BOUNDARY CONTROL PROBLEMS IN
HEMODYNAMICS

A. Sequeira, T. Guerra, J. Tiago

Department of Mathematics and CEMAT
(Instituto Superior Técnico, ULisboa, Portugal)

BIOMAT 2017

17th BIOMAT International Symposium
on Mathematical and Computational Biology

30th October - 3rd November, 2017, Institute of Numerical Mathematics, Russian
Academy of Sciences - Moscow, Russian Federation

‘lﬂ I I Iat Fundagio
Ce F ‘ I para a Ciéncia
e a Tecnologia
center for computational
INSTITUTO and stochastic mathematics

SUPERIOR
TECNICO



@ The progress of medical imaging techniques, blood flow modelling, and
computational capacity allow us to consider the possibility of obtaining patient
specific simulations.

@ Numerical simulations must be reliable



@ The progress of medical imaging techniques, blood flow modelling, and

computational capacity allow us to consider the possibility of obtaining patient
specific simulations.

@ Numerical simulations must be reliable

O Important flow indicators as the Wall Shear Stress are highly sensitive to the

geometry and the parameters in the model. But those are hard to “guess”!

o Missing link: use the available data to make simulations
reliable...



@ Aorta with characteristic
diameter 2.5 cm

@ 50 arteries with diameter
1—10 mm

O 103 arteries with diameter
05—1mm

O 10* arterioles with diameter
0.01 — 0.5 mm

) O 10° capillaries with diameter
Fig: medicalnoises.com 0.006 — 0.01 mm

[Thiriet, Parker, Physiology and pathology of the cardiovascular system,
Cardiovascular Mathematics, 2009]



Blood Composition

Blood is a suspension of particles
in the plasma (92% of water)

:
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O Red Blood Cells (RBC) -
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[Robertson, Sequeira, Kameneva, Hemorheology, in: Hemodynamic Flows, Birkh&user,

2008]



Viscosity laws for shEaiss
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N _
w(y) = proo + —HOHo— —  Carreau model
(1+(%)2) 2
O pg=456-10"2Pas, poo =3.2-1073Pas
0 n=0.344, A=103s
pw(y) = poo + —HE2— —  Carreau-Yasuda model
(1+(A)P) D
O pg=6.57-10"2Pas, oo = 4.47-1073 Pa.s
0 n=034, b=176, A=104s
() = poo + (—1/10—(?\% —  Generalized Cross model
0 pp=16-10"1Pas, oo =3.6-1073Pas
0 a=1.23, b=0.64 X=82s
Robertson et al., Hem. FI. Mod. An. Sim., 2008.

Gambaruto et al., Math. BioSc. Eng., 2011.
Bodnar, Sequeira, Prosi, App. Math. Comp., 2011.



Optimal Control inSCakel

Optimal Control techniques can be useful to model the
cardiovascular system:

o Shape optimization: Rozza, Quarteroni,...

o Inverse problems (parameter estimation): Marsden, Gerbeau,
Moireau, Figueroa, Vignon-Clementel, Veneziani, Vergara, ...

o Boundary data reconstruction: D'Elia, Perego, Veneziani
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Optimal Control techniques can be useful to model the
cardiovascular system:

o Shape optimization: Rozza, Quarteroni,...

o Inverse problems (parameter estimation): Marsden, Gerbeau,
Moireau, Figueroa, Vignon-Clementel, Veneziani, Vergara, ...

I [Boundary data reconstruction]: D’Elia, Perego, Veneziani,
Guerra, Tiago, Sequeira

o [Boundary Iocation}: Gambaruto, Tiago, Sequeira




Model for medium Siz&
Generalized Navier-Ste

p(%-l—u-Vu):div (r7(Du)) = Vp+f inQ
divu=0 in Q,
u=20 on [yay
u=g on Iy
(—=pl +2v(¥)Du) - n = Poye on [Nout.

where 7(Du) = 2v(v/Du : Du)Du = 2v(%)Du

Tt

Fig: Domain representation 7/0
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The optimal controlNpEe

Nu,g) =B / lu— ugPdx + B2 / glds + B3 /r Vg 2ds
I_in in

part



The optimal controlSpreas

Minimize

Ju,g) =B / lu — ugl2dx + B2 / gds + s / Vg ds

part rm rIn
subject to

—div (1(Du)) 4+ pu-Vu+Vp=Ff inQ

divu=0 in Q,

u=20 on IMyay

u=g on [,

(=pl +2v(¥)Du) -n=0 on loyt.
Remark:

In: “D’Elia, A. Veneziani, Methods for assimilating blood velocity measures in hemodynamics simulations:
preliminary results, Procedia Comput. Sci., 2010.” the control was taken as the pressure -
Neumann control.
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Theoretical frame:"NORS

Existence results and optimality conditions for distributed and
boundary control, Neumann type.

1 w:
Su.g) = [ o ualax+ 2 [ lgPas

for generalized Newtonian models

Eduardo Casas, Fernandez, Nadir Arada, Telma Guerra.

11/0



Theoretical frame: NEWE

Existence results and optimality conditions for full Dirichlet
boundary control

J(u,g) / lu—ug|?dx + — / g|ds
o0

Gunzburger, Casas, Manservisi, Fursikov, De los Reyes, Kunish,....

Gunzburger, Hou, Svobodny, RAIRO- Mod. Math. An. Num., 1991
De los Reyes, Kunisch, Num. An., 2005

Manservisi, I.J. Num. An. Mod., 2007

De los Reys, Yousept, J. Math. An. App., 2009

© 0 0 ©

Except in
@ Fursikov, Rannacher, Ad. Math. F. Mech. 2009
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Theoretical frame: NEWE

© ©0 0 ©

©

Existence results and optimality conditions for full Dirichlet
boundary control

J(u,g) /|u—ud| dx + — / g|?ds
o

Gunzburger, Casas, Manservisi, Fursikov, De los Reyes, Kunish,....

Gunzburger, Hou, Svobodny, RAIRO- Mod. Math. An. Num., 1991
De los Reyes, Kunisch, Num. An., 2005

Manservisi, I.J. Num. An. Mod., 2007

De los Reys, Yousept, J. Math. An. App., 2009

Except in
[Fursikov, Rannacher, Ad. Math. F. Mech. 2009J
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Theoretical Frame: Die

—vAu+u-Vu+Vp=Hf

divu =0
u=0
u=g

v— —np=
dn P

Tual

in Q,
in Q,

on Ty
on I,

on Moyt -

Qpart

Tt

3
Let g € H3(T7), f € L2 (Q). We say that
u € Vp ., is a weak solution of (NS) if VU =8

an
—U/Vu:Vvdx+/(u-V)uvdx:/fvdx,
Q Q Q

forallv € Vp.

Ho(Tin) = {v € (i) | Vv € L(Tip), vor,,v = 0}

1 .
Vi ={ve H (Q): WV = 05 divv = o}

wall

Vr, = {veH(@Q): vrpv=0, divv=0}

14/0



Theoretical Frame: Die

Let g € H}(Tin) such that ||gHH1 ) < P for p > 0 sufficiently small, and f € L2(Q)

Then, there exists a unique weak solution u € V. of the Navier-Stokes eq which

verifies

wall

Il < o (leliyer,) + 1712y (1)

where a(s) = c(s? + s).

Vr,., ={veH(Q): r,,v=0,divv=0}

wall

H3(Tin) = {v € L3(Tin) | Vsv € L*(Tin), Yor,,v = 0}

[Guerra, Sequeira, Tiago, Existence of optimal boundary control for the Navier-Stokes
equations with mixed boundary conditions, Port. Math, 2015].

15/0



Theoretical Frame: Bl

1 1
O HZ(r) = {g € L2(N) | 3v e HY(Q), Vg € H2(89), arv =g, voa\rv = o}
1
closed subspace of H2 (I).
1 1
@ The continuous embeddings H&(r) C HOZO(F) and Hozo(r) < (p)
[R. Dautray, J. L. Lions, Mathematical Analysis and Numerical Methods for Science and Technology, 2000]

~L
O  Extension operator from H2 ([, U Tout) to VF it
1

~1 1 1
H2(fpump) = {(g17g2) € Hozo(rl) X Ho%(FZ) | frl g1 nds+ frz g nds = 0}

AL 1
Let (g1,82) € H2 (T, U Tout). Then there is a bounded extension operator E : H2
Vv € V., such that for v = E(gy, g2) we have g1 = Vi Vs 82 = WMoy V-

(rin u rout) = Viail,

Qnt

@ Theorem proof: Fixed point argument + Estimates for Stokes solution

16/0



Theoretical FrameCone

Minimize

J(u,g) :51/ IU—Udlde+52/ |g\2d5+53/ |Vsg|*ds

part in in
[Qpart = U™ s; where S; are cross sections of the “vessel” domain] subject to

—vAu+u-Vu+Vp=Ff inQ,

divu =20 in Q,

u=20 on Iy

u=g on [,
d

V—u —np=20 on [Moyt.
dn

geU, ueVr, , ={ve H(Q): r,,v=0, divv=0}

wall

U={gecHrin lellyr <r}Cth
U= {g € H3(Ti) : s.t. NSEq have a unique weak solution} .

[Guerra, Sequeira, Tiago, Existence of optimal boundary control for the Navier-Stokes
equations with mixed boundary conditions, Port. Math, 2015]. 17/0



Theoretical FrameCone

Direct Method of the Calculus of Variations

o Non-emptiness of admissible set
o Compactness of minimizing sequences

o Jis weakly |.s.c (we need to check continuity and convexity
properties)

18/



o Discretize then Optimize approach -
o Discretize using Finite Element Methods + GLS stabilization:

Minimize
J(u,g) 251/ |U—Ud|2dx+ﬁ2/ Vsg|*ds
part rin

subject to
—div (t(Du)) +u-Vu+Vp=f inQ

divu=0 in Q,
u=20 on Fwa/,
u=g on [,
(=pl +2v(¥)Du) -n=0 on Mout.

19/0



o Discretize then Optimize approach -
o Discretize using Finite Element Methods + GLS stabilization:

Minimize

J(U, G) = p1(U = Ug, M(U — Uqg))n, + 52(G, NG) p,

subject to

{ Q(U) + N(UL)U+BTP = F(U)
BU=0.

U= U(G)

19/0



o Discretize then Optimize approach -
o Discretize using Finite Element Methods + GLS stabilization:

the diffusion term:
/VVuh Vv, + Z / —vAup - o(up, vp).
Q Kemk

the convective term:

/((Uh V)up) - va + Z/ up - V)up) - p(up, vp).

Q KGT;,K

o(up,vp) = 0((up - VIvp + v A wvp).
[Bazilevs, Hughes, et al, Int. J. Numer. Meth. Fluids, 2007]

19/0



Numerical Approach=seis

o Solve the Nonlinear Mathematical Programming (NMP)
problem

o Use Sequential Quadratic Programming (in SNOPT - Sparse
Nonlinear Optimization + SQOPT)

min Q(u(g). )

L(u(g),g) =0
h < G(u(g),g) <h

[Gill, Murray, Saunders, Siam Review, 2005]

20/0



3D Aneurysm

3D simulations: the Casens

@ Computational domain Segmented from Medical
Images

O Mesh Tetrahedral and Hexahedral (boundary
layers) elements

O Stabilized P1-P1 FEM. 213k dofs

@ Finite Element Meth. solved with Comsol
Multiphysics

21/0



3D Aneurysm

Direct Solution - Data

v 00256

Fig: Left: Streamlines. Right: WSS (N/m?) .
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Naive Solution: laming

3D Aneurysm

0
o3 /
os y

o2s ; /

A% (
I -

o ¢

01 o

oos

o
v asrnie”

(2) Laminar Inlet for the
naive solution (ug).

B

(b) Domain of interest

Aona

(c) True velocity (uq) at
the inlet .
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3D Aneurysm

Control Problem

minJ(u,g) = L.e* fﬂpm |u—ug|?dx + 1.e73 fl’-,, |V sg|?dx

A 0436

Flg Left: Observations ug in Qpart. Right: Velocity vectors at Qpart
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3D Aneurysm

Numerical Results: gloB

Weights Rel. Error Qpart Rel. error Q
uvsug, B = 1e* 0.06778 0.11732
uvsuy, B = 1° 0.01381 0.0883
ug Vs uy 0.10584 0.15199 y r
) g
Table: Errors relative to uy for ug and the -
controlled solutions u
Aos aos
0s 04
035 035
03 03
025 025
Ho. Hoa
Hoas Hoas
venaao® v szt

Flg Left: Wall Shear Stress Relative Error of ug with respect to uy. Right: Wall Shear Stress Relative Error of ;
u with respect to u,. /0



3D Aneurysm

Numerical Results:"SENe

Weights Rel. Error Q@rt Rel. error Q
uvsug, B = le* (0.0279] 0.07548 /
uvsug, By = 1e5 (000524 (0.03478 ] f;/
ug vs ug 0.10584 0.15199 el

Table: Errors relative to uy for ug and the
controlled solutions u

Contour: abs(wss2-wss1)wss1 (1)

Aos
Aos
mos mo6
Ho.ss Ho.55
Hos Ho.s
Ho.as Ho.as
0a 04
03 035
03
0.3
02s
025
Hoz
Ho2
Hoas
Hoa ros
Ho.o0s mo1
Lo Ho.0s
¥ 8.3134x107

Lo
¥ 6.2982x10°

Flg Left: Wall Shear Stress Relative Error of ug with respect to uy. Right: Wall Shear Stress Relative Error of ;
u with respect to u,. /0



Future Work

o Theoretical frame:
o Regularity;
o Time dependent problems (ongoing).
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Future Work

o Theoretical frame:
o Regularity;
o Time dependent problems (ongoing).

o For the velocity reconstruction, use real data and time
dependent model,
o Deal with the presence of errors (from data or/and from the
model) - Kalman filter.
o Order reduction.

o 3D wall reconstruction (ongoing)

27/
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Wall Reconstruction

Wall Reconstruction

We can now choose the uncertain velocity profiles as the solution
of the optimal control problem

mind(e) =61 [ -l ot b [ Ve ()
QObs rc

geA

subject to
([ —divr+p(u-Vu+Vp=0 inQ
divu=20 in Q,
u=20 on Myan \ Te (3)
u=g on .
—pl+2vDu)-n=0 on Mout.
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Wall Reconstruction

Example: Wavy Channs

True geometry and observation sections Approximated geometry
0.09
008
007
0.06
0.05
00s
e 0.03
002
001
1 o
True solution Initial guess

ﬁ

L

True solution extrapolated Controlled solution
Zero contour for true solution extrapolated Zero contour of controlled solution
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Example: Stenosis

Wall Reconstruction

T T

A

True geometry and observation sections

True solution

Approximated geometry

Initial guess

Controlled solution

T

Zero contour for true solution, extrapolated

Zero contour of controlled solution
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Wall Reconstruction

//—L\ ;I—L/\
) Y -

- | N

] )

lk/\,\ r\\\»/ A \\‘ (\\.\ /
N N

True geometry Approximated geometry

¥ '8

e | 4 R
) Qe
\.’J ‘\._,I
App. geo. with observed sections Controlled boundary

Figﬁ Top row left: original geometry. Top row right: approximated geometry. Bottom row left: observation
sections Q,ps. Bottom row right: the boundary to be controlled.
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Wall Reconstruction

Example: Saccular’/AnSH

—o o

True solution Initial guess
o1
008
0.06
00
002
o
-0.02
True solution extrapolated Controlled solution

Flg Top row left: solution for original geometry. Top row right: approximated solution using constant average
velocity. Second row left: solution extrapolated for approximated geometry.
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