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Introduction & motivation

Infectious Diseases: Impacts and Challenges

¢ Infectious diseases are leading cause of mortality and morbidity and have
major impact on public budget.

¢ Infectious diseases also have serious socioeconomic consequences related to
health care, travel and employment etc.

4 Control interventions (available) improve the quality life of individuals but
pose significant economic burden

¢ Determination and implementation of suitable control policies are still
challenging. (Prevention vs. Treatment)

@ There is a trade-off among the available control interventions
(pharmaceutical and non pharmaceutical) for their implementation during the
epidemic outbreak.

¢ Human behavioural changes due to disease presence has been found to affect
disease progression.

¢ Delays or time lags are inherent to natural system, and so are in disease
dynamics.
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SIRSZ Model: Behavioural Response, Information

and Treatment!
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dS

= A—BSl—uS—f(S,2)+ &R,

dt

el Functions & P t

E = ﬁSI = (ﬂ + 6+ ’y)/ unctions arameters

dR @ (S, Z) = uydZS: behavioural response, u d: response
e — I f- Z _ R rate.

dt g + (57 ) (M + 50) 2 @ 0 < u; < 1: response intensity.

dZ Q@ ()= 17’17/: growth of information, a: growth rate of
- = g(/) - aoZ7 information with saturation constant b.

dt @ 5: natural degradation rate of information.

. e . ("] = E i immunity.

with initial conditions 50 (= 81 + 82): rate of loss of otal immurity )

S(0) >0, 1(0) > 0, R(0) > 0 and Z(0) > 0.

IKumar et al., Journal of Theoretical Biology, 414, pp. 103-119, 2017.
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Two Delay Model

Two Delay Model: Delay in information & Waning immunity

B A aS(0)1(1) ~ () — mdZ(1)S(E) + doR(E ),
M — Bs(eyie) — (n+ 0+ )I(e) (1)
PR = 10 + mdZ(0)5(2) — uR() — SoR(E )

PO aie—m) - wz(r),

with initial conditions S(8) = Sp > 0,/(6) = I > 0,R(A) = Ry > 0 and Z(§) =
Zo >0, 6 € [-max{r1,7},0], where (5(0), [(9), R(0), Z(0)) € C([—max{r, T},
0], Ri), the Banach space of continuous functions. Here, all parameters are non-
negative.
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Positivity and Boundedness

We note that all the solutions of model system (1) remain positive if we start with
a positive initial function and remain ultimately bounded.

Thus the biologically feasible region of the model system (1) is the following positive
invariant set:

: A an
M= {(S(t), I(t),R(t), Z(t)) € RY | 0 < S(t),I(t), R(t) < M,Z(t) < aou} .
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Existence of the Equilibrium Points

The basic reproduction number is given as:
A
Ro= M
e+ +7)
The model system (1) have following two equilibria:
(i) a disease free equilibrium E; = (%,0,0,0) which always exists, and

(ii) a unique infected equilibrium Ey; = (S, ks, Ry, Z.), which exists if and only if

Ry > 1.
+5+ I, duya(p+5+ _al, _cC
Here 5, = W) R, — Lo (4 2etin) ), 7, — ol and J, = §,
_ p(ptd+y)+0o(p+d) | pdura(p+d+y) _ 1
where B = (H+50)° + Bao(1t30) and C =A (1 — Ro)'
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Stability Analysis

Stability result for 1, = 7, = 0.

Theorem

For Tl = T2 = 0,
(i) the disease free equilibrium E; of the system (1) is locally asymptotically
stable if Ry < 1 and is unstable if Ry > 1,

(i) if Ry > 1 then the unique infected equilibrium E; is locally asymptotically
stable provided following conditions are satisfied:

PiPy > Py and Pi(P2P; — PiPs) > P3.

Here Py = ag + 2p + 0o + Bly + dun Z,,

Py = ag(p + 0o) + (p + a0) (e + Bls + dur Z.) + do(11 + B1) + B?Scls,

P3 = Bl.((a0 + p) (4 6 + ) + do(p + 6)) + pa(p + Bl + dur Z,) + aodo(p +
Bly) + adui S, 1. and Py = Baol(pu(p + 6 + ) + do(pe + 6)) + apfdur Sil,.

v
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Stability of delay system

Stability of disease free equilibrium £;

For all time delays 11,72 > 0, the disease free equilibrium E; of the system (1) is
locally asymptotically stable if Ry < 1 and is unstable if Ry > 1.
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Stability of the Infected Equilibrium E;

The linearized system corresponding to the delay system (1) around infected equi-
librium E, is given as:

dYy (t
dE‘ ) = J1Y(t)+J2Y(t—T1) +J3Y(t—7’2). (2)
_(ﬂ + BI* + dulz*) _55* 0 —du; S,
_ Bl 0 0 0
Here J, = du Z, ~ —u  duy S, '
0 0 0 —ag
0 0 6 O 0 00O
00 0 O 0 0 0O
J2_00—500'J3_0000
00 0 O 0 a 00O
and Y(£) = (S(t), 1(8), R(¢), Z(£)) T
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Stability of the Infected Equilibrium E;

The characteristic equation corresponding to the linearized system (2) is given by,
D(A, 11, 72) = det(My — (J + e o + e J3)) = 0,
here I, is the identity matrix of order four. This can be written as
D(A,71,7m2) :=P(A) + e M Q(A) + e APR(N) =0, (3)

where P(/\) =\ + Al)\3 + A2)\2 + A3\ + Ay, Q()\) = Bl/\3 + B2>\2 + B3\ + By,
R(A) = GGA + G. Here,

Al = ag+2u+ Bl + du Z

Ay = aopu+ (p+ao)(u+ Bl + durZ.) + BS. 1.

Ay = Bl(ao+ p)(p+ 06 +7)+ pao(p + Bl + din Z,)
As = Baolp(p+9d+7)

Bi = 6o,B>=0do(ao + p+ Bl)

Bs = aopdo(p+ Bl)+ Bldo(p + 6), Ba = Baokdo(p + 6)
G = adu1BSily, G = padu S, 1..
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Case-l: ; >0 and » =0

In this case the characteristic equation (3) is given by,

DOAT) = M E AN+ AN+ (A3 + C)A+ (A + G)
+e M (BIA® + BoA? + BsA + By) = 0. (4)

In order to find instability, we put A\ = iw in the above equation. Separating the
real and imaginary parts we have

W= AP+ A+ G = (ng2 — By) coswry + (Blw3 — Bsw) sinwry.
(A3 + Gw — A = (Blw3 — Bsw) coswmy — (B2w2 — By) sinwry.
Now, squaring and adding, we get
w® + Apw® 4 Apw® + Asw® + Ay = 0.

Here Ajp = A2 —2A, — B2, Ajp = A3+ 2(As+ G) — 2A1(As + C1) — B2 + 2B, Bs,
A13 = (A3 + C1)2 — 2A2(A4 + C2) + 2B2B4 — Bg and A14 = (A4 + C2)2 — B‘%
Writing m = w?, we have

p(m) = m* 4+ Aum® + Aiam® + Aizm + Ay = 0. (5)
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Case-l: ; >0 and » =0

Theorem

The unique infected equilibrium E, of the delay system (1) will be locally
asymptotically stable for all 74 > 0 provided following conditions hold

A11 > 0,A13 > 0,A14 >0 and A11A12A13 > A%g, + A%1A14.

Lemma (4)

The equation (5) has

(i) at least one positive root (either one or three) if
(a) A1 >0,A12 <0,A13 >0,Au <0.
(b) A11 < 07 A12 < 0,A13 > 0,A14 < 0.
(c) A1 <0,A12 >0,A13>0,A14 <O0.
(d) A1 <0,A12 >0,A13 <0,A14 <0.

(ii) exactly one positive root if
(a) A1 <0,A12 <0,A13<0,A4 <O0.
(b) A1 > 07 A < 0,A13 < 0,A14 < 0.
(c) A1 >0,A12 >0,A13 <0,A14 <O0.
(d) A1 > 0,A12 > 0,A13 > 0,A14 <O0.
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Hopf Bifurcation

For the existence of the Hopf bifurcation there must be a threshold value of the

delay 114 such that:

(H1) A12(710) = fiwig(wig > 0) and all other eigenvalues are with negative real
parts at 7 = T1¢.

—1

dA
(Ha) {Re (%2 }
Let myo = w1} be a positive root of the equation (5) then +iwyg is a pair of purely

imaginary root of the equation (3) for the threshold value of the delay 71. The
critical value of 7y is given as:

£0.

A=iwig

r10 = ——[arccos(T(wro))], (6)
W1ig

where

(Bawig — Ba)(wig — Aswig + As + G) + (Biwig — Bswig)((As + Gr)wio
(nglo — B4) (Blwlo - B3w10) ( )
;
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Hopf Bifurcation

The transversality condition (H,) gives

- ¥ {m) (®)
(Bzwlg — 84)2 + (51w18 - B3w10)2.

/\:iw10

Let iwyq be a purely imaginary root with myg = w13 such that ¢(wio) = 0 and
, —1
¥ (wio) # 0, then [Re (%) ]

' (wio) # 0.

# 0 and its sign is the same as

>\=iw10

Thus transversality condition holds.

Theorem (6)

The unique infected equilibrium E, is locally asymptotically stable for y < 71
and is unstable for 71 > 3. At 71 = T1g, @ Hopf bifurcation occurs, i.e. a family
of periodic solutions bifurcates from the infected equilibrium E;, as delay
parameter 1, crosses the threshold value T4 [1, 2.
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Numerical Results

We consider a set of representative parameters as: A = 10,5 = 0.0325, u =
0.04,d =0.17,0 =0.5,60 = 0.5,a=10.1,30 = 0.1,y = 0.1, 5y = 0.9.

The model system has the unique infected equilibrium

E, =(19.69,11.95,68.91,11.95) along with disease free equilibrium

E; = (250,0,0,0) whereas Ry = 12.69 > 1.

A11, A1z, A1z and Ay satisfy the condition i(a) of Lemma 4. Thus the
equation (5) has one positive root (0.0546). The characteristic equation (4)
has a pair of purely imaginary root +0.233/ with wyg = 0.233, 79 = 8.73

~1
and the transversality condition [Re (ﬂ) } =2.308 > 0 also

dT1

)\:iwlo
holds. Thus from Theorem 6 the delay system (1) will be stable for
71 € [0,719) and unstable for 7, > 7.

Periodic oscillations bifurcate near unique infected equilibrium E; as 7y
crosses Tig.
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Solution Trajectories for 7; = 8.45 and 7; = 9.6

Infective (1)

Susceptible (S)

19.2- 1

0 1000 2000 3000 4000 5000 6000 7000 8000 1000 2000 3000 4000 5000 6000 7000 8000
t (time in days) t (time in days)

Susceptible (S)
Infective (1)

&5

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
t (time in days)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
t (time in days)

Figure : (a) Solution trajectory of susceptible population showing stability for 71 = 8.45.
(b) Solution trajectory of infective population showing stability for 3 = 8.45.

(c) Oscillation in susceptible population for 71 = 9.6.

(d) Oscillation in infective population for 7, = 9.6.
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Bifurcation diagrams

Figure : Plot for the bifurcation diagram showing the occurrence of periodic orbits when
71 crosses 119 = 8.45 in I-R and Z-R planes.
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Case-ll: ; =0and » >0

Similarly as above we analyse the characteristic equation

DA\, 72) = A* 4+ PLA? + Q% + WAA + Dy + e M2 (GA+ &) =0, (9)
We ge the equation in m = w? as
W(m) = m* + Buum® + Biom® + Bizm + Big = 0. (10)

Here Byy = P? —2Q1,Bip = Q2 +2D; — 2PyWy, Bis = W2 — 2D, @, — C? and
Bl4 = D12—C22, and P1 = /41—|—Bl7 Ql = A2+Bz, W1 = A3—|—B3 and Dl = A4—|—B4.

The unique infected equilibrium E; of the delay system (1) will be locally
asymptotically stable for all o > 0 provided following conditions hold

By > 0,B13 > 0,B14 >0 and By1B12B13 > B + B Bus.
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Case-ll: ; =0and » >0

Let myy = w23 be a positive root of the equation (10) then +iwsq is a pair of purely
imaginary root of the equation D(\, ;) = 0 for the threshold value of the delay
T20:

1
Tag = —[arccos(P(wag))], (11)
w20
where, )
4
wrg(P1G — G) + wop( G @y — GGWh) — GD;y
0} = . 12
(20) G+ o] (12)
The transversality condition (H,) is
dx\ ! V' (m)
R = 7. 1
e (d7'2> ‘| . C22LU2(2) + C12 ( 3)
=iwyg

Let iwoq be a purely imaginary root with myy = wy3 such that 1)(wyo) = 0 and
, -1
V' (wag) # 0, then [Re (%) }

w,(LL)Qo) # 0.
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Hopf Bifurcation

Theorem (9)

The unique infected equilibrium E, is locally asymptotically stable for T, < 7
and is unstable for 5 > T5y. At T» = Tog, @ Hopf bifurcation occurs, i.e. a family
of periodic solutions bifurcates from the infected equilibrium E;, as delay
parameter T, crosses the threshold value 5 [1, 2].

21 /40
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Numerical Results

Consider A = 0.2, 3 = 0.0001, ;¢ = 0.00004, d = 0.017,5 = 0.01, 55 =
0.1,a=0.1,30 = 0.06,7 = 0.1, vy = 0.9 along with initial population size:
5(0) = 1100, /(0) = 10, R(0) = 2050 and Z(0) = 11.

For this Ry = 4.54 > 1 and hence the delay model system has a unique
infected equilibrium E; = (1100.04,7.32,2061.44,12.2) along with disease
free equilibrium E; = (5000, 0,0, 0).

By1, By are positive and Bz, By4 are negative, and satisfy the condition Ji(c)
of Lemma 4. The equation (10) has exactly one positive root (0.002764).
We find that the characteristic equation (9) have a pair of purely imaginary
root +0.0528/ with woq = 0.0528 and 7p¢ = 12.78 and the transversality

-1

condition {Re (j—:‘z) = 1.47 > 0 also holds.
A=iwyg

From Theorem 9, we conclude that periodic oscillations bifurcate near the

unique infected equilibrium E; as 7, crosses 7.
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7 =12.5 and 7 = 13.5

Susceptible (S)
g
Infective (I)

.15 2 1 15 2
t (time in days) x10° t (time in days) x10°

15

o
2
°
I
£

Susceptible (S)

15 2 ] 15 2 .
t (time in days) x10° t (time in days) x10°

Figure : (a) Solution trajectory of susceptible population showing stability for 7, = 12.5.
(b) Solution trajectory of infective population showing stability for » = 12.5

(c) Oscillation in susceptible population for 7> = 13.5.

(d) Oscillation in infective population for 7, = 13.5.
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Bifurcation diagram

50 12 ST

Figure : Plot for the bifurcation diagram showing the occurrence of periodic orbits when
Ty crosses Tog = 12.78 in S-1 and Z-I planes.
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Existence of Hopf-Hopf Bifurcation

Assume that the equation (10) has two positive roots ma; = wy? and may = wy3.
The corresponding two pair of purely imaginary roots of the equation D(\, 72) =0
are £iwy; and Liwy,. Now, the corresponding threshold values for the delay 7, are
as follows: )

Ty = — [arccos(P(wy)))], j=1,2. (14)

-J
OJ2J'

4 2
w2 (P1CG—G)+wri (G — G W)~ G Dy
Where ®(wy;) = ot Clun?

j

transversality conditions are given by,

=(2)

, j=1, 2. The corresponding

W (m)
' a C22(JJQJ2 + C127

:I'OJQJ

j=1,2. (15)
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Existence of Hopf-Hopf Bifurcation

We state the following result using the results given in [3, 4, 5].

Lemma (10)

Let iwy; be the purely imaginary roots with my; = wgf such that ¢(w2;) = 0 and

\U/(w2j) #0, j=1, 2, then {Re (C%)l]
re(2)]

The following result ensures the occurrence of Hopf-Hopf (double) bifurcation fol-
lowing the above Lemma 10.

Theorem (9)

The delay model undergoes Hopf-Hopf (double) bifurcation at 1o, and 72,
respectively. The unique infected equilibrium E, is locally asymptotically stable for
Ty < Tp1. At To = Tp1 the system undergoes Hopf bifurcation and the infected
equilibrium E; loses its stability. Further as delay parameter 7, passes, the infected
equilibrium E, regains its stability at 7o = 15, and again system undergoes Hopf
bifurcation. The infected equilibrium Ep remains stable for T, > T5,.

>0 if W (wpy) > 0 and

)\:I'(AJZI

<0 if ¥ (wp) < 0.

)\:fwzz

v
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Hopf-Hopf bifurcation diagram
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Figure : Plot for the Hopf-Hopf bifurcation diagram for susceptible and infective
population respectively.
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Hopf-Hopf bifurcation diagram as 7, vary
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Figure : Plot for the Hopf-Hopf bifurcation diagram in S-l and R-Z planes.
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s if / populations as 7, vary

15
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Il L I

5000 ] 10000 15000
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Figure : Profiles of infective population showing (a) stability of E; for » =6 <
T20 = 6.18. (b) occurrence of oscillation around E; for » = 20. (c) stability of E for
7 =31 > Ty = 29.79.
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Periodic solutions

Figure : Trajectories approaching to periodic orbit for 7» = 15.
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Case-lll: 7,75 >0

If all roots of equation D(X,0,72) = 0 have negative real parts for all , > 0, then
there exists a T19(72) > 0 such that all roots of equation (3) have negative real
parts when 11 < T19(72).

Theorem

Suppose Ry > 1 and the conditions of Theorem 9 hold. Let

Tog = wim[arccos(dD(wgo))], where ®(wyq) is as given in equation (12). Then for
any T, < Taq there exists a T19(72) > 0 such that the unique infected equilibrium
E; is locally asymptotically stable for 71 < T14(72).

Theorem

Suppose Ry > 1 and the conditions of Theorem 6 hold. Let

Ti0 = wim[arccos(’r(wlo))], where T (w1g) Is as given in equation (7). Then for
any 1 < Tig there exists a Too(m1) > 0 such that the unique infected equilibrium
E; is locally asymptotically stable for 7o < T2¢(71).
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15

1

Figure : Plot of stability region for the delay system when both the delays are present.
‘asterisk’ shows the stable infected equilibrium for the values of 71 and 72, and ‘diamond’
otherwise.

P K Srivastava (lIT Patna) Delay induced oscillations BIOMAT - 2017 32

/ 40



A nonlinear delay differential equation model SIRS for the disease dynamics is
proposed and analyzed which accounts for the effect of human behavioral
response due to delayed information about the disease prevalence and also
the delayed impact of immunity loss related with protection.

Model analysis is carried out and found that when Ry < 1 the disease free
equilibrium is locally stable irrespective of the delay effect.

Existence of Hopf bifurcation around the unique infected equilibrium is
observed as the time delay crosses a threshold value for both delays.
Hence the delay in reporting of infective as well as delay in waning the
immunity destabilises the system and causes the occurrence of oscillations.

We also observed the occurrence of Hopf-Hopf (double) bifurcation at two
different delays for the model system. Hence the delay effect in the model
system may cause multiple stability switches.

Hence the effect of delays shows rich and complex dynamics in the model and
provides important insight.
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