/dt. General single-step implicit Runge–Kutta method for the numerical discretization of (1.17) can be stated as


1 

∂f ∂f
n+1
2
R y
= ∑ ak y − τbk f − τ ck
+ f
(1.18)
∂t ∂ y
t=tn+k ,y=yn+k
k=0
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which is solved by the Newton’s method as


n+1
yn+1
− B−1 t n+1 , yn+1 R yn+1
,
s
s+1 = ys

s = 1, 2, . . . ,

yn+1
= yn
0

(1.19)

where
!
   2
∂R
∂f
∂
∂
f
∂
f
B = n+1 = E − τb − τ 2 c
+
+C
∂y
∂y
∂ y ∂t
∂y
  

∂f
∂
C=
f .
∂yj ∂y

(1.20)

According to [14] the parameters
a1 = 1,

a0 = −1,

1
1
b0 = + c0 + c1 , b1 = − c0 − c1
2
2
1
c1 =c0 − , c1 = 0
6

(1.21)

define the numerical scheme of the third order approximation, which is both A- and
L-stable. This scheme is used in this work for the numerical simulations.

2. Results
In this section, we consider three groups of simulations. The first group is comparison of the model with instant valve opening and closing and the model with the
smooth valve function. The second and third groups address simulations of pathological cases. We consider the impact of a stenosis of the mitral valve and an aortic
insufficiency on the cardiac output.
2.1. Comparison of valve closing models
The outputs of the model with the smooth valve function (1.1)–(1.6), (1.8)–(1.10)
are referred to as model A. The outputs of the model with the instant valve opening
and closing (1.1)–(1.7) are referred to as model B. The results of the simulations
are shown in Figs. 3, 4, and 5. In all simulations, periodic solutions are observed
starting from the third cardiac cycle. The times of the valve opening and closing in
the model A with the valve dynamics is 0.05 s, but it is sufficient for the substantial
differences in the cardiac outputs for models A and B.
The pressures, flow rates and volumes for model A shown in Figs. 3, 4, and 5
are in a good agreement with physiological data from [1, 23]. The systolic pressure
in the left ventricle equals to the well-known value of 120 mm Hg. The systolic
flow rate through the aortic valve equals to 900 ml/s, which corresponds to data
for the aorta with diameter 3 cm. The systolic flow rate through the mitral valve is
300 ml/s. The volume of the left ventricle changes in the range from 50 to 120 ml.
The volume of the left auricle changes in the range from 40 to 60 ml. Model A will
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Figure 3. Pressure in the left ventricle and auricle (A — valve dynamics, B — instant valve opening/closing).

Figure 4. Flow rate through the aortic and mitral valves (A — valve dynamics, B — instant valve
opening/closing).

Figure 5. Volume of the left ventricle and auricle (A — valve dynamics, B — instant valve opening/closing).
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also be used as the reference model with the normal conditions in the comparisons
in Subsections 2.2 and 2.3.
The most pronounced difference between models A and B is the change of the
B
A
= 130 mm Hg,
= 120 mm Hg, Plv,syst
systolic pressure in the left ventricle (Plv,syst
see Fig. 3). The systolic value of the flow through the aortic valve is achieved 0.05 s
later in model A than in model B. It causes substantial changes in the dynamics of
the volumes of the chambers (see Fig. 5).
According to physiological data [1, 23] one of the well-known effects of the
valve closing is the small backward flow from the aorta to the left ventricle at the
end of the systole (aortic regurgitation). It results from the sudden decrease of the
pressure in the ventricle, which occurs earlier than the full aortic valve closing completes. This effect is observed as a negative flow in both models A and B (see Fig. 4).
Unfortunately, the backward flow in model B has no physiological sense because
the instantly closed valve should immediately terminate the back flow. The negative flow in model B may be explained either by the numerical instability due to the
discontinuous change of the valve function (1.7) or by inappropriate setting of the
predefined intervals of the valve opening and closing in (1.7). Model A conforms
to physiological data and produces realistic dynamics of the basic parameters of
the cardiac cycle. Model B may be adjusted to the measured patient data, but it requires manual fitting in every case. It makes model B less useful for patient-specific
applications.
2.2. Mitral valve stenosis
Mitral valve stenosis is a pathology caused by narrowing of the atrioventricular
lumen between the left auricle and the left ventricle due to the coalescence of the
mitral valve leaflets. The result of the mitral valve stenosis is the decrease of the
flow from the auricle to the ventricle and associated reduction of the stroke volume
and the cardiac output. Following [16], we model mitral valve stenosis by 30%
max , which decreases the lumen by 25%.
decrease of the maximum opening angle ϑmi
The results of the simulations are shown in Figs. 6 and 7.
First, we observe that the change of the opening of the mitral valve impact
dynamics of the aortic valve. The moment of aortic valve opening is delayed by
0.05 s compared to the normal conditions. The observed changes of the systolic
pressure in the left auricle from 115 to 110 mm Hg and in the left ventricle from 8
to 10 mm Hg are not significant. The pronounced effect is observed for the flow rate
and the volume of the heart chambers. Figure 6 shows the decrease of the systolic
blood flow through the aortic valve from 900 to 560 ml/s. The peak of the systole
is delayed by 0.05 s compared to the reference conditions. This conforms with the
delayed aortic valve opening. The shape of the mitral flow curve changes significantly. The first maximum at the beginning of the diastole and the negative flow at
the end of the cardiac cycle disappear (see Fig. 6). Substantial decrease of the maximum of left ventricle volume from 120 to 85 ml is observed in Fig. 7. The volume
of the left auricle increases from 40 to 50 ml.
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Figure 6. Flow rate through the aortic and mitral valves (A — normal conditions, B — mitral valve
stenosis).

Figure 7. Volume of the left ventricle and auricle (A — normal conditions, B — mitral valve stenosis).

Thus, the model reproduces the known facts that the mitral valve stenosis increases the load to the left auricle, which may develop its hypertrophy. The mitral
valve stenosis causes a substantial decrease in the cardiac output, which can be evaluated on the basis of patient-specific simulations.
2.3. Aortic insufficiency
Aortic insufficiency (aortic regurgitation) is the incompetence of the aortic valve
that causes increased backward flow from the aorta into the left ventricle during the
diastole. The reasons for aortic insufficiency include aortic root dilation, valvular
degeneration, intrinsic features, etc. Aortic valve insufficiency is modelled similar
min from 0◦ to 25◦ . The
to [16] by the increase of the minimum opening angle ϑao
results of the simulations are shown in Figs. 8 and 9.
First, we observe that the change of the aortic valve dynamics affects mitral
valve dynamics. The moment of mitral valve opening keeps ahead by 0.05 s compared to the normal conditions. The pressure in the left auricle remains the same.
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Figure 8. Flow rate through the aortic and mitral valve (A — normal conditions, B — aortic regurgitation).

Figure 9. Volume of the left ventricle and auricle(A — normal conditions, B — aortic regurgitation).

The change of the peak pressure in the left auricle from 115 to 125 mm Hg and in
the left ventricle from 8 to 10 mm Hg is not significant.
The substantial increase of the systolic blood flow rate through the aortic valve
from 900 to 1300 ml/s is shown in Fig. 8. The systolic peak keeps ahead by 0.05 s
relative to the reference conditions. It corresponds to the early aortic valve opening.
One may note that the increase of the systolic flow is compensated by the reverse
flow during diastole, but such conditions cause the substantial overload of the left
ventricle and aorta resulting in their hypertrophy. The apparent effect of the aortic
insufficiency is the negative flow of 70 ml/s during diastole, shown in Fig. 8. Substantial increase of the maximum of left ventricle volume from 120 to 150 ml is
shown in Fig. 9, which also means possible development of its hypertrophy.

3. Discussion
The proposed lumped models of cardiac dynamics are based on the physical principles and provide performing physiologically correct simulations of the healthy
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heart and the heart with certain diseases. The advantage of such approach is its low
computational cost and a small number of parameters which can be identified in a
conventional clinic.
The heart valve function g(ϑ ) produces significant impact on cardiac dynamics. The instant valve opening and closing model (1.7) simplifies the mathematical
formulation. In principle, the time moments of the valve opening and closing can
be determined for the patient from echocardiography. However, the assumption of
the instant opening and closing does not correspond to the physiological observation. The assumption also produces numerical instability in simulations. The model
with heart valve dynamics provides better agreement with the physiological data.
The coupling of the lumped heart model with the 1D haemodynamic model [2]
produces a closed model of the cardiovascular network.
The drawbacks of the proposed lumped heart models are the lack of spatial
details and the absence of the heart rate adaptation. The heart rate variability is an
essential phenomenon for some clinical applications such as simulations of coronary
circulation during cardiac pacing and tachycardia [9] and virtual assessment of the
fractional flow reserve [10, 11].
Patient-specific identification of the model parameters including heart rate,
angles of valve opening, the volume of chambers can be performed in a regular
clinic through echocardiography and other conventional methods. The measurement of other model parameters (inertia coefficient, hydraulic resistance, variable
elastance function) can be done only in the scope of a specific clinical research.
In medical applications, these parameters should be determined by fitting known
measured and computed variables (e.g., chamber volume dynamics, cardiac output,
etc.).
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